MATH 409 — MOCK FINAL EXAM — SOLUTIONS

1. (a) Let € > 0 be given, let 6 = ¢, then if |z| < § = ¢, then

»(3)
rsin | — || = |z
T

Therefore f is continuous at x = 0

(b)

1
sin(—)‘§|x|<5:e\/
T

<1

|f(z) = f(O)] =

in (L
x—0 x—0 x—0 €T x—0 €T
Since the limit on the right does not exist, it follows that

f is not differentiable at 0

(¢) Notice that, by part (a), f(z) is continuous on [0, 1], so f
is a continuous extension of sin (%) to [0, 1] and therefore

from lecture, sin (%) is uniformly continuous on (0, 1)
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2. Existence: Consider g(z) = f(z) — x, which is continuous
since f is continuous. Then ¢g(0) = f(0) — 0 = f(0) > 0 (since
0<f<1)and g(l) = f(1)—1 <0 (since 0 < f < 1), therefore
by the Intermediate Value Theorem, there is ¢ in (0,1) such
that g(c) =0, that is f(¢) —c=0s0 f(¢)=c vV

Uniqueness: Suppose f has two fixed points a and b, that is

f(a) =a and f(b) = b, then by the Mean Value theorem, there
is ¢ in (a, b) such that

)~ fla) _b-a
b—a b—a

Which contradicts that f'(x) is never 1 =<« v

fi(e) =
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STEP 1: Scratchwork

1 1
———| =y —xloy = |z —y||z||y|

) = )l =

SO |%| < 2 and similarly ﬁ <2

However, = > 3 so |z]| > 3

and therefore

Which gives |z —y| < {506 = §

STEP 2: Actual Proof

Let € > 0 be given, let § = <, then if |z — y| < §, then

£
4

€
f(x) = f(W) =z —yl x|yl <4z —yl <4 <Z> — e
Hence f is uniformly continuous on | %, 00) ]

(b) f(z) = sin(z) on [0,1]
Since f is continuous on [0, 1] and [0, 1] is compact (closed
and bounded), f is uniformly continuous on [0, 1]

() f(x) = =5 on (0,1]
sin(z) __ 1,

X

Since lim,_
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fla) =

SE) - f g £ 0
1 itex=20

is a continuous extension of f on [0, 1], and therefore f is
uniformly continuous on (0, 1]

(d) f(z) = ;5 on (0,3)
f is not uniformly continuous because it is not bounded on

(0,3): For every M > 0, notice ﬁ > M implies z — 3 < ﬁ
which is true whenever x < 3 + %

(e) f(z) =sin(x) on R

Notice |f'(z)| = |cos(z)| < 1, therefore f is uniformly con-
tinuous on R
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. 1 .
4. (a) llmx_ﬂ m =00

We need to show that for all M > 0 there is 6 such that if
O<\x—2|<5,thenﬁ>M

STEP 1: Scratch Work

(x_12)2 >M:>(:c—2)2<%é—\/%<x—2<\/%:>\x—2|<\/LM
STEP 2: Actual Proof:
Let M > 0 be given, let § = \/LM’ then if 0 < |z — 2| < 9,
then
1 1 1

(@—22 5 (\%MYZM/

Therefore lim, .o ﬁ = 00

(b) lim, ,3- V3 —2+2=2

We need to show that for all € > 0 there is  such that if
0<3—x <9 then }\/3—x+2—2} <€

STEP 1: Scratch Work

‘\/3—:194—2—2‘ =V3—r<e=3—x<é
STEP 2: Actual Proof:
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Let € > 0 be given, let § = €2, then if 0 < 3 — 2 < 6, then

V3—z4+42-2=V3_—z2< Vo=V =es
| |

Therefore lim, ,3- /3 —x+2 =2

(c) lim, #2 =0

We need to show that for all € > 0 there is N < 0 such that
if x < N then ‘%ﬁ—()! <€

STEP 1: Scratch Work

1 1 1 1 1
— 0| = <e=>|r+2|>-=>r4+2< ——=>2r< -2—-
|z + 2| € € €

STEP 2: Actual Proof:

Let ¢ > 0 be given, let N = -2 — %, then if z < N, then
T4+2<—1so0|z+2]<Iandso

1
|z + 2|

1
T+ 2

< —=-=¢ev

A= =

Therefore

) 1
lim =0
r——00 I + 9
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5. U(f) : Let P be the evenly spaced Calculus partition with t; =
%. Since 22 is increasing, notice that:

M(f, [te-1,ts]) = f(tr) = (tx)* (Since t; is rational)

ZM [tr—1, te]) (tr — tio1)

:%zn:k@

k=1
1 (n(n+1)2n+1)
s ()
:(n+1)(2n+1)

6n?

Since U(f) is the inf over all partitions, we must have

(n+1)2n+1)
6n?

U(f) <U(f,P) =

Therefore, taking the limit as n — oo of the right hand side, we
get U(f) < 3 =3
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L(f): Thisis easier: For any partition P, we have m(f, [tx_1,t])
0, since any sub-piece [t;_1, t;] contains irrational numbers. There-
fore

L(f, P) = Z m(f, [tk—l, tk])(tk — tk—l) = 0=0

k=1 k=1

And taking the sup over all partitions P we get

L(f)=sup{L(f,P)| P partition } =sup{0} =0
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6. By the Mean Value Theorem for Integrals, there is ¢ in (0, 1)
such that

1

,_fof(a:)d:c
1

:/ ax® + bx® + cx + ddx
0

B ax4+bx3+cx2+d !
1 T3 T2 T,
a b ¢

= +—-—+-=-+d
4—|_i3+2+

=0 (By assumption)

Therefore there is ¢ such that f(c’) =0 O

7. Since the statement is true for all g, we can let g(z) = f(x),
which is continuous, and so by assumption, we get

/abf(x)f(x)dx:Oifabwdaz:O

Since (f(x))? is continuous (by assumption) and non-negative,

from lecture we obtain that (f(z))* = 0 for all 2 and therefore
f(z) =0 for all = O



