g OLUTIONS

MOCK FINAL

L. (10 poinis) Evaluate the following integral, where E is the region
above the cone z = /22 + y2 and inside the sphere 2% 432+ 22 = 4
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MOCK FINAL 3

2. (10 points) Use the following change of variables to evaluate

// COS (‘2:1.'2 + 4y2) drdy
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where [ is the region in the first quadrant bounded by the ellipse
22+ 22 <1
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4 MOCK FINAL

3. (10 points) Find the area of the region [ that is bounded by the
curve C given by the following parameiric equations, where 0 <

t <27
z(t) = 3cos(t) — 2sin(t)
y(t) = 3cos(t) + 2sin(t)
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4. (10 points) Find [, F-dr, where F = (yzc", €™, 1ye™) and r(1) =
(12 4- 1,42 = 1,1* = 20), and 0 < ¢ < 2, Justify all your steps.
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MOCK FINAL
3. (15 points, 5 points each) Let S be the helicoid given by the para-

metric equations r(u,v) = (ucos(v), usin(v),v),0 < u £ 1,0 <
v X
o |

(a) Find the equation of the tangent plane to the surface at the point
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(b) Find ffs /4* +y*dS
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(c) Find [f F - dS, where F(x,y,z) = (22, zy, 2y)
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6. (5 points) Ts there a vector field G such that ' = curl G, where
F(z,y,2) = (xz. 297, =) ?
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7. (10 points) Find [ [ curl(F) - dS, where F{e. y. z) = (—y,z, -2},
and Sisthe cone = = Ja? + 42 (1 < 2 < 4 oriented in such a way
that the boundary curve is counterclockwise
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8. (15 poimts) Culeutate [ [, F-dS, where Pl y. 2) = (ztan "{*). =¥ n (a? -+ 1), 2},
and & is the part of the paraboloid z = 2 — = that lies sorictly
above the plane = = 1, oriented upward.
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9. (15 points, 5 poimts each) (Since it’s awesome, and probably no
one has done it} In this problem, we’ll show that the surface area
of a sphere is the derivative of the volume of the sphere!!! Af-
ter this problem it shouldn’t be surprising that (gwra)’ = 47r? or
(mr?) = 27,

(a) Let E be the ball centered at (0,0.0) and radius R and let V
be its volume. Using V = [f[.1 dxdydz and the change of

variables u = £, v = W= £, show that V = C'R*, where C
is the volume of the ball centered at (0,0, 0) and radius 1.
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(b) On the other hand, using:
(1) The divergence theorem with F = 1 (z,y, 2)
(2) The ‘adult’ version of the surface integral (see Lecture
23)

(3) The formula for the unit normal vector n to a sphere of
radius R

Show that V = (£) S, where S is the surface arca of the sphere
centered at (0, 0. 0) and radius R.
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(c) Use your answers from {a) and (b) to show that § = 3CR?,
and conclude that V' = 5, so (in three dimensions) the deriva-
tive of the volume is the surface area.
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