LECTURE 19: MEASURABLE FUNCTIONS

1. THE LEBESGUE MEASURE

Recall: E is mesurable if for every € > 0 there is an open set O O F
such that m,(O — F) < e

Definition: If E is measurable, then the Lebesgue Measure is
m(E) = m,(E) = inf » "|Qj]
j=1

The inf is taken over all countable coverings F C Ujoil (); with closed
cubes.

Property 2: If m,(E) = 0 then F is measurable

Why? Let € > 0 be given. Then since € > 0 = m,(F) = inf m,(O)
(here O ranges over all open sets containing E), by def of inf there is
an open set O containing £ with m,(O) < € and hence m,(O — F) <
m.(0) <e Vv

Property 3: A countable union of measurable sets is measurable.

Let £ = Ujoil E; where each E; is measurable, and let € > 0 be given.
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For each j there is an open set O; 2 E; with m,(O; — Ej) < 5. Then
the union O =: Ujoil O; is open, E C O and O — E C Ujoil O; — E;
and so by monotonicity and countable sub-additivity we get

(0 — Egz 2;2—6]:
= =

Property 4: Closed sets F' are measurable
Will skip the proof in lecture. For a partial proof, see Appendix below.
Property 5: The complement of a measurable set is measurable

If F is measurable, then for every n there is an open set O,, O E with
m (O, — F) < % The complement OFf is closed, hence measurable,
and so the union S = J,—; Of is measurable. Now simply note that
S C E° and for all n, we have

—SQOn—E

Therefore m.(E¢ — S) < m.(O, — E) < % and since n was arbitrary
we get m,(E° — S) = 0 hence E° — S is measurable and therefore
E¢ = (E°— S)US is measurable O

Property 6: A countable intersection of measurable sets is measurable
0o 00 ¢
Follows from ﬂ E; = (U E;)
j=1 j=1

Definition: If E is any set, then a collection R of subsets of E is
called a o-algebra if:

(1) If A€ R then A€ R
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(2) If Al,AQ, -+ € R then UEO:1 An eER

(3) (If Ay, Ag, -+ € R then ﬂzozl A, € R)

(Technically (3) follows from (1) and (2))

We have shown that the collection of Lebesgue measurable subsets of
R? forms a o-algebra. It is a o-algebra containing all open subsets of
R?. The smallest such o-algebra is called the Borel oc—algebra (and
is even smaller)

Property 5: If Fq, Es, ... are disjoint measurable sets and F =
U2, Ej then

For a proof of this, see Theorem 3.2 in Stein and Shakarchi. The idea is
to find compact subsets Fj of E; with m,(E;—F}) < 5; (can do since Ef
is measurable). And since F,--- , Fy (for finite N) are compact and
disjoint, they are a positive distance from each other, and let N — oo

2. GEOMETRIC PROPERTIES
Fact: Suppose E C R? is measurable, then for every € > 0

(1) There is an open set £ C O such that m(O — E) < ¢
(2) There is a closed set FF C F with m(E — F) <€

(3) If m(E) < oo there is a finite union F' = Uj\le Q); of closed cubes
with m(EAF) <
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Here FAF = (E — F)U (F — E) is the set of points that belong to
only one of the two sets F.

(1) follows from the definition and (2) follows since E° is measurable

Proof of (3) Let € > 0 be given and choose a family of closed cubes
{Q;},2, such that

Ec|JQ and Y 1Q)l <m(B)+ 3

j=1 j=1
Since m(E) < oo the series converges and so there is N > 0 such that
v Qi) < 5 I F =UjL, @ then
m(EAF) =m(E - F)U(F - F))
=m(E — F)+m(F — E)

).0) (0

J=1

j; ( @)

l\:)lmh
Mlm

Invariance Properties:
(1) If B}, ={x+ h|z € E} then m(E),) = m(E)
(2) m(=E) = m(E)

(3) If 6E = {0z | x € E} then m(0F) = §*m(FE)
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This just follows because, for example, if O is open, so is O and
m(Op — Ep) =m(0O — F) <

3. A NON-MEASURABLE SET

Video: A non-measurable set
Here is an example of a non-measurable set in R.

STEP 1: Define the following equivalence relation on [0, 1]:
xr ~ Yy < x —y is rational

Using ~ we can partition [0, 1] into equivalence classes, that is we can
write [0, 1] as a disjoint union

0,1= | la

a€(0,1]
Where [a] = {z |z ~ a}

STEP 2: For every equivalence class [a], choose exactly one element
x, from each equivalence class, and let

N = {z,}

(This “choosing” step requires the axiom of choice)
STEP 3: N is not measurable.

By contradiction, suppose N is measurable.


https://youtu.be/cVuHkEbkmsU

6 LECTURE 19: MEASURABLE FUNCTIONS

Let {ry},—, be an enumeration of all the rationals in [—1, 1] and con-
sider the translates

Ne =N +rp
We claim that N}, are disjoint and

[07 1] C [OJNIC C [_172]

Disjoint: Suppose N NN, # (). Then there are rationals r # r, and
a and b such that x, + r, = 2, + r, but then z, —x, =1, — 1, € Q
and hence x, ~ x;, which contradicts the fact that we chose exactly one
element from each equivalence class

Inclusions: If z € [0, 1] then x ~ z, for some a and hence z —x, = r},
for some k and so z € N, and the second inclusion holds since each
N, is contained in [—1, 2] by construction

STEP 4: Conclusion

If each N were measurable, then so would N}, for all k& (by translation)
and since the union | J;-; N} is disjoint, the above would imply:

m([0,1]) <m (UNk> < m([-1,2))

k=1
1< Zm(Nk) <3
k=1

Since N} is a translate of N, we have m(N}) = m(N') and hence

1<) mN) <3
k=1
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Hence a contradiction, since neither m(N) = 0 or m(N) > 0 holds O

Note: It can be shown that m,(N) = ¢ > 0 for some c¢. The crucial
property that fails is m.(E1 U Es) # m.(E1) + m,(E»).

Aside: Surprisingly, without the axiom of choice, every set is measur-
able! But then without AC it’s quite impossible to build all of analysis

4. MEASURABLE FUNCTIONS

Let’s now generalize measurability to functions.

Definition: If E is measurable and f : E — R, then f is measurable
if for all @ € R the set

{f <a}={x € FE| f(xr) <a} is measurable

This is also sometimes written as f~1(—oo, a). In probability, measur-
able functions are called random variables.

Note: This is equivalent to requiring that {f < a} is measurable for

all a because
= 1
<a} =) -
{f <a} k:1{f<a+k}

{f<a}g{f§a—%}

This is also equivalent requiring {f > a} = {f < a} to be measurable

And if f is finite-valued (f(x) # +o00) this is the same thing as requir-
ing {a < f < b} to be measurable. And in fact, by the same argument:



8 LECTURE 19: MEASURABLE FUNCTIONS

Property 1: If f is finite valued, then f is measurable if and only if
f71O) is measurable for every open set O

Note: Compare this with continuity, which says f~1(O) is open when-
ever O is open, so it’s a more general version of continuity.

Property 2: If f is measurable and finite-valued and ® is continuous,
then ® o f is measurable.

Proof: If O is open, then (®o ) (0) = f~' | &7 1O0) | = Measurable
——

open
The last step follows since f is measurable ]

Note: The order matters! If f is measurable and ® is continuous,
then f o ® might not be measurable!

In the same spirit, let’s show that measurability is preserved under
familiar operations

Property 3: If {f,},~, is a sequence of measurable functions, then
the following are measurable

sup fn(x) and inf f,(x) and limsup f,(z) and liminf f,(x)

n—00 n—
Proof: Notice {sup, f,, > a} =, {fn > a}
For inf, remember that inf(f,) = — sup(—f,)

Finally, the limsup /liminf part follows from the above as well as
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limsup f,(x) = i%f {sup fn} and liminf f,(z) = sup {11;% fn}
ko(nz

Property 4: If {f,} ~, is a sequence of measurable functions and

lim f,(x) = f(x) pointwise , then f is measurable
n—oo

This just follows because in that case f(z) = limsup,,_,., fu(x)

5. APPENDIX: PROOF OF PROPOSITION 4

Property 4: Closed sets F' are measurable
Partial Proof: For this, we'll need two factd]

Fact 1: Every open subset of R? is the countable union of almost
disjoint cubes.

Fact 2: If F is closed and K is compact, then d(F, K) > 0

WLOG, assume F is compact, because otherwise consider F' = | J;—, F' N B(0, k)
————

Compact
and the result would follow because the countable union of measurable

sets is measurable.

Let € > 0 be given, then since m,(F') = inf m,(O), there is an open set
O D F with m,(0O) < my(F) +e.

Lror proofs, check out Theorem 1.4 and Lemma 3.1 of Stein and Shakarchi
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Since F' is closed, the difference O — F' is open, so by Fact 1 above, we
can write O — ' = U;’il (); where the (); are almost disjoint cubes.

For fixed N, the finite union K = Ujvzl (), is compact, and hence by
Fact 2 above, d(F, K) > 0.

But since F'U K C O we have

m(0) > m(FUK) = m,(F) + m.K) = m.(F) + Z m.(Q;)

Hence Zj\le m,(Q;) < m,(O) — mu(F) < e. Then let N — oo
to conclude 3777 m,(Q;) < € and finally we have m,(O — F) <

Z;;m*(Qj) <e 0
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