MATH S4062 — FINAL EXAM — SOLUTIONS

1. Let € > 0 be given

Since f, — f a.e. and m(FE) < oo, by Egorov’s Theorem, there
is a closed subset Ac C E with m(FE — A.) < € and f, — f
uniformly on A..

Since f,, — f uniformly, there is N such that if n > N then
|fu(z) — f(2)] < € for all z € A,

With that same N, if n > N then

[ie=sa=([+[ Jir-n

/Aelfn(x)zef(a;)ldaﬂr/ |fn(z) = f(x)] do

E—-A, gt
<2M

<m(A.) e+2M m(E — A,)
<m(E)e+2Me
=e (m(E) +2M)

Since € > 0 is arbitrary, it follows lim,_, [ |f — fuldz =0 O
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/ P = / Fim / I
{z| |f(x)|>t} {z| |f(z)|<t}
> / Fis
{z| |f(x)|>t}

o
{z] [f(z)[>t}

—t'm {x| |f(x)| > 1}

' (x| |f(2)] > 1} < / 7P

And dividing by t# > 0 gives us the result.
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Fe,y, 2, u,v) = 2 =y +3z—uwP+v?+4
Yy 5 U V)= 2xy +y? — 4z — 2u® 4+ 3v* + 8

To use the Implicit Function Theorem, check that det F), ,(2,—1,0,2,1) #
0 (the derivative with respect to what you want to solve for is

nonzero)
F“’”:[ ?Z; 12v]
Fip(2,-1,0,2,1) = [_jl%))2 (%3] [_—182 122]

det F, (2, —1,0,2,1) = (—12)(12) — 2(—8) = —144 + 16 = —128 #£ 0

Therefore the Implicit Function Theorem says that there is G
such that (u,v) = G(z,y) near (2,—1,2,1). Moreover

G'(2,-1) = — (Fuu(2,-1,2,1)) " (F,,(2,-1,2,1))

2z =2y 3
WE 2y 20+ 2y —4

i) (32( (111) —34} B [—42 3 —34]

G'(2,-1,0) = [ 182 122] [42 g —34] _(_%) [182 —_122] {—42 ; —34]

1 [52 20 44} _i[l?’ 5 11}

F,,(2,-1,0,2,1) = [((2

~128 |56 —8 72| T 39|14 —2 18
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4. STEP 1: Using the first property, we get
(% K,) (@) /fx— Wiy~ fle)y- [ Koy

= | (e —u) = 1) Kuw)dy

And therefore, we have for every ¢ > 0

(7 ) @) = £ =| 5= [ (=) = FGo) Kl
<o [ 156 =)~ F@ 1K)l dy
—— [ 1)~ f@ K] dy
T Jyl<s
o [ =)~ £ Kaly)ldy
lyl=d

STEP 2: Let € > 0 be given.

Then since f is continuous at x, there is a 6 > 0 such that if
ly| < 0, then |f(z —y) — f(z)| < 37 In that case, using the
second property, we get

— |z =y) = f(@)] [Kn(y)| dy

STEP 3: Let C = sup, |f(y)|

By the third property, there is N > 0 such that for all n > N
and all z we have
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K,(y)|dy < —
| My < 37

This implies that

1

3 | M=) = @)l dy
1

<o [ =)+ @) 1K) dy
™ Jly|>6 =

C

— Ky

T Jly|=s

C /7e €

< (30) =3¢

STEP 4: Putting everything together, with N as above, if
n > N then

(f * EKa)(@) = f@)] < 5+ 5 = ev

And therefore lim,, . (f x K,,)(z) = f(x) O
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5. Let f(x) = e* and € = 1, and suppose that any polynomial p,
and for all x € R we have |f(z) —p(z)| < 1

Notice in particular that

[f(@)| = |f(x) = p(x) + p(z)| < [f(x) = p(x)] + |p(2)] <1+ |p(2)]

Since p is a polynomial, we have p(z) = ag + ayx + - - - + a,a",
hence |f(z)| < 1+ |[p(x)| implies

0<e” <1+]aol +lar| o] + -+ lan| 2"
Dividing by |z|" we get

e’ 1 |y ||
0< < +
‘Zlf‘n |$|n—1

= n = n ++‘aﬂ‘
E g

But now, letting x — oo, the right-hand-side tends to |a,|, so
for large x, the right-hand-side is bounded, but this contradicts

6.13

r—00 ||

Which you obtain after repeated applications of L’Hopital’s
rule. =<« [



