
MATH 251 − QUIZ 10 − SOLUTIONS

Question 1: (5 points)

STEP 1: Picture:

Note: Note the clockwise orientation of the inner circle. This is be-
cause if you walk along that inner curve, D has to be to your left.

STEP 2: Inequalities {
2 ≤ r ≤ 3

0 ≤ θ ≤ 2π

STEP 3: Integrate
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∫
C

F · dr

=

∫ ∫
D

(
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∫ ∫
D

(
4x3 + y2

)
x
−
(
−4y3 + x2

)
y
dxdy

=

∫ ∫
D

12x2 − (−12y2)dxdy

=

∫ ∫
D

12
(
x2 + y2

)
dxdy

=

∫ 2π

0

∫ 3

2

12r2r drdθ

=2π

∫ 3

2

12r3dr

=2π
[
3r4
]3
2

=6π
(
34 − 24

)
=6π(81− 16)

=6π(65)

=390π

Question 2: (5 points)

STEP 1: Slopes

ru = ⟨cos(v), sin(v), 1⟩
rv = ⟨−u sin(v), u cos(v), 0⟩

STEP 2: Normal Vector
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n̂ =ru × rv

=

∣∣∣∣∣∣
i j k

cos(v) sin(v) 1
−u sin(v) u cos(v) 0

∣∣∣∣∣∣
=
〈
−u cos(v),−u sin(v), u cos2(v) + u sin2(v)

〉
= ⟨−u cos(v),−u sin(v), u⟩

STEP 3: dS

dS = ∥ru × rv∥ =
√
u2 cos2(v) + u2 sin2(v) + u2 =

√
u2 + u2 =

(√
2
)
u

STEP 4: Integrate ∫ ∫
S

dS

=

∫ ∫
D

(√
2
)
u dudv

=
√
2

∫ π

0

∫ 3

0

u dudv

=
(√

2
)
π

∫ 3

0

udu

=
(√

2
)
π

[
u2

2

]3
0

=
(√

2
)
π

(
9

2

)
=

(
9
√
2

2

)
π


