STEP 1: By definition of sup(S) = oo with M = 1, there is
some s; € S with s1 > 1V

STEP 2: Suppose we defined sq,...s, such that s;1 < sy <
oo < 8, and with s > k forall k=1,... n.

Let M = max {s,,n+ 1}

Then, by definition of sup(S) = oo, there is some s,41 € S
with s,41 > M = max{s,,n+ 1}. Therefore, we have both
Spi1 > Sp and Sy >n+ 1V

STEP 3: Therefore, by the inductive process, we have con-
structed an increasing sequence (s,) with s, >n for alln [



STEP 1: Since a > 1, there is € > 0 with a — ¢ > 1. Now by
definition

n>N}:a

liminf|an\% = lim inf{|an|’ll
n—+00 N—o0

STEP 2: By definition of a limit, there is N7 such that if
N > Ny, then

n>N}—oz‘<e

, 1
1nf{|an|"

Since this is true for all N > Ny, this is true for some N (> Ny).
Therefore, in particular,

n

inf{\an n>N}>oz—e

n>N}—oz> —€:>inf{\a71|*1b

$|an|% > a — ¢ (for all n > N)
= |a,| > (a—¢€)"
=a, > (a—¢€)" (since a, > 0)

STEP 3: However, since

e.¢]

Y (a—¢" =00

n=N+1

(Geometric series with r = v — € > 1), by comparison we get
that > a, = o O



(a) E°=10

Suppose © € E°, then for some r > 0, (x —r,x + 1) C E.
But this is a contradiction because (x — r, x 4+ r) has some
irrational numbers in it, whereas every element in E is ra-
tional =<«

b)) E=EU{2)

First of all, every x € E is in E (by considering the con-

stant sequence s, = x). Moreover, the sequence s, = 2 — %

is in £ and converges to 2, therefore 2 € F. Since those are
all the possible limit points of F, we get that £ = F U {2}

(c) OF = EU{2}
Using (a) and (b), we get

OF = E\E°=E\0=FE =FU{2}



STEP 1: Suppose (), —, F,, = 0, and consider

U={F,F, ...}

First of all, each F}, is closed, therefore each F is open.

Moreover U covers S, because otherwise there would be some
s € S that is in none of the F¢, so s must be in all the F},, and

sos €N, Fy=0=4]

STEP 2: Since S is compact and U covers S, there is a finite
sub-cover V of S, where

V= {Fgl,...,FfLN}

Let M = max{ny,...,ny}. Since the F, are non-increasing,
the F¢ are non-decreasing (because A C B = B¢ C A°), and
therefore, since V covers S, we have

N
SClJF, =Fy=SCF;=FyC5=0
k=1

But this implies that Fyy = 0 =<« O

lor you can use

EDL:

U e = ( F) — (0 =5
n=1

n=1



