APMA 0350 — EXAM 1 — SOLUTIONS

1. Integrating Factors

STEP 1: Standard Form
2 t
J ot (_) Y= cos(t)

t 12

STEP 2: Integrating Factor
of 2t _ 2mn(t) _ (eln(t))2 _ 42

Here we used t > 0 so |t| =t
STEP 3: Multiply by ¢

2y + 17 (%) y =12 (COtSQ(t)>
(t*y)" = cos(t)

thy = / cos(t)dt = sin(t) + C

sin(t) + C

STEP 4: Initial Condition

y(m) =1
sin(m) + C

v

STEP 5: Solution
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2. Separation of variables

STEP 1:

Wi () (14 2) 7

dt

d t
2 dt
2 1+t

[
Y’ 1+
1
—— =/1+824+C  (u=1+1)
Y

1
N s A
STEP 2:

STEP 3: Solution

(e
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3. Exact Equations

STEP 1: Check Exact

P, = (ye™ +a), = ¥ + ye¥(2a) = ¢ (1 + 2ay)
Qo = (kze*™) = ke*™ + kxe®™ (2y) = ke*™ (1 4 2xy)

The equation is exact iff P, = @), and so

STEP 2:
e*y g 1 7
fo=ye*™ + o= f= /ye@y)x + xdx = yQy 5 taly) = 562””’ +5 +90)
2xy 1
fy =ve* = f = /xe(%)ydy = xgx h(z) = éem + h(x)

Therefore f(z,y) = %6296@/ + %2

STEP 3: Answer:

1, 7’
R o
¢ TS

2xy 2

e+ a7 = 20

C
e =C — *
27y =In(C — %)
1

2
2xln(C z°)

y:
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4. Separation of Variabled]

STEP 1:
d
= = (sin(t))y
dy
—Sln
d
/ Y /Sm t)dt
In ]y\ —cos(t) + C
‘y‘ —e —cos(t)+C
y = :|:€C e—cos(t)
~~
C
y —Cle™ cos(t)
STEP 2:
y(0) =yo
Ce™ cos(0) =10
Ce ' =y
C =eyo
y = Ce cos(t) _ eyoe cos(t) _ yoel—cos(t)
STEP 3
y(0) =3yo
yoel cos(t) 3o
617(:os(t) —3

You could also use Integrating Factors here
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5. STEP 1: Prep Work

_ o5—1 _
h =2 =2
to=1and t; =3 and t,, =5

STEP 2:

Yo =y(1) =3
1 =yo+ hf(yo,t0) =3+22y—1)=3+2(2(3) —1) =3+ 10=13
Yo =y1 + hf(yr,t1) = 13+ 2(2(13) — 1) = 13+ 2(25) = 13 + 50 = 63

Therefore an approximate value of y(5) is 63
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6. STEP 1: Auxiliary Equation
r?2r45=0= (r—1)*~145=0= (r—1)’ = -4 = r—1 = +2i = r = 1£2
y = Ae' cos(2t) + Be' sin(2t)
STEP 2: Initial Condition

Yy (g) — Ae? cos(m) + Betsin(n) = —Ae? =0 = A =0

y = Be'sin(2t)
y' = Be'sin(2t) + 2Be' cos(2t)
s

Y <§> — Be? sin(r) + 2Be? cos(r) = —2Be? = -2 = B =¢"

STEP 3: Answer

NI

y = e 2elsin(2t) = ' 2 sin(2t)



