HOMEWORK 8 — AP SOLUTIONS

AP 1
(a) Let € > 0 be given, let § = ¢, then if |x — xy| < 4, then

[f(2) = flzo)| = [l2| = |zol| < |2 — 0| < ev

Hence f(x) = |z| is continuous

(b) STEP 1: Scratchwork

1 1

X i)

wo—z| o — 20

|f () = flzo)| =

T |20l ||

Now if |z — z¢| < |x2—°|, then

|z —xo| 2 [|z] — |z0|| = — (|2] = [20]) = |T0] — |7]
And therefore

kN EX e
| < B8 g > || = 22— 201
20| — || 5 7| > |0 5 5
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Hence ﬁ < %, and therefore:

v = sl = () (3)

<€

2
€|zo|

Which gives |z — x| = =5

STEP 2: Actual Proof

|zo|  €|zol”

Let € > 0 be given, let 6 = min {T’ 5
then

)= sl = (2 ()
<("mr) (o)
=l (1. 75)
- (dz()'?) (\;ﬁ)

=ev

}, then if |x — zo| < 9,

Hence f is continuous at xg
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(c) STEP 1: Scratchwork

[f(@) = f(@o)| = |V — /ol

|- (Fm)

:‘(\/5)2 - (\/$_0)2‘ m

e

<€

Which gives |z — zo| < (y/Zo) €
STEP 2: Actual Proof

Let € > 0 be given, let 0 = (\/x_o) €, then if |x — xy| < §, then

o) = fa] = o =0l (5= )
- ()

(Vo) €
N

—€

<

Hence f is continuous at x
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AP 2

€ f1((7,10) & f(z) € (7,10)
ST<3r+7<10
S0<3r <3
Sl<z <1

Hence f~1(U) = (0,1)

(b)
ze [ ((-1,4) &f(x) € (—1,4)
e—l<2?<4
S —2<r<?2

Hence f~1(U) = (-2,2)
(c)
v € f7((0,1)) & f(x) € (0,1)

<0 < sin(z) < 1

Sx € (27Tm, 2mm + g) U (27Tm + g, (2m + 1)7r) .m € 7

Hence

f*l((O, 1)) = U (27rm, 2mm + g) U (27rm + g, (2m + 1)77)

meZ
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AP 3

ze(gof)H(U) e(go fl(z) €U
<g(f(x) el
s f(r)eg (U)
sre (')
(b) Suppose U is open, then since g is continuous, ¢~ 1(U) is open,

and hence, since f is continuous, ™' (¢7!(U)) is open, and
therefore

(gof) ' (U)=f" (gil(U)) is open v’

Hence g o f is continuous O

AP 4

First, let’s show f is one-to-one. Suppose f(x) = f(y), then f(f(z)) =
F(F W), so f(f(f(x)) = fF(f(f(y))), hence x =y v/

Now since f is continuous and one-to-one on R, f must be either in-
creasing or decreasing.

But if f were decreasing, then if a < b, then f(a) > f(b) so f(f(a)) <
f(f(b)) and hence f(f(f(a))) > f(f(f(D))), hence a > b =<«

Hence f is increasing.

Now suppose f(x) # x, then either f(x) < x or f(x) > x.
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But if f(x) < #, then f(f(x)) < /(x) s0 [(/(f(x))) < F(f(x)) and
therefore x < f(f(z)), and so we get:

r< f(f(2) < fl2) <z =<

And we get a similar contradiction if f(z) >z =<«.

Therefore we must have f(x) = x for all O

AP 5

v€ fHAUB) < f(r)€c AUB
& (f(z) € A) or (f(z) € B)
& (ze f(A) or (ze f(B)
sz e fHA)UF(B)

re fHANB) &f(x) € ANB
& (f(z) € A) and (f(x) € )
(xef ) and (mE )
sze fTH(A)N f(B)
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r e fHAY) &f(x) € A°
ef(r) ¢ A
< Not (f(z) € A)
& Not (z € f7'(A))
sz ¢ f7H(A)
sz e (f1(A)
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