APMA 0350 — MIDTERM 1 — REVIEW PROBLEMS

1. INTEGRATING FACTORS

th) +t(t+2y=¢

Note: Generally, use integrating factors if you can put your equation
in the form ¢’ + Py = Junk

STEP 1: Standard Form

STEP 3: Multiply

Date: Friday, March 3, 2023.



2 APMA 0350 — MIDTERM 1 — REVIEW PROBLEMS

1
trely 256% +C
1 (1,
Y e (56 +C)
¢! N c _,
=— 4 —e
Yoo T

STEP 1: Standard Form

, 2t\  In(?) , 2\  In(¥)
y+(t2 VT TV T e

STEP 2: Integrating Factor

o P — of 3t _ 2In(t) _ (eln(t)>2 _ 42
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tQ(y’+-%y) :¢2<lig))

)

/ t)dt =tln(t) —t+C
tIn( —t+C

Yy =

STEP 3: Initial Condition

lln(l)—1+C

E =2=-14C=2=0=3

y(l)=2=

tin(t) —t+3
t2

y:

2. SEPARATION OF VARIABLES

Example 3:

:ﬁ+1(i) —dz(y? + 1)
y(0) =1

Use Separation of variables when you can put all the y on one side and
all the = on the other side.

STEP 1: Cross multiply
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Va2 4+ 1dy =4x(y* + 1)dx

dy 4x p
= x
v +1 a2+l

/ dy 4 J

= x
y?+1 Va2 +1
STEP 2: Integrate

d _

4 2 !
/ ‘ da::/—du:/Qu_2du:2<2u
x2+1 Vu

(w = 2° + 1, du = 2zdr = 4xdr = 2du)

N|—=

):4\/x27+1+0

STEP 3:

tan"'(y) = 4v/22 +1+C
y = tan (4\/$2—|— 1+C’)

STEP 4: Initial Condition
y(0) =1
tan (4\/m + C’> =1
tan(4 4 C) =1
44 C =tan (1)
140 ==

—4

]S |

C =
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y:tan(4 x2+1—|—%—4)

3. EXACT EQUATIONS

Example 4:

(2cos(y) +2y°) + (—sin(y) + 2zy)y' =0
Hint: Multiply by x first

STEP 1:

d
z (2cos(y) + 2y°) + x (—zsin(y) + 2zy) % =z (0)
(2z cos(y) + 2xy2) dx + (—:U2 sin(y) + 2x2y) dy =0

STEP 2: Check conservative

P, = (2 cos(y) + 29:y2)y = —2zsin(y) + 4zy

Q. = (—2”sin(y) + 2x2y)x = —2xsin(y) + dzyv
STEP 3: Find f

flx,y) = / 2x cos(y) + 2xydr = x* cos(y) + 2%y? + Junk

2
Al / —a?sin(y) + 22%ydy = —a® (— cos(y)) + 22° <y5>
=a? cos(y) + 2%y* + Junk
f(z,y) = 2 cos(y) + 2y

STEP 4: Solution

2% cos(y) + 2*y* = C = 2* (cos(y) + y2) =C
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Example 5:

dy  —ye"
de 2y + xe™
y(0) =1

Leave your answer in implicit form

STEP 1: Cross multiply

(2y + ze™) dy = — ye™dx
ye™dr + (2y + xze™) dy =0
STEP 2: Check exact

P =ye™
Q =2y + xze™?

P, = (ye™), = e" + ye™(x) = " + zye™

Q= 2y +xe"), = e +ze™(y) = " + xye™
STEP 3: Integrate

fo=P=f= /Pdm = /ye“’ydx = /e“du = "+ Junk = e"+ Junk

u=zy = du = ydx

fy=Q=>f:/Qdy:/2y+$€xydy=y2+e“’y+ Junk

flz,y) =y +e"
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y2 LW =
STEP 4: Initial Condition

y0)=1=2z=0andy=1

P40 =—C=141=C=0C=2
y2+€xy:2

4. SECOND ORDER ODE

Example 6:

y" — 6y’ +25y =0
y(0) =2
y'(0) =—2

STEP 1: Auxiliary Equation
r? —6r+25=0
6+ /(~6)” — 4(1)(25)
r= 5

6+ /36 — 100

2
_6++/—64
B 2
EX

2
=34
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STEP 2: General Solution

y = Ae® cos(4t) + Be sin(4t)
STEP 3: Initial Condition

y(0) =2
Ae? cos(0) + Besin(0) =2
A =2

y =2¢" cos(4t) + Be™ sin(4t)
y' =2 (3e”) cos(4t) + 2¢* (—4sin(4t)) + B (3e”) sin(4t) + Be™ (4 cos(4t))

y'(0) =—-2

6e” cos(0) — 8" sin(0) 4 3Besin(0) + 4Be” cos(0) = — 2
6+48B =—2

AB = — 8

B=-2

y = 2 cos(4t) — 2 sin(4t)

y' — 4y — 21y =0
With the additional assumption that lim; ..,y = 0

Aux: 7 —4dr —21=(r+3)(r—-7)=0=r=-3orr=7

y = Ae " + Be™ — A(0) 4+ B(oo) = B(0)



APMA 0350 — MIDTERM 1 — REVIEW PROBLEMS 9

In order to have a limit of 0, we must have B = 0 and so

y = Ae™
And indeed, y goes to 0 as t — 0o v/

Example 8:

Solve the ODE whose auxiliary equation is

rir — D2(r2 + V(2 + 4r +5)2 =0

r = 0 (quadruple root), r = 1 (double), r = 4+i, r = —2 £ ¢ (double)

y =A+ Bt + Ct* + Dt
+Ee' + Ftel
+G cos(t) + H sin(t)
+le * cos(t) + Je " sin(t) + Kte ™ cos(t) + Lte ™ sin(t)
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