FINAL EXAM REVIEW: LINE INTEGRALS

Welcome to the first part of our final exam review session! Today is all
about what to do if you have to calculate a line integral. Fortunately
there is a nice roadmap for what theorem to use when:

F-dr
C
Easy to do directly?

Yey N WNo
[ Do directly ] Is F conservative?
Yey \No
FTC 2b_~ \3D

[ Green ] [ StokesJ
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1. DO DIRECTLY

Calculate fCF - dr, where F' = <x2,3y,3xz>, and C is the line
from (1,0,1) to (0,2, —1)

STEP 1: Picture:
(1,0,1)

(0,2,—1)

STEP 2: Parametrize ('

w(t) =(1 — )1 +£(0) =1 —¢
y(t) =(1 — )0+ £(2) = 2t
z(1)

(1=l +t(-1)=1-—2¢

Sor(t)=(1—1t,2t,1—2t) with0 <t <1

STEP 3:
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/CF-dr/OlF(r(t))w’(t)dt
:/ \<(1—t)2,3(2t),3(1—t)(1—2t)>1-(—1,2,—2>dt

(22,3y.322)

:/1 —(1— )2+ 12t — 6(1 — t)(1 — 2t)dt

1
:/ (=142t — %) + 12t + (=6 + 12t + 6t — 12¢%) dt
0

1
:/ —13¢% + 32t — 7dt
0

1

1

:[——3t3+16t2—7t
3 0
13

—— — 4167
5+
13

—— — 49
5+

14

2. FTC FOR LINE INTEGRALS

Evaluate fOF - dr, where F' = <xy2,x2y>, and C' is the arc of
y = sin(z) from (0,0) to (37,0)

STEP 1:
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(0,0) (37,0)

STEP 2: F conservative?

You have to check for this anyway, so it’s NOT a waste of time.

Check: @, — P, = (ny)x — (xyz)y = 2xy — 2zy = 0v
STEP 3: Find f

F=Vf= {2y, 2%) = (fo, f,)

1
fo=wy* = f(w,y) = 52’y + JUNK

1
fy =2y =>f(z,y) = 5:1323/2 + JUNK

Hence f(z,y) = 32°y*
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STEP 4: By the FTC:

/ F-dr = f(3m,0) — £(0,0) = 1(37r)202 _Looz— o
C 2 2

Note: In 3 dimensions, you need to check curl(F') = (0,0, 0) (just like
in the lecture on curl or the practice exams)

3. GREEN’S THEOREM

Evaluate fCF - dr, where F' = <x3,2:vy> and C is the triangle
with vertices (0, 0), (2,0), (0,6) (counterclockwise)

STEP 1: Picture

(0,6)

(0,0) (2,0)
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(Too painful to do it directly)

STEP 2: F conservative?

Q. — P, = (ay), - (s), = 2

NOT Conservative (and 2 dimensions) = Green!

STEP 3: By Green’s Theorem:

[ Fedr= [ [ 52 Srdnay
— [ [ 2y~ adody
/ /6 " aydyda
—/0 W],y da
:/02 (6—3z)* da
() e

= %(6 —3(2))* + %63

_6><6><6
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4. STOKES’ THEOREM

Example 4:

Evaluate [, F - dr, where F = (sin(x),cos(y),zz) and C
Curve parametrized by r(t) = (cos(t),sin(t), cos(t) sin(t)) with
0<t<2rm

Hint: C lies on the surface z = zy

STEP 1: Picture
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f

X

STEP 2: F conservative?

STEP 3: Stokes’ Theorem

/CF-dr://Scurl(F)-dS

STEP 4: Parametrize S:
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STEP 5: By Stokes:

//curl -dS = // :zry, \— Y, —, 1>/dxdy

OZO n

:// r*ydrdy D: Disk of Radius 1
D

_ / " / 12 cos? (B)r-sin(8)rdrdo
:( ) ( cos? Sm(@)d@)

_1 _Cos (0)
5
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