MATH 308 — MOCK FINAL EXAM — SOLUTIONS

1. Separation of Variables

STEP 1: Cross-multiplying, we get

2In(y)dy =zy\/1 + 22dx
21
( n(y)) dy =x+/1 + 22dx

J (2o f s

Note: Here we divided by y so you might need to worry about
y = 0 as a hidden solution, but y = 0 doesn’t satisfy y(0) = 1.

STEP 2: Integrate
For the left-side, use u = Iny then du = idy

[ 21r;<y>dy — [ 2udu = = ()

For the right side,

[\l

[av/iae = o+ - (l>§(1+x2)3:§(1+x2)

2

Date: Friday, May 6, 2022.
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Here we used v = 1 + z2
STEP 3:

(n(y)? =3 (1442 4 C

STEP 4: Initial Condition: y(0) = 1 and so

(In(1))? :% (1403 4 C
1 3
e e

0=3 (1)} +
1
e
0=3+
1
=3
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2. STEP 1:

STEP 2:
4 1,1
y(d-y) y 44—y
STEP 3:
4dy
—=—=3t+C
/yu—y)
1 1
/——i——dy =3t+C
y 4-y
Inly|—In|4 —y|=3t+C
In Y =3t+C
14—y
Y _3t+C
4 —vy ¢
Y — 40 Bt — Bt
4—y ~~

C
STEP 4:
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4 —y le
N
C

-3t

4
——1=Ce ¥
Yy

=1+ Ce™™

1+ Ce 3t

4
4

1+ Ced
STEP 5: Finally, to find C, use y(0)

Qe L= |

—_

— 2

STEP 6:
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3. STEP 1: Homogeneous Solution
Aux: P +3r+2=0=(r+1)(r+2)=0=r=—lorr=—2
Yo = Ae ' + Be
STEP 2: Var of Par

u(t)e " +v(t)e

o ] [0 = Lo

Denominator:

= (e_t) (—26_%) — (e_%) (—e_t) = 3

Using Cramer’s rule, we get,

S

Y
~

N—
I

e—t €—2t

—e bt —Qe %

0 6_2t
sin (e!) —2e7 —e2tsin (ef) ot 3 . (4 bt
u'(t) = — = — = ¢ e’ sin (¢') = €' sin (€'
et 0
—e~ ! sin (e
V'(t) = _e—3t< ) = —e"e "sin (¢') = —e* sin ()

ult) = / ¢! sin(el)dt = / sin(u)du = — cos(u) = — cos (¢')
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Here we used a u—sub u = ¢t
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4. STEP 1: Take Laplace Transforms

LA{y"}+4L{y} =L{o(t —3)

(gﬁ{y}gw() y()>+4£{y} =L {5(t - 3)} L {5¢'}

(s°+4) L{y} = (s E 1)
5 —3s
Lyt = (s —1)(s2+4) ()

STEP 3: Partial Fractions

5 A Bs+C
(s —1)(s2+4) _3—1Jr s?+4
CA(s*+4)+ (Bs+C)(s—1)
R
As*+4A+ Bs*—Bs+Cs—C
B (s —1)(s®>+4)

_(A+B)s+ (-B+C)s+(4A-C)

G- D= +4)
B 0s> +0s+5
CEDCED

A+ B=0
{—B+CO

4A - C =5
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The first equation becomes A = —B and the second equation
C' = B and therefore the third equation becomes

4A—C=5=4(-B)—B=5= —5B=5=B=—1

And using A=—-B=—(—1)=1and C = B =—1 we get:

A =1
B=-1
O = —
5 1 —s—1

o= (v w) )
_ {et ~ cos(2t) — %sin(Qt)} o5
—r { (et3 —cos(2(t — 3)) — %sin(Q (t - 3))) u3(t)}
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5. STEP 1:
y = ap+ arx + agr® + - - - :ianx"
n=0
STEP 2: Plug into the ODE
Y =ay + ax(2x) + az(32?) Z na, "
y" =as(2) + a3(3)(2)x + a4(4)(3)x2 4. = i an(n)(n — 1)xn—2
n=2

y' —ay' +2y=0

(Z a,n(n — 1)$"2> — (Z annx"1> + 2 (Z am:”) =0

n=2 n=1 n=0

Z azn(n —1)x -2 Z a,nx" + Z 2a,x" =0
n=2 n=1 n=0

Z apio(n+2)(n+ 1)z" — Z a,nz” + Z 2a,x" =0
n=0 n=1 n=0

(m=n—2)

as(2)(1)z° + Z apia(n+2)(n+1)z" — Z ap,nx” + 2ag + Z 2a,x" =0

n=1 n=1 n=1

2a9 + 2ag + Z [ania(n+2)(n+1) —a,n + 2a,] 2" =0

n=1

This tells us that 2as + 2a9g = 0 = as = —ay and
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ani2(n+2)(n+1)+ (—n+2)a, =0
ani2(n+2)(n+1) =(n—2)a,

n— 2
T an,
2T+ 2)(n+1)
STEP 3: Initial Condition
y(O) =l=ay=1
y'(0) =0=a; =0
Case 1: n even
ag =1
a9 — — Ay = —1
(2 —2)
TR+ 2
(4 —2) 2
“=aroarn™ = 21
And in general as, = 0 except for ag = 1 and ay = —1
Case 2: n odd
aq =0
(1-2) —10
aa = a1 = — —
TTA+2)+1)" 6
as =0

And in general ag,,1 =0
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STEP 4: Solution
y=ag+ar+ax’+azz’ + =140z —-12°+02°+---=1—x

y=1-—22

11

2
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6. STEP 1: Eigenvalues
|A_M’:|51A L}J
=(5 - N)(1 = A) — (~4)(1)
=5 —5A— A+ A\ +4
=X —6A+9
=(A=3°=0

Which gives A = 3 (repeated)

STEP 2:

pAt 3t

= (I 4 (A — 3t

(1 0] [5-3 -4
= ([O:LJr I L
a2 -

ot 1-2

A-3I)t

STEP 3:
P Y o [ —4t
x(t) = Cie [ ; } + Coe [1 B 2t]

STEP 4: Initial Conditions
Either solve for C; and C5 by plugging in t = 0, or

Fun Fact: Here [gll = x(0) = {?] (no need to solve for
2
anything!)
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STEP 5: Answer

a1+t [ -4t ] 4 [5—18t
x(t) = be [ p + Te L—ot| =€ |7 o

In case you're curious, here is why this works:

x(t) = e [g;] = x(0) = ™ [g;] = H =1 [g;] - [g;]
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7. STEP 1: Homogeneous Solution

The problem tells you that A has eigenvalues A = 2 ~~ [

3
A=4 ~~ L],andso

1 3
Xo(t) = Cre* [1] + Cyet [4]

STEP 2: Undetermined Coefficients

6 e4t

Here f = [8€4t

resonarnce, hence we guess

= ([

Xp

Aet + (At + O)det]
Be' + (Bt + D)4e" |
4AtA + (A +40)e]
4Bte* + (B + 4D)e*

4At + (A +40) ]
4Bt + (B +4D)

/

|+ o)) = | i

Axp + £

(—4 6] [(At+ O)et et
|—8 10| [(Bt+ D)e" 8elt

[ (—4At — 40)e* + (6Bt + 6D)e*

[ (—4A +6B)t + (—4C + 6D + 6)
|(—=8A +10B)t + (—=8C + 10D + 8)

Comparing the t—terms, we get the system

{

4A=—-4A+6B
4B =—-8A+10B

(=84t — 8C)e* + (10Bt + 10D)e*

} and

} = et [g} corresponds to A = 4, and so there is
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The first equation gives us 84 = 6B = B = %A %A

The second equation also gives us 8A = 6B as well, so ignore it

Then for the constant terms, we get

A+4C =—-4C+6D +6
B+4D =—-8C+ 10D +8

A+8C —6D =6
B +8C —6D =8

Subtracting the second equation from the first, we get

B—A:2:>§A—A:2:>§:2:>A:6

B=2+A=24+6=28

And so the system above becomes

6+8C —6D =6
8+8C —6D =8

And so 8C —6D =0so D = C’=%C

| o

At this point we have used up all our equations, and so we
conclude that
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6
8
C

S QW
I

4
=C
3
A+ O] [ (6t+C)et ], 4 [6 |1
xp(t) = [(Bt +D)ett| T |(8t+dcyet| T (8] T Ce l
Since we just need one particular solution, let C' = 0 and so
6tet! 6
xp(t) = |:8t€4t] = te* [8]

STEP 3: General Solution

o ni=c[] scxn ]

STEP 4: Variation of Parameters

As before, we have

2t 3 4t
xo(t) = (4 [Z%] + Cs [4;75]

Variation of Parameters
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o e ] = 5

: e* 3et 9t (4 At ary 2t 6t 6t _ 6t
Denominator: Q2 gt =€ (4e )—(36 )e =4e” —3e” =e
664t 36415
8€4t 46415 6€4t 4€4t _ 364t 8€4t
- B gt (0 1) - 5 ()
€2t 664t
o2t gt o2t (8€4t) _ (664t) o2t 9,6t
v(t) = o6t 61 — bl =2

u(t) :/Odt =0
v(t) :/th = 2t

(Remember that we only need one antiderivative. 0 is an anti-
derivative of 0)

€2t 36415 6215 3€4t 3 6
xp(t) = u(t) [egt] +o(t) { 4€4t] =0 L%] +2t [ 464 = 2telt [ 4} = tel! [8]
STEP 5: General Solution

x(t) = xo(t) +xp(t) = Cre” H + Cyet [i] +tet [g]



