LECTURE 10: FOURIER TRANSFORM

Today: We'll discuss a continuous analog of Fourier series, called the
Fourier Transform

1. DEFINITION AND PROPERTIES

Motivation: If f is a function of period 1, then

TL / f —2mnas dZC

(The analog of 5- here is T = 1)

Questions: Is there a continuous analog of this, where n is replaced
by a real number? And what if f is not periodic?

Yes there is, and it’s called the Fourier Transform:

= /OO f(x)e 2 dy

(1) Sometimes this is written as F(f)

Definition:

Remarks:

(2) f is a function of & (frequency variable) and not of z (spatial
variable)

Date: Tuesday, July 19, 2022.
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(3) The improper integral is defined in the following sense

/_OO g(r)dr = lim g(z)dx

0 N—o0 -N

(4) An interesting special case is f(0) = [ f(2)da
(5) f is not necessarily periodic here

Does this work for any function f? No, not even for f(x) = 1. We will
discuss the appropriate function space below.

Immediate Properties:

—_—

(1) (Translation) f(z + h) = f(&)e?™h

—_—

(2) (Translation) f(z)e—2?mieh = f(€+ h)
(3) (Dilation) If § > 0 then f(5z) = 4f (%)

This means for example that if g(z) = f(x + h) then §(&) = f(&)e2 M

—

For example, if § = 2 this says f(2z) = 3 f (g), so the Fourier trans-

form turns compression into stretching, and vice-versa.

(The properties follow from the definition and/or u-subs)

2. THE SCHWARTZ SPACE

In order for the Fourier transform to be well-defined, we need f to go
to 0 very fast at o0
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Intuitively: We want all the derivatives f, f, f etc. not only to be

bounded, but also go faster to 0 than any power function 1, % % etc.

z? 22 g

Definition: f € S(R) (Schwartz Space) if f is infinitely differentiable
and for all £ and n

sup ol | 1(x)] < o
zeR

(The sup could depend on k and n)
For example, with n = 0 this means that | f(z)| < IS_Ikk for all x and all k

Example: e * € S(R), but also functions that are 0 outside a
bounded interval

Notice that if f € S then f' € S and zf € S, and (see below) fes

Finally, note that this is just a sufficient condition, there are non-
Schwartz functions for which f is defined

3. DERIVATIVES AND FOURIER TRANSFORMS

The Fourier transform turns differentiation into multiplication, in the
following sense:

Fact: [Differentiation)]

—_—

(1) f'(z) = (2mi&) £(€)

o —

(2) —2mia f(z) = £5(©)
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In particular, it turns differential equations into algebra equations!
This is why they're so useful in ODE and PDE.

Proof of (1): Integrating by parts with respect to x gives

N N
/ f’(x)e_%mgd:c = [f(:z:)e_%mq Z\, + 27m'§/ f(x)e_%mgd:v
-N -N
Letting N — oo gives the result. The boundary terms are 0 because

‘e*%ixff(x)} = ‘672“%5’ |[f(x)| =|f(z)] = 0 as x — +o0, because f is Schwartz

Proof-Sketch of (2)[] Follows from writing

~

_ A - 00 _ —2mixzh __
fE+ hf)L 1) _ (—2m’xf(§)) = /_OO f(z)e2mies [% + 2mix

And splitting up the integral into two regions, one where |z| is large
(where we can use that f(z) and zf(x) are Schwartz) and one where
|| is small, where we can use that

—2mizh
lim ——— + 2mix = —2mix + 2mixz = 0
h—0 h

Corollary: If f € Sthen f € S

Why? First note that whenever g € S then g is bounded because

9(6)] = | / Zgu)emdx < / " lg(@)] |2 | da = / T @) <c

o0 —00

But then &f (&) is bounded because it’s just the Fourier transform of

s=f'(z) € S and so is d% f(&) because it’s the Fourier transform of

Igee Stein and Shakarchi, Prop 1.2(v) in Chapter 5 for details
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(N" @

always bounded, so f esS O

—2rizf(x) € S, and you can use this to show that & is

4. SELF-ADJOINTNESS

The Fourier transform has an interesting self-adjointness property:

Fact: If f,g € S then

| fwgwis= [ rwiwiy
Note: Compare this to (Tz,y) = (x,Ty) if T is self-adjoint

Proof:

f (9)62“‘"’”9@) g(z)dx

(y)g(z)e ™ dydz

= /_ ; f() /_ Z g(ﬂf)(i‘mydx) dy

(The use of Fubini is justified because f and g are Schwartz)

‘\/\
g 8
S~

5. CONVOLUTION
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We can generalize the notion of convolution to functions on R:

Detfinition:

e /f x—y)dyZ/Zﬂx—y)g(y)dy

Again, f and g are not necessarily periodic. This definition is more
widely used in math than the previous one.

Facts:
(1) If feSand ge Sthen frxgeS
(2) frg=gxf

—

(3) fxg(&) = F(£)a(&)

The proofs of (2) and (3) are identical to the one in the periodic case
(where you use Fubini)

6. THE FOURIER INVERSION FORMULA

One of the cornerstone theorems in the theory of Fourier transforms is
the Fourier inversion formula, which says:

0= [ Feemig

In other words, f is its own Fourier transform! (provided you use 2mi
instead of —277), so in some sense, the Fourier transform is a (sort of)

Theorem: [Fourier Inversion]



LECTURE 10: FOURIER TRANSFORM :
bijection from S to S
Some preliminary Facts:

(1) If f(z) = 7™ then f(£) = f(£)

(2) 1 Gy(x) = e ™" then G(€) = Le™F =2 Ky(¢)

The first follows from using the definition and completing the square,
and the second one follows from the Dilation property

Proof-Sketch of Fourier Inversion

STEP 1: First assume x = 0 and show

7(0) = / F(6)er i ge = / f(€)de

Let G5 = e ™% and Kj as above, then by self-adjointedness, we have
x) Ks(x)de = F(6)Gs(€)d
| s = [ foae
Gs

STEP 2: Left term: By symmetry, Ks(x) = Ks(—z) and so the
integral on the left can be written as

/_ " f (@) Ks(—a)dx = (f % K3)(0)

It can be shown that {K;} is a family of Good Kernels and so by a
result from the homework, it follows that (f x K5) — f uniformly as
0 — 0, and in particular

25ee Stein and Shakarchi, Theorem 1.9 in Chapter 5
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(f x K5)(0) — £(0)
So the left hand side indeed converges to f(0)

STEP 3: Right Term

Using G5 = e~ ™" it follows that as & — 0 we have

/_ Z F(©Gs(§)ds = / Z F(©)e ™ de — / Z F(e)de

Combining the two we get

F0) = [ frerenag
STEP 4: In the general case, if z is fixed, let F(y) = f(y + x) then
by the x = 0 result above and the translation property, we get

(@]

fo)=FO) = [ Feoa= [ " e O

e.¢]

7. PLANCHEREL’S FORMULA

As a corollary, we obtain Plancherel’s Formula, which says that the
Fourier transform is an isometry:

Theorem: [Plancherel]

If f € S then HfH — £l

Proof: Define f*(z) = f(—z) then can show that f*(&) = f(&).
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Let h = f* f¢ then by the Fourier inversion formula with x = 0 we get

h(0) = (f = f*) / f(x z)dx =

h(E) = FE)f(©) = FOF(©

Combining the two, we get

[ @ia= [ Jief e o

oo

I
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