27. Put £(0,0)=0, and

_ Xt —y?)

S ==57 >

if (x, ) # (0, 0). Prove that

(@) £, D.f, D.f are continuous in R?;

(b) Dy.fand D,, fexist at every point of R?, and are continuous except at (0, 0);
(©) (D12/)0,0)=1, and (D21/)0, 0) = —1.

3_y%
Pt gy= A

Wy= xXZ-4 2y -xy?
D&-J'(x \li) (XE‘ 37.)}_

Then Difiy) =y , P fix,0)=%
B), @) D and D‘]" corfinvous in [R*
Do) = é,_‘)-op,)t(u,qu o
Dz_flolo)= @%P;T[X(D‘):O
. Dfwoy)-ptloo) 4 =¥ _
D.z‘]'(o,O)— /g_; 3 )

= o

oy - o, 019
which ends the pusf-



28, For t >0, put

0y is continpous :
0<x<Vr)
olx, 1) = ix+2‘/; (v?sxstzv;) We 0&1)' WO’ v l/errfy |'t wvmnuou,g on
0 (otherwise), ) ' _
and put 905, ) = =glx. |11 if 1 <0. Wﬂdagf ¥=0 ; x=1¢ ; x=2[v .
\
Show that g is continuous on R?, and =0 = A,N_x
(D29)(x,0)=0 X= >0+ \((Xt) )( Sot x):
for all x. Define &Ca’ux 9)[7(/-?) =0 UJ X< 0
=" gtx,ndx. )('ﬂ" YQ( )= x—aﬁg‘% T = 'J-'E“’Z/_
Show that f(r) = ¢ if |¢| <. Hence
. = + X, T
FO#[ (D9, 0 dx. )(—>J1‘; \lf / )

Y (P:Y)(%.0)

: x/l/\_,?;ﬁ;_ flot) = {1@5 (X +45)
A (x.'b) —Px°)
+-0

= 2ff +aff =0=A 5, fxt)
_ note P (wt)=o when Y>AT
when %<0 (P;j)(xfo o 2

whon %70 . when 0<PblsF | % oy then ¥ () =o
then (Dp}_{’)()(, o) = /1,\ ﬂx.f‘) Y (%0)

-b

_ o 2bt)-Pewo) _
g

thus ©YH(20)=0 ©e
2) [‘t’(% then ‘t<?¥'
Ft =0 ft)- [6 f(xT)o‘x
—JJ— dlx 4} ><+2J")o(x

t
+ -0 +% +2U

=1
<0 f= ) - Y (x 1) dx
= - L yxdx = 0=V
Then )= 1 3+ 0 = J_'| (DL\f)(x,O)o(x
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Additional Problem 1: Let C' be the middle-thirds Cantor set, as
defined in section 2.44 in Chapter 2 of Rudin. Show that m,(C) = 0

(and hence C' is measurable).

N\

For every 1
E; as de'[!“\ed'
intervalls , each of lugth 370

5 ﬂ\P. Pmperp
and these 2" infevwals are

Dj_ escterior measure ,
oi 5J\0'\ nt,

this  me(E)= 2"3™= (5"
D En - D P

Bewwse EDo F.D--
By
Then

'take Q >0 ) &CW

Thgn mx(P) < E
Thus mMxP) =0
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> o

eriSts hed et M (En) = (?

2 \h
=)
2

is the whion DJL 2" closeo(

Property 1: (Monotonicity) If Ey C Ey then m,(E1) < m.(E»)

E) = Me(E) 2 -- - =MIED) 2 -

2.44 The Cantor set The set which we are now going to construct shows
that there exist perfect sets in R! which contain no segment.

Let E, be the interval [0, 1]. Remove the segment (4, %), and let E; be
the union of the intervals

[0, 31 (3 1]

Remove the middle thirds of these intervals, and let E, be the union of the
intervals

0,41 3, 31, (5 31, 3, 1].
Continuing in this way, we obtain a sequence of compact sets E,, such that

(@ E oE,DE;>-;
(b) E, is the union of 2" intervals, each of length 37",

The set
@
P=(\E,
n=1

is called the Cantor set. P is clearly compact, and Theorem 2.36 shows that P
is not empty.

>M(P)
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Additional Problem 2: Suppose Ey, Es, ... is a countable collection
of measurable subsets of R? (see hints for definitions)
Definition: Ej increases to E and E, & E if E;, C Ep and
(a) Show that if E} increases to E then m(E) = limy_,o m(Ey) g :3 Uk By B E1 “mﬂ Eﬂ at Ly decreases to I and By, N\, E if
(b) Show that if Ej decreases to £ and m(FE})) < oo for some k then
m(E) = limy_,oo m(Ey)

Property 5: If £y, E,,... are disjoint measurable sets and £ =
U;i] E; then
(c) Show that (b) is false if we don’t assume that m(FE}) < oo %
m(E) =3 m(E;)
j=1

(0) dot N
G=EF . G=E"F 6 G=E-Bq

Bomse Ec C Eer , we know that Gi ae a/f‘sjo""'f messunble <zt
v Y, W ‘

So E,V=UE' =UG' m(EN)zém(g,,)

T}\@f\ E= U Ee = U Lklé‘n Tg G

k=l =)
Then £y PmPe@ 5 p o
()= 2 mG) = o Fmb) = o (F)
) WLG, we assme m(E)<b
iet GK=EK—£KH
=EU Uéu< ~
K= _ B
By Poperty 5, mlE) = m(E)Jrg’_W(ézt)(I)

we hawe .ZLGK=E:-EV,'¢J"9H/

m(z. ) = ?, m(G) = m(E)- m(Ey) @)
Fom (1) & L) we hne
m(E,) = M[E)fli"’ E—""(GK) N By(x)
—M():)*r,vm(m(a) m(&))
nEy - ME)+ i nE) =mE) = wE)= k)
(©) (onsidentng  Ea=(n,00), m(Ea)=
Prt E-= "QEA-;z and wm(E)=0 # vo= fMEn)
X



Additional Problem 3: [The Borel-Cantelli Lemma] Suppose {E}}
is a countable family of measurable subsets of R? and that

oo

Zm(Ek) < o0

k=1

Define E = {x € R?| z € E, for infinitely many k}
(a) Show that E is measurable

(b) Show m(E) =0 5o

oy CIATM: E= N U Fe

n=( &=n
o
) EC {Qg,,EK

ay x & E , beawuse X -€E_Tor el many R
For any velN xe | Ec

=N .
(othoruse % ot mot i:isrs n E .- Ew ,ﬁ"@ ey sets

M e s s o0
any % € ’Q g,ﬂ=¢gfa)ﬂ(g&)/‘lm ”(gnFL)0~-
By asumhy contay , e asumg

x only exists in -f;‘m‘te many Ee
Then INEN st kLEn forall nzNV

then % £ :O E
=N '
then % ¢ 0 U E. which leads o cantrogliction.

N=( £=p

So % exlsts in in}rm‘fe many Ec s %€ E.

Then E is measurable , becase debesgue measurable subsets ofkoz
forms o mA@ebra.
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n(U E) s ZnEx) s

notice thety
e
is  hon= Increasin
§ Q] b ma-haesiy

= Lo bo o s V)
,L@]EKEUE‘;-[JEK-Vk P_UtK o EO%EK

on m (0 E) = A ()
b = MF) B
we claim  that {\L:;:Ogm(&)= O
Pruo"' D we know that ’;z?m(&)< DS, 1€, ,@—;%M(En)m'sfs

then Take any €7°
= -
ZNEW st | = m(Ee) -%M(ﬁ)ke

s Y ERE

which also means oo =m(E)=o
Then [))/ [*) anc] our claim )
osm(E)<O = m(E)=0



