LECTURE 14: THE CHEN LU

Welcome to the most important differentiation rule of all time, the
Chain Rule, or, as I like to call it, the Chen Lu!!!

1. THE CHEN LuU

Example 1: (Motivation)

Find the derivative of f(t) = sin(¢?)

f(t) =cos () (3¢°)
fl_{ _ <%) (‘;_5;) (Where @ = %)

Here it’s the same formula, except we add a y—term:

Example 2:

(

Find ﬁ, where
dt

X f(x,y) :$3+y4

T =t—2

y=t>+1

\

In other words, find the derivative of (2 — 2)® + (> + 1)%. You could
do it directly, but this way is more elegant and useful for applications.

Date: Wednesday, September 29, 2021.
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i~ (o) (&) (5) (&)

TV
New Term

You can visualize it with the following diagram:

2

Here we get:

i~ (or) (i) + (57) ()
= (" +¢"), (F=2)"+ («* +¢*), (F+1)
= (327%) (2t) + (49°) (3¢%)
=3 (2 —2)° (2t) + 4(t* + 1)* (3t%)  (Use z = 1* — 2)
=6t (1 —2)" + 122 (£* + 1)

Notice the pattern: First differentiate the outside function x*® + y* and
then differentiate the inside function ¢ — 2 (and repeat for y)
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Example 3:

( d
Find d_i
! == In(x? + y?)

i :Gt

y =t’

\

/N
|

t t

Same thing, except we use z instead of f:

i~ () (&) (5) (&)
= (In(2® +y%))_ (¢") + (In(2® + v)), ()’
N (xZnyQ) o (xffzﬂ) 20

B (ﬁf(ﬂ)f“) ¢ (ﬁ) (21)

22 + 4¢3
o2 T
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What if we have 3 or more variables? No problem!

Example 4:

r df
—att=0
ar

flz,y,2) = red’?

1

Same idea as before, but this time we add a z:
d (05 () (01N (), (01 (4
dt  \Oox) \ dt oy ) \ dt 0z ) \ dt
— (6y223) (Qt) + <x<2y)236y223) (_3_{/_2) + (xy2 (322) 6:(/22;3) (2)
Now at ¢ = 0 we have:
z=(0)"=0

y=1-(0°=1
z2=1+2(0) =1
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a _

And so: =€ (0) + (0)(2)(1)e!(—0) + 0(1)(3)e'(2) = 0

2. TWO OR MORE VARIABLES

What if x and y depend on two variables t and s? Also not a problem!

Example 5:

(. . Of of
Find D5 and e

f(z,y) = wsin(y)
z(s,t) = st

_ .3
\ y(S,t) =S

7\

In other words, we want to find the partial derivatives of (s%t) sin(s?)

Same thing as before, except now you have to follow the arrows (kind
of like a chain ©)

ANVAN
AN AN

of/ds of/at
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f
X y
r O T )

o= (a) () (57) (5)

= (In(z —y)), (rcos(0)), + (In(z —y)), (rsin(0)),

1 1
- cos(f) — p— sin(6)
_cos(f) — sin(0)
= p—

3. IMPLICIT DIFFERENTIATION (AGAIN)

Let’s revisit a problem we did in the previous section:
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Find % where:

r® 4+ y° 4+ 23 = 6ayz

Here z = z(x,y) is implicitly a function of = and y, so derivatives like

9z and 22 make sense.
or oy

We have done this example before (and it was a pain), but here we get
a much easier formula:

STEP 1: Rewrite the above as:

g:3+y3+23—6a:y,§:0
Flry.2)

Then this equation is of the form F(z,y,z) = 0, where both z and z
depend on x.

/N
]

STEP 2: Differentiate this with respect to z:
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OF (0 OF (0:)
oxr \ Ox 2 \ox)
0z
F,4+F |—| =
i (m) 0
0z
F.|—|=-F
9z _ Iy
or  F,

If F(z,y,z) =0, then:
0z F,

dr  F.

Mnemonic: In %, switch the z and x and add a minus sign to get —%

Note: Memorize only if you find this useful. You can always use the
method from partial derivatives section to do this.

Here, we get:

0z (x3 + P+ 2% — 6:1:yz)x B 322 — 6yz _ byz — 322
or (3493 + 2% —6ayz), B

322 — 6y 322 — 6y

(Same answer as in the partial derivatives lecture)

Similarly:

oz F, (2% +9° + 2° —nyz)y - <3y2 — 6962) ~ Gxz — 3y

oy  F. (e3P 428 —06ryz),

322 — 6xy 322 — 6xy
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Example 8:

Find g—z where:
yz +zln(y) = 22 + 1

F(z,y,2) =yz +zn(y) — 22 — 1(=0)

92  F, (yz+xln(y)—22—1)y_ 2+
oy  F. (yz +xln(y) — 22— 1), y— 2z

4. HIGHER ORDER DERIVATIVES

Example 9: (Higher Order Derivatives)

( Find fts

f(z,y) =sin(z) cos(y)
r=t+s
y=t—=s

7\
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