HOMEWORK 9 — SELECTED BOOK SOLUTIONS

19.2(A)
STEP 1: Scratchwork

€
If(l‘)—f(y)lz!3x+11—(3y+11)!=\3x—3y|=3!w—y|<6:>|x—y\<§
STEP 2: Actual Proof

Let € > 0 be given, let 6 = &, then if |z — y| < 0 then

f@) = )] =38le =yl <3(5) =e O

19.2(B)
STEP 1: Scratchwork

[f(@) = fW)l = |2 = y*| = [o =yl |z +y]
Now since 0 < z,y < 3, we have |z| < 3 and |y| < 3 and so

lz+yl <|z|+|y[=3+3=6
And therefore
€
\w—y|\$+y!§\x—y|(\$!+|y!)§6\x—y!<6?|w—y|<6

STEP 2: Actual Proof
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Let € > 0 be given, let § = ¢, then if [z — y| < § then since 0 < @,y <3
we have |z| < 3 and |y| < 3 and therefore

€
\f(ﬂf)—f(y)\=Ix—y\|:c+y|SIx—y\(lwl+\y|)§6|x—y|<6(6>=e/ 0
19.2(c)
STEP 1: Scratchwork
L L _jy—z|_|a—yl
@)= 1wl = |5 =5 = == =

Now since z,y > %, we have |z| > % and |y| > i and so |71| < 2 and

27
E1|§2andso

€

4

<le—y|(2)2) =4z -yl <e=|r—y| <

STEP 2: Actual Proof

Let € > 0 be given, let § = {, then if [z —y| < ¢ then since z,y > %
we have |z| < 1 and |y| < 1 and therefore
€
F@) = fWl = e —yllayl <z =yl 2x D) Sdlo—yl <4(]) =ev O

19.4

Assume f is not bounded on S, then there is a sequence (z,,) in S such
that |f(z,)| = oo as n — oo.
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But since (x,) is in S and S is bounded, then (z,) is bounded, and
so, by the Bolzano-Weierstrass Theorem, (x,) has a convergent subse-
quence ()

But since (z,,) is convergent, it is Cauchy, and therefore, since f is
uniformly continuous, f(z,,) is Cauchy as well.

However, since Cauchy sequences are bounded (Lemma 10.10 in section
10), f(zy,,) is bounded, but this contradict the fact that |f(z,)| — oo
and therefore |f(x,, )| — oo

For (b), note that even though (0,1) is bounded, f(z) = - is not
bounded on (0, 1) (because if |f(x)| < M for all z, let z = \/LM € (0,1)

(if M > 1), then |f(x)| = M which is not < M), therefore by (a), f is
not uniformly continuous on (0, 1)

19.5
(a) Since [0,Z] is compact and f(z) = tan(z) is continuous, f is
uniformly continuous by Theorem 19.2

(b) Even though [0,%) is bounded, f(z) = tan(z) is not bounded.

And therefore f is not uniformly continuous by 19.4(a)

(¢) Notice that if you let f(x) = L sin’(z) if © # 0 and f0)=o,
then [(ZL‘) — h(z)sin(z) (where h(z) is as in Example 9) And
since h(z) is continuous on [0, 7], we get f(z) is continuous on

0, 7]. Hence f is a continuous extension of 1sin*(z) on [0, 7],
and therefore 1 sin®(z) is uniformly continuous on (0, 7]

(d) -5 is unbounded on (0,3), and therefore by 19.4(b), - is not

uniformly continuous on (0, 3)
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(e) 15 is unbounded on (3,4) (If M > 1 is given, let z =3+ ; €

(3,4), then =5 > M, and therefore by 19.4(b), - is not uni-

formly continuous on (3, 4) and hence not uniformly continuous
on (3, 00)

(f) Conmsider f(z) = —, then f is continuous on (4,00) since = —
3 # 0 and moreover f'(z) = ﬁ and therefore

-1
(x —3)?

1
= <1

7/(@)l = T

Therefore f'(z) is bounded on (4,00) and hence by Theorem
19.6, f is uniformly continuous on (4, o)

19.6(A)
Notice that f'(x) = ﬁ, which is unbounded on (0, 1]: If M > 0 large
enough is given, let z = 5~ € (0,00) and therefore f'(z) = 5 L —

% = M and hence |f'(z)| > M

aM?2

However, since f(x) = y/z is continuous on [0, 1], which is closed and
bounded, f is uniformly continuous on [0, 1], and hence uniformly con-
tinuous on (0, 1]

This problem really shows that f’ being bounded is just a sufficient
condition, not a necessary condition!

19.6(B)
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This follows since f is continuous on [1,00), differentiable on (1, c0)
and

‘ '_‘

7)) = 5 <

D
N | —

Hence f’ is bounded on (1, 00)

Optional: Here’s a more direct proof of this fact (good practice with
the definition)

STEP 1: Scratchwork

() = fW)] =]V — Y]

_vm oo (VY

_*f @wﬁ#ﬂﬂ

_ =yl

VEE VY

<2|z —y| (Since z,y > 1 and so \/z,/y > 1)
<€

Which gives |x — y| < 2¢
STEP 2: Actual Proof

Let € > 0 be given, let § = 2¢, then if 2,y € [1,00] and |z — y| < 9,
then z,y > 1 so \/z,,/y > 1 and so

=ev U

ERE lz—y| 2
_ — < < —
V=i VI+y T2 2
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19.8(A)

Let f(z) = sin(xz). Then the MVT there is ¢ between = and y such
that

f@) = fly) =f'(c)(z —y)
= [f(z) = fW) =1 ()] -yl
= |sin(x) — sin(y)| = |cos(c)| |z —y| < |z —y| vV
19.8(B)

Let € > 0 be given, let § = ¢, then if |x — y| < 0, then by (a), we get

sin(z) —sin(y)| < |z —y| <ev O

20.11(A)
2 2 .
limx a4 zlim(x a)(x+a)zlimx+a:a+a:2a
T—=a T — Q r—a T — Q r—a

20.11(B)



HOMEWORK 9 — SELECTED BOOK SOLUTIONS 7

b VT=Vh L (VE = V(T £ VD)
z—b T —Db r—b (gj — b)(\/f + \/Z_))
T —b
= lim
e e vb)

=lim ———
x—>b\/§+\/g
1
Vb Vb
1
"2V

20.11(c)
3 3 . 2 2
lim * ¢ _ lim (z—a)(@”+artd) — lim 2°+ax+a® = a*+a’+a® = 3a°
rT—a X — Q Tr—a T — Qa Tr—a
20.20(A)

Let M > 0 be given. Then since lim,_,, fo(x) = Lo, with € = 1, there
is 91 > 0 such that if 0 < |r —a| < &; then |fo(x) — Ly < 1, so in
particular fo(z) — Lo > —1so fo(z) > Lo — 1

Now since lim,_,, fi(x) = oo, there is §o > 0 such that if 0 < |z — a|] <
(52 then fl(a:) > M — (L2 — 1)

Let 0 = min {6,d2} then if 0 < |z —a| < 0, then |z —a| < §; and
|z, < &2 and so

(fi+ fo)x) = fi(z)+ fo(x) > M — (Le— 1)+ (Le — 1) = MV
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Hence lim,_,,(f1 + f2)(z) = o0 O

20.20(B)

Let M > 0 be given. Then since lim,_,, fo(x) = Lo, with € = % > 0,
there is d; > 0 such that if 0 < |z — a| < &; then |fo(z) — Lo| < £, s0
in particular fo(z) — Ly > —% so fo(z) > Loy — % = % > 0

Now since lim,_,, fi(x) = oo, there is d > 0 such that if 0 < |z — a| <
d then fi(z) > £

Let 6 = min {61,952} then if 0 < |x —a| < 0, then |x —a| < 0; and
|z,| < d2 and so

(fif2)(@) = fi(2) falz) >

Hence lim, _,,(f1f2)(z) = o0 O
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