HOMEWORK 9 — AP SOLUTIONS

AP 1
(a) Let € > 0 be given, let § = £, then if 0 < [z — 2| < 0, then

|@x+5y—U¢:Bx—6p:mx—m<ﬁ%§):e/

Hence lim, 23z + 5 =11
(b) STEP 1: Scratchwork
2* —4| =z —2lz+2<e

Now if |x — 2| < 1, then

z+2]=|r—2+2|<|z—-2|+|2|<1+2=3
And therefore

|:U—2H:L‘+2|§3|x—2|<€:>|:1:—2|<§

STEP 2: Actual Proof
Let € > 0 be given, let § = min{l,g}, then if 0 < |x — 2| < 4,
then |z — 2| < 1 so |z + 2| < 3, and so

€

\x2—4|:\x—2\|m+2\§3|x—2|<3(3

) =ev
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Hence lim, o 2% =4

(¢c) STEP 1: Scratchwork

B

Va-2|=|(va-2)
V) -2
1

=l =2l <\/E+2

1

Which gives |z — 2| < 2¢

B

STEP 2: Actual Proof

Let € > 0 be given, let § = 2¢, then if 0 < |x — 2| < §, then

1
VT 42

Hence lim, 4 /x = 2
(d) STEP 1: Scratchwork

%, then —5 < x -1 <
r—1>—3s0x>1andso |z|> 3

VE-2|=lo -2l (

)sie-ai()

1
-1
X

l—z| |xz—1]
= <E€

]

Z

Now if |z —1] < ! 3
and so =
|2]

2

2
<T€:€‘/
2

so in particular
< 2, therefore:
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|z — 1]

]

STEP 2: Actual Proof

= |z —uQ‘)gzu—u<e:u—u<§

Let € > 0 be given, letc‘i—mm{z,z} then if 0 < |x — 1] < 0,
then |z — 1|<—so‘|<2 and so

-1
X

1 |
_ e |<2\x—1|<2() eV
|| 2

Hence lim,_,; % =1

(e) Let M > 0 be given, let § = 1 then if 0 <z — 5 < §, then
1 1 1
v i3
Hence lim,_,5+ 1%5 = 00
(f) STEP 1: Scratchwork
3+ . 3 2 <e=at> ! =T > !
x2 2 2€ V2

STEP 2: Actual Proof

Let € > 0 be given, let N = \% then if x > N, then
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2 2 2
|3+P—3'_p<226\/
Hence limxﬁoo?w—% =3
AP 2

Let € > 0 be given.

Then since lim, ., f(x) = L there is §; such that if 0 < |x —a| < 0y
then |f(x) — L| < e, so in particular f(z) — L > —e

And since lim, ., h(x) = L there is do such that if 0 < |z —a| < 09
then |h(x) — L| < €, so in particular h(z) — L < €

But then, with 6 = min {61,092}, if 0 < |x —a| < 9§, then |z —a| < &
and |z — a| < 3 and so

—e< f(r)—L<g(zx)—L<h(z)—L<e=—-e<g(x)—L<e
Here in the middle part we used f(x) < g(z) < h(x)
And so |g(z) — L| < eV

Therefore lim,_,, g(x) = L, as desired O

AP 3(A)
First, we’ll do the limit as 6 — 0.

Then, based on the left picture in the problem, we have AC <
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However, AC' = sin(f) since we have a unit circle.

Moreover, the full circle with angle 27 has an arclength of 27 (1) = 2,
so by proportionality, the arclength [ with angle 6 has length 6, so
[ = 6. Therefore we get

sin(6)
0

On the other hand, based on the right picture in the problem, the area
of the sector « is less than the area of the triangle OBD.

AC <[l =sin(f) <0 =

<1

But by similar triangles, we have

AC OA sin(f)  cos(0)
pr— pu— B pr—
BD OB~ BD 1 7 BO=
And so the area of OBD is
1 1, .sin(f) 1 [sin(f)
ZxOBxBD==(1 _ -
2~ OB x 2( >COS(9) 2 (Cos(ﬁ)

Now the full circle with angle 27 has an area of 7(1)? = 7 (half of
that) so the sector o with angle o has an area of g.

Therefore we get:

Combining the two results, we get
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sin(0)

7
And using the squeeze theorem we can conclude that limg_,o+ Sine(e) =1

cos(f) <

<1

Now if # — 0~, then —0 — 0" so

sin(0) — lim sin(—6) ~ lim — sin(0) ~ lim sin(6)

I .
50~ 0 6—0+  —0 o—0+  —0 AN
And since limy_,o- % = limg_,o+ Sine(a) = 1 we get limgy_g Sme(e) =1
AP 3(B)
lim cos(f) — 1 lim (cos(f) — 1)(cos(6) + 1)
60 7 60 6(cos(f) + 1)
. cos*(0) —1
=lim
-0 6(cos() + 1)
— qin2
i sin”(6)

6—0 O(cos(f) + 1)
—tim sin(0) . sin(0)
60 0 cos(f) +1
cos(0) + 1
=1x0
=0
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