LECTURE 11: MIDTERM 1 — REVIEW

Welcome to the Midterm 1 review session, and let’s start with some
fun with planes!

1. PLANE BORING?

Find the equation of the plane containing the folowing points:

A=(-1,2,1),B=(0,-3,2),C = (1,1,—4)

STEP 1: Picture

STEP 2: Vectors
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a=AB=(0—(-1),-3-2,2—1) = (1, -5,1)
b=AC = (1—(~1),1-2,—4—1)=(2,—1,-5)
STEP 3: Normal Vector

n=axb
i 7k
—1 -5 1
29 —1 -5
A N P PR
=1 =5/' ]2 =52 1

—(2541,—(—5—2),—1+10)
= (26,7,9)

STEP 4: Point: A= (—1,2,1)

STEP 5: Equation

26z +1)+7(y—2)+9(2—1)=0

2. TANGENT TO THE COURSE

Example 2:

Find the parametric equation of the tangent line to the following
curve at the point (5,7, 20)

r(t) = (2 + 1,6 - 1,t' +1*)
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r'(2)

STEP 1: Find ¢

(41,87 — 1, t" +*) = (5,7,20)
Look at the first equation (easiest)

P+l1=5=>t’=4=1t=42
Check: t =2

P —1=2"-1="7,
th 417 =2' + 2° = 20

Hence t = 2 works
Check: t = -2
But then t3 —1 = (=2)> = 1= —9 £ 7, so t = —2 doesn’t work.

Therefore we only have [t = 2]

STEP 2: Direction Vector:
r'(t) = (2t, 3%, 4t° + 2t)
r'(2) =(2(2),3(2)%,4(2)% + 2(2)) = (4,12, 36)
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STEP 3: Point: (5,7,20)
STEP 4: Equation:

x(t) =5+ 4t
y(t) =7+ 12t
z(t) =20 + 36t

3. ACCELERATION AND ALL THAT

Find the position r(t) of a particle, given that its acceleration
is (2,3,2) and its velocity at ¢t = 1 is (4,0,—2) and its initial
position is (1,2, 3)

Derivative Derivative

7N\ 7N
r(t) v(t) a(t)
N N

Integral Integral

STEP 1: Find v(t)
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a(t) = (2,

(1)
(2t
v(l)=2(1)+A3(1)+B,2(1)+Cy=2+A,3+B,2+C) =(4,0,—-2)
Therefore

=0

3,2)/ »
)

t+ B, 2t +C)

24+ A=4=A=2

3+B=0=B=-3

2+4C=-2=C=—
Hence v(t) = (2t + 2,3t — 3,2t — 4)

STEP 2: Find r(t)

U

e fosfond

> +2t+ D, §t2 3t+ E, % — 4t+F>

| |
\

/\/\

r(0)=(D,E,F)=(1,2,3)
Hence D =1, E = 2, F = 3 and therefore

3
r(t) = <t2—|—2t—|—1,§t2—3t+2,t2—4t+3>
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4. THIS LECTURE IS SO LONG

Let’s do a fun problem with arclength!

Example 4:

Find the length of the following curve fromt =0tot =%

r(t) = (cos(t),sin(t), In (cos(t)))

t=m/4

Length

= /4 \/sinz(t) + cos?(t) + sin () dt
0

cos?(t)
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:/4 \/ 1+ tan?(t)dt
0
=/4 \/ sec?(t)dt

0

= /0 sec(t)dt

— [In|tan(t) + sec(t)|]

=In ‘sec (%) + tan (%) } — In |tan(0) + sec(0)|

zln’\/i—kl‘ —In |0+ 1
=In <\/§+ 1)

5. SCRATCHING THE SURFACE
Example 5:

Name the following surfaces

(a) Looks like 2 +y*—2? = 1. Since it has one minus, it’s a hyper-
boloid of one sheet/dress
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(b) Since it’s of the form z = something, and there is a minus, it’s
a hyperbolic paraboloid /saddle

(c) It’s similar to z = 2% + y? but with z, so it’s an (elliptic) parab-
oloid

(d) Notice this is equivalent to —z?—y? + 22 = 2. Since there are
two minuses (and the 2 is positive), it’s a hyperboloid of two
sheets/two cups

(e) It’s the same as 22 = 2? + y?, so it’s a cone

Example 6:

Find the name, center, and direction of the following surface and
sketch a rough picture

-y =42 +22-5

The trick is to complete the square:

2 —dr — P+ 22 —22+45=0

(z—2°—4—y*+(z-1)°=1+5=0
(-2 =>4+ (2 —1)> =0
e (x—2)2—|—(z—1)2

This looks similar to 22 = 22 + 3%, and in fact it’'s a cone in the

y—direction, centered at (2,0, 1)
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r'y

Ny

(2,0,1)

6. PARALLEL, SKEW, OR INTERSECTING
Example 7:

Are the following lines parallel, intersecting, or skew?

z(t) =t +1 x(s) =2s
Ly y(t)=t+2 Ly: < y(s)=s+1
2(t) =t +3 2(s) =2s + 1

The direction vector of L is (1,1,1) and the direction vector of L, is
(2,1,2) which are not parallel, so the lines either intersect or are skew.

To figure this out, we need to solve all 3 equations.
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t+1=2s
t+2=s+1
t+3=2s+1

The first equation tells us t = 2s — 1

Then second equation becomes:

t+2=s+1
2s —1+2=s+1
2s+1=s5+1

s =0

And therefore t =2s —1=2(0) — 1 = —1
But then the third equation becomes:

t+3=2s+1=(-1)+3=20)+1=2=1

Which is a contradiction, and therefore the equation has no solution,
and hence the lines are skew.
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