HOMEWORK 7 — AP SOLUTIONS

AP 1

(a) Consider the partial sums:

S0 =S F(k) = F1) + -+ f(n)

As before, for each k = 1, ..., n consider the rectangle with base
[k, k 4+ 1] and height f(k)
Then

sp= f(1)+---+ f(n) = Sum of areas of n rectangles

On the other hand, since f is decreasing, the above sum larger
than the area under f from 1 to n + 1 that is [ f(x)da.

And therefore

n n+1
Sy = f(k) > f(x)dx =: t,
k=1 1
However
lim ¢, = lim f Jdx = / f(z)dx = oo (By assumption)
n—oo n—oo
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And therefore, by comparison, lim, ,, s, = 0o, meaning that
> > f(n) = oo (by definition of a series) O

(b) Consider again the partial sums

Su= 3" F() = F(D) 4+ + ()

It is enough to show that (s,) is bounded.

This time, for each £k = 1,...,n, consider the rectangle with
base [k — 1, k] and height f(k)

sp= f(1)+---+ f(n) = Sum of the areas of the rectangles

Note: Since f and [, f(z)dz is only defined on [1, 00), we need
to ignore the first rectangle (which has finite area anyway), so

sn = (Rectangle 1) + (Rectangles 2 to n) = f(1)+ (Rectangles 2 to n)

Since f is decreasing, the area under the graph of f from 1 to
n is bigger than the sum of the areas of rectangles 2 to n

sp <f(1) + Area of Rectangles 2 to n

/ I
1)+ / f(a)dz (since f > 0)

Therefore, with M =: f(1) + [ f(z)dz we get 0 < s, < M

Hence |s,| < M for all n, and so (s,,) is bounded, and therefore
> f(n) converges O
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AP 2
(a) By Cauchy-Schwarz, we get

% )

(5 (E0)

(£0) (£4)

00 . o0 1 . L)
However )~ | a, < oo by assumption, and )~ = since it’s a
O \/an

n=1 n

N[ =

2—series, so the right-hand-side is finite, and therefore >
is bounded, and hence converges.

(b) Again, by the Cauchy-Schwarz inequality

N

> Van/b, < (Z wa—n)?)

n=1

“(E) (&)

But by assumption, each term on the right-hand-side is finite,
and therefore >">° | v/a,b, is bounded, and hence converges.

(> ()

n=1
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AP 3

n+1 n+1 n n
1 1 1 1
e ( = E) [ _daj - (kl E) i [ Edaj
+ n
1 1 n-‘rl 1 n 1
() (5) (e [

k
1 n-i-ll
= —/ —dx
n+1 n T

However, since % is decreasing, we have = >

1
n+l

[n, n+1], hence the area under f on [n, n+ 1], which is [ o Ldx
is greater than the area of the rectangle with base [n,n+ 1] and
height and so

on the interval

Tt

1 n+1 1
Sn+l S n 1 /n X

Hence s,.1 < s, and therefore (s,) is decreasing

(b) First of all, since (s,,) is decreasing, we have

1 11
1
Sp < 81 = (g —)/ —dr=1-0=1
n
1

Hence s,, < 1.

On the other hand, by considering again the rectangles with
base [k, k + 1] and height 1 (for k =1,...,n), we get that
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n

1

= Sum of areas of rectangles
k=1

1
> Area of — from 0 ton + 1
x

n+1
1
:/ —dx
1 s
"1
>/ —dx
1 X

And therefore s, = >, + — [[" 1dz > 0.

T

Hence we conclude that 0 < s,, < 1 for all n.

(¢) Since (s,) is decreasing and bounded below by 0, (s,,) converges.

an n4+é_n(n3—1)_n4—nnﬁoo1
bn 1 n*+3 n*+3

But since Y b, = Z% = 00, by the limit comparison test, we
conclude that > a, diverges as well.

(b) Since ¢ > 0, let € > 0 be such that ¢ — e > 0, then by definition
of a limit, there is N such that if n > N, then



6 HOMEWORK 7 — AP SOLUTIONS

an
— —c

bn

an
<€?—€<b——c<€

n

Qp
=>c—€e< —<c+e
by,

=(c—€)b, < a, < (c+¢€)b,

However, if > b, converges, then since 0 < a, < (¢ + €)b,, by
comparison Y a, converges

And if > b, = oo, then since a, > (¢ — €)b,, we get that by
comparison Y a, = 00 O

AP 5
STEP 1: First of all:
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3

| =

il
e}

T 1 1
D mr2)!  (n13)
1 (mn+1)!  (n+1)!
(n+1)!<1+(n 2)v+(n+3)'+'“>
1 L] 1
(n+1)!< +n+2 (n+3)(n+2)
1 1 1
(n+1)!<1+n+1+<n+1)2+'“>
1 1 1\’
(n+1)!<1+<n+1) <n+1>>
1 1
(m+ D'\ 1= (=)
1 1
(n+ 1) | =D
1 n+1
(n+1)!< n )
n+1 1
(n+1>'<ﬁ)
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1
O<e—s,<—
nln

STEP 2: Now suppose e = g, where p, g > 0 since e > 0. But then

|
gle = ¢! <I—)> = (q—> p=1(qg—1)(¢g—2)...(1)p, which is an integer
q q

And also

1 1
ls —=q! e E
q'sy =¢q! (1—|—1—|—2! + +q!>

! !
=gt L+ L
2! q!

=¢'+q¢' +ql¢g—1)...(3)+ .-+ 1is an integer

Therefore ¢l(e — s,) = qle — ¢!s, is an integer, being the difference of
two integers.

STEP 3: However, in STEP 1 with n =¢q > 1, we get that

1 1
O<e—s, < =0<qlle—s) <-<1=0<gl(e—sy) <1
q- q

But then ¢l(e — s,) is an integer between 0 and 1, which is impossible
=<

AP 6

On the one hand, using an integration by parts, we get
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A, :% ( /O Wxsin(nx)dx)
B % <[x <—coi(nx)>lo N /OW cosq(lnx) dx)
% (—mis(m) fos [Smfﬁx)]Z)
=2 (-1 n+0 -0
“a(-1)

n
On the other hand:

2 / T, 2 [2317 2 73 272
— xrdr=—|—| =(—-)|—=)=—7
T Jo T3] 7T 3 3
Therefore Parseval’s Identity becomes:
2 ™
(An)2 = (—> / 2dx
n=1 m 0

()

n=1

oo
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AP 7

Let € > 0 be given, let § = 5, then if |z — x| < J, then

%7
f(z) = flao)| < C oz — 20| < C (é) .

Hence f is continuous at x(, and hence continuous

AP 8

(a) Let € > 0 be given, by assumption we have

limsup%: lim sup{cbl—n\n>N} =c

n=o00 n —00 n

So there is Nj such that if N > Ny, then

Sup{%|n>N}—c

n

a
<e:>sup{b—n\n>N}—c<e

n

In particular, for some N we have

sup{Z—n\n>N}<c+e

n

And so for all n > N, we get

Qn
b—<c—|—e:>an<(c—|-e)bn
n

However, since » b, < 0o, by comparison, we get > a, < oo,

and so ) a, converges

[
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(b) Let a,, = DL and b, = #, then

n2
. (—1)"+1
lim sup b_n = lim sup ”T2 = limsup(—1)"+1=2< ¢
n—oo n n—oo 2 n—oo

n

_ 1)1
Therefore, since Y b, = Y ;7 converges, we get Y a, = Y - 732+
converges
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