Let M = sup(S). Then, for every n, M —% < M = sup(S),
and therefore, by definition of sup, there is s, € S such that
Sp > M — % But since M is an upper bound for S, we also

have s, < M, and therefore M — % <s, <M

Since M — % — M and M — M, by the squeeze theorem, we
have s, = M = sup(95) O



Let € > 0 be given.

Since s, — s, there is N such that if n > Ny, then |s,, — s| < §
Since t, — t, there is Ny such that if n > Ny, then |t, —t| < §
Since u,, — u, there is N3 such that if n > N3, then |u, —u| < §

Let N = max {Ny, No, N3}, then if n > N, we get:

|Sp +tn +up — (s+t+u)| =ls, —s+t, —t+u, —ul
<|sp — |+ |[tn — t| + |uyn — ul

<e+e+e
3 3 3
=ev’

Hence s, +t, +u, > s+t+u L]



(a) Let N be given, then if n > N, we have

sp > inf{s, |n> N}

And

t, > inf {t, | n > N}

And therefore

Sp+t, >inf{s, | n> N} +inf {¢, | n > N}

Since n > N was arbitrary, taking the inf over all n > N
on the left hand side, we get

inf {s, +t,|n>N}>inf{s,|n>N}+inf{t,|n> N}

And therefore

liminf (s, + t,) :Alfim inf {s, +¢,|n> N}
— 00

n—00
(@)
Zj\lrim inf{s, | n > N} +inf{t, | n > N}
—00
= lim inf{s, | n > N}Jr]\}im inf {t, | n > N}
—00

N—o0
= (lim inf Sn) + (lim inf tn>

n—oo n—oo



(b) Let Sp = (_1)n and tn = —5, = (_1)n+1

Then

<liminf sn> + <liminftn> = 14 (1) = -2

n—oo n—oo

But

liminf s, + ¢, = liminf0 = 0 # -2

n—oo n—oo



4. Let (z™) = (2!, 20") be a Cauchy sequence in R?

Claim: xgn) and :U;n) are Cauchy in R

Proof: Let € > 0 be given, then there is N such that if m,n >
N, then du (2™ 2(M) < ¢, that is
} <€

max { ’xﬁ”” — xﬁ”)‘ : ‘xém) — xé”)

With that same N, if m,n > N, then

‘:cgm) - xﬁ”) < max { ‘:cgm) — xi") : ‘xém) — a:;n) } <ev
And similarly ’xém), Z]Zén)’ <e. ]
Since xﬁ”) is Cauchy and R is complete, xﬁ”) — 21 for some z; €

R, and similarly ;Uén) — 19 for some x5 € R. Let z =: (21, x2)

Claim: z(" — x

Let € > 0 be given. Then, since xﬁ”) — 171, there is NV such that

if n > Nj, then ‘xgn) — x1’ < ¢, and similarly there is N, such

that if n > N,, then ‘ajén) — x2’ < €.

Let N = max {Ny, No}, then if n > N, we have

doo (2™, 2) = max{‘x(ln) — xl‘ : ‘x;n) — :1:2’} < max {e, e} = ev

And therefore z(™ — z OJ



5. (a) Let f(z) = =%, then f is > 0 and decreasing and

/ f(x)d.x:/ —Qda::[——] =0+1=1<o00
1 1 T .I'l

Therefore by the Integral Test, > > # converges

(b) Let € > 0 be given. Then since Y ., -5 converges, it sat-
isfies the Cauchy criterion, and hence there is N such that
if n>m > N, then

"1
2
k=m
But then, with the same N, if m,n > N, WLOG, n > m,
and therefore

< €

Sm — Sn‘ = ‘Sm — Sm+1 t Sm+l — Smt2 + 0+ Sp—1 — Snl

< ‘Sm - 3m+1| + |5m+1 - 5m+2| +oeee ‘Sn—l - 3n|

1 1 1
< e
_m2+(m+1)2+ Jr(n—l)2
_n—l 1
=D .5

k=m

"1
<Z@

k=m

<ev’

Hence (s,) is Cauchy, and since R is complete, (s,) con-
verges [



BOLZANO-WEIERSTRAS TIME!!!

Since (s,) is a sequence in [a, b], (s,) is bounded, and therefore,
by the Bolzano-Weierstral Theorem, (s,,) has a convergent sub-
sequence (s,,) that converges to some z € [a, b].

Since s,, — x and f is continuous, f(s,,) — f(x).

But, on the other hand, since 0 < f(s,) < =, we have 0 <

f(sn,) < nik, and n%c — 0, by the squeeze theorem, we have

f(spn,) — 0.

Combining f(s,,) = f(z) and f(sp,) — 0, we get f(z) =0 O



STEP 1: Scratchwork:

Q=

€ €

£) ~ F)| < Clr—yl* <= o~y < 5 = e —ol < ()

STEP 2: Actual Proof:

Q=

Let € > 0 be given, let § = (%)
J, then

, then if x,y € R with |[x — y| <

()] () -

Therefore f is uniformly continuous on R L]

[f(z) = fy)| < Cle—y|* < C




By assumption, for all z € S, there are M = M(z) > 0 and
r =r(x) > 0 such that |f(y)| < M(z) for all y € B(z,r(x)).

Now consider the following family of sets

U={B(z,r(x)) |z €S}

Each B(z,r(z)) is open (by definition) and each x € S is in
B(x,r(x)), hence U is an open cover of S.

But since S is compact, U has a finite sub-cover

V = {B(x1,r(x1)),...,Bzn,r(xN))}

Let M = max{M (z1),... M(xy)} (which is independent of x)

Then for all x € S, since V covers S, we have © € B(x,,r(x,))
for some n, and therefore, by definition

1f(2)] < M(z,) <M =|f(z)] < Mv O



