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1. Multiple Choice
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STEP 1: Picture:
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STEP 2: Inequalities:

0 ≤ ρ ≤ 1

0 ≤ θ ≤ π

2

0 ≤ φ ≤ π

2

STEP 3: Integrate: f(x, y, z) = ρ, so

∫ π
2

0

∫ π
2

0

∫ 1

0

ρ ρ2 sin(φ) dρdθdφ =

∫ π
2

0

∫ π
2

0

∫ 1

0

ρ3 sin(φ) dρdθdφ

(3) C

STEP 1: Picture:
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STEP 2: Inequalities:

0 ≤ r ≤ R

0 ≤ θ ≤ 2π

0 ≤ z ≤ h

STEP 3: Integrate: Here

f(x, y, z) = x2 + y2︸ ︷︷ ︸
r2

+z2 = r2 + z2

∫ 2π

0

∫ R

0

∫ h

0

(
r2 + z2

)
r dzdrdθ =

∫ 2π

0

∫ R

0

∫ h

0

r3 + rz2 dzdrdθ
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(4) D

For each vector field, we need to check whether Py = Qx or not:

(A) Py = −2y, Qx = 1, No

(B) Py = x3, Qx = y3, No

(C) Py = 2, Qx = 0, No

(D) Py = −4, Qx = −4, Bingo!

(5) C

STEP 1: Picture:

STEP 2: Parametrize C

x(t) =3 cos(t)

y(t) =3 sin(t)

0 ≤t ≤ 2π
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STEP 3:

ds =

√
(x′(t))2 + (y′(t))2dt

=

√
(−3 sin(t))2 + (3 cos(t))2dt

=
√

9 sin2(t) + 9 cos2(t)dt

=
√

9dt

=3dt

STEP 4: Integrate

∫
C

xds =

∫ π
2

0

3 cos(t)3dt

=

∫ π
2

0

9 cos(t)dt

= [9 sin(t)]
π
2
0

=9 sin
(π

2

)
− sin(0)

=9

(6) C

STEP 1: Picture
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STEP 2: Check Conservative

∂Q

∂x
− ∂P

∂y
=
(
2x3
)
x
−
(
−2y3

)
y

= 6x2 + 6y2 6= 0

STEP 3: Integrate∫
C

F · dr =

∫ ∫
D

∂Q

∂x
− ∂P

∂y
dxdy

=

∫ ∫
D

6x2 + 6y2dxdy

=

∫ 2π

0

∫ 1

0

6r2 r drdθ

=2π

∫ 1

0

6r3dr

=2π

[
6

4
r4
]1
0

=2π

(
3

2

)
=3π
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(7) D

F =∇f
〈2x, 4y, 8z〉 = 〈fx, fy, fz〉

fx =2x⇒ f =

∫
2xdx = x2 + JUNK

fy =4y ⇒ f =

∫
4ydy = 2y2 + JUNK

fz =8z ⇒ f =

∫
8zdz = 4z2 + JUNK

Therefore a potential function is f(x, y, z) = x2 + 2y2 + 4z2

2. Free Response

1. STEP 1: Picture
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Doesn’t that picture remind you of the Sims game? ,

STEP 2: Inequalities:

Small ≤ z ≤ Big√
x2 + y2 ≤ z ≤ 6− 2

√
x2 + y2

r ≤ z ≤ 6− 2r

STEP 3: Find D: Intersection:

√
x2 + y2 =6− 2

√
x2 + y2

r =6− 2r

3r =6

r =2

Hence D is a disk of radius 2, so

0 ≤ r ≤ 2

0 ≤ θ ≤ 2π

r ≤ z ≤ 6− 2r

STEP 3: Integrate:
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Vol(E)

=

∫ ∫ ∫
E

1 dxdydz

=

∫ 2π

0

∫ 2

0

∫ 6−2r

r

r dzdrdθ

=2π

∫ 2

0

r (6− 2r − r) dr

=2π

∫ 2

0

6r − 3r2dr

=2π
[
3r2 − r3

]2
0

=2π
(
3(2)2 − 23

)
=2π (12− 8)

=2π(4)

=8π

2. STEP 1: Picture:

Note: (0, 0, 0) corresponds to
〈
t, t2, t3

〉
= 〈0, 0, 0〉 so t = 0 and

(2, 4, 8) corresponds to
〈
t, t2, t3

〉
= 〈2, 4, 8〉 so t = 2.
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STEP 2: Integrate:

∫
C

F · dr

=

∫ 2

0

F (r(t)) · r′(t)dt

=

∫ 2

0

〈−3y(t), 3x(t), 2z(t)〉 · 〈x′(t), y′(t), z′(t)〉 dt

=

∫ 2

0

〈
−3t2, 3t, 2t3

〉
·
〈
1, 2t, 3t2

〉
dt

=

∫ 2

0

−3t2 + 3t (2t) + 2t3
(
3t2
)
dt

=

∫ 2

0

−3t2 + 6t2 + 6t5dt

=

∫ 2

0

3t2 + 6t5dt

=
[
t3 + t6

]2
0

=23 + 26

=8 + 64

=72

3a.
Py = (4x+ 3ey)y = 3ey

Qx =
(
3xey + 3y2

)
x

= 3ey

Py = Qx, so F is conservative

3b.
F =∇f〈

4x+ 3ey, 3xey + 3y2
〉

= 〈fx, fy〉
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fx =4x+ 3ey ⇒ f =

∫
4x+ 3eydx = 2x2 + 3xey + JUNK

fy =3xey + 3y2 ⇒ f =

∫
3xey + 3y2dy = 3xey + y3 + JUNK

Hence f(x, y) = 2x2 + 3xey + y3

3c. ∫
C

F · dr =

∫
C

∇f · dr

=f(1, 2)− f(3, 0)

=2(1)2 + 3(1)e2 + 23 − 2(3)2 − 3(3)e0 − 03

=2 + 3e2 + 8− 18− 9

=3e2 − 17
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