PEYAMSTAGRAM

Systems of ODE give you incredibly pretty graphs! This is why I fell
in love with them ©
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This is the ODE version of Van Gogh’s Starry Night

If you want more sinks, no problem!

{x’ =—(05)r+y

y =sin(5x)
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y-0.5"x
sin(5*x)
Graph Phase Plane
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Example 3: (Wishy-Washy ODE)

{x' — sin(z) sin(y)

y' = cos(z) cos(y)

x'= sin(x)*sin(y} The dimc_tion ﬁel(_i solver ki

\ - exponential functions, but r
¥=oosbd cooly) entered explicitly (2*X and |
The Display:

Minmmum x: Minimum v: Arrow length: [ | Wariable let
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Example 4:
Pendulum Equation

3.0

1.5
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The next one is by far my favorite example, and is the reason why I
got so hooked on ODEs

Example 5: (Coupled Harmonic Oscillator)

K3
000001 m, [00000] m. (00000

This system is uncoupled and can be solved separately:

2(t) =Acos(2t) + Bsin(2t)
{y(t) =C'cos(2t) + D sin(2t)

In this case the solution is nice, it lies on an ellipse:



8 PEYAMSTAGRAM

—_

s

\

What if we change the system a bit? It will look crazier, but it’s still
a closed curve!
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g is rational. What if it’s irra
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Note: Here the ratio of frequencies

tional?

\
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The solution fills up the square!!! In fact, even though before the so-
lutions were periodic, here they are completely chaotic!

And in fact, this is the first one of chaotic ODE!
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Example 9: (Lorenz Attractor)

¥ = — 10z + 10y
y =28z —y — yz
8

2 =zy — =z

3

Initially used to predict the weather and not too crazy of a system at
first sight, but the picture looks as follows (courtesy Wikipedia))

Here is an animation of the solution.

This is one of the first examples of a chaotic system, where the solution
can’t make up its mind!


https://simple.wikipedia.org/wiki/Lorenz_attractor
https://en.wikipedia.org/wiki/Lorenz_system#/media/File:A_Trajectory_Through_Phase_Space_in_a_Lorenz_Attractor.gif
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Example 10:

Homoclinic Point

This is part of a project I did as an undergrad in 2008.

The premise is simple: Suppose you have an ODE such that there is a
curve going into the origin O, and the a curve going out of it:

O

Moreover, suppose those two curves intersect again in a point H called
a homoclinic point.
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Then the whole picture looks like this:

So one homoclinic point implies infinitely many homoclinic points
(each intersection is one) and the system is once again chaotic!



