MATH S4062 — HOMEWORK 4

Additional Problem 1: Show using geometric sums that if

Dy(z) = 3 €™ then Dy(z) = sin (S(lfr\lf (2)5) x)

Additional Problem 2: The Féjer Kernel is defined as

L V-
Fy(z) = + > Du(z)
M=0

Show that 5= [* Fy(z)dz =1 and

1 (sin® (&)
Fy(z) = + <2—§
N \ sin (5)
Additional Problem 3: Suppose f is a 27 periodic function that is of
classﬂ C* for some k > 1. Show that there is a constant C' (depending

on k) such that
A C
f (n)‘ < —
7]
And deduce from a theorem in lecture that if £ > 2, then the Fourier
series of f converges to f uniformly.
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IThis means that £, ", - f*) exist and are continuous
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Additional Problem 4: Let {f;},-, be a sequence of Riemann inte-
grable functions on [—7, 7] such that

hm/ | fr(x (x)|dx =0

Show that for all n, limy_ fk( ) = f (n) uniformly in n

Additional Problem 5: Let {K,} ~; be a family of functions called
good kernels with the following properties:

) 5= J7 Ky(z)de =1
(2) There is M > 0 such that for all n,

| @l ds <

—T

(3) For every § > 0,

lim | K, (x)|de =0

Suppose f is a 27 periodic function that is continuous at x, show that

lim (f x Ky) () = f(2)

n—oo

Aside: The Dirichlet kernel is not a good kernel, so we can’t apply
this result to Sy (f)
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Hints:

Additional Problem 1: Notice "* = (em)n = w" where w = €%,
and split up the sum as:

=

Once you add up the two sums, multiply top and bottom by w™

Additional Problem 2: One way to do this is to use the explicit
formula for Dy and

2sin(A) sin(B) = cos(A — B) — cos(A + B)
Additional Problem 3: Mimic the proof I gave in lecture with f”

Additional Problem 5: Use that f(z) = =f(z) [ K,(y)dy Then
split up the integral of the difference in two parts, one on |y| < J and
the other one on § < |y| < .



