APMA 0350 — MIDTERM 2 — SOLUTIONS

1. Homogeneous Solution

r? —4r 4+ 5 =0
(r —2)*4+1 =0
(r—2)7%*=-1
r—2=4i
r =247

yo = Ae* cos(t) + Be* sin(t)
Particular Solution

(a) (¢ + 3t%) e* corresponds to r = 2 so no resonance
yp = (At* + Bt? + Ct + D) e*
(b) (2t + 3) cos(t) corresponds to r = 4 so no resonance
yp = (At + B) cos(t) + (Ct + D) sin(t)
(c) te?! sin(t) corresponds to r = 2 4 i so resonance

y, =t (At + B) e* cos(t) +t (Ct + D) e* sin(t)
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2. STEP 1: Standard Form
3t
/ /
Y — 6y + 9y = -

STEP 2: Homogeneous Solution
Auxr® —6r+9=0=(r—3°=0=r=3
yo = Ae’ 4 Bte*
STEP 2: Var of Par
y,(t) = u(t)e™ + v(t)te™

3t ted! o' ()] [0
3e3 (143t)e®| [V (t)] — |2
Note: Here we used (te?’t)/ = + ¢ (3e¥) = (1 + 3t)e™

Denominator:

63t t€3t

3¢ (1+3t)e’| e (3t +1)e” —te™ (3¢™) = (3t+1)e” —3te™ = e

Using Cramer’s rule, we get

0 tedt ; ,
3t t g
, o (143t)e| 0 (te”) (T) 1
u(t) = ot - 261 R
et 0 , ,
3t t ¢
e 2| (@) () -0
v(t) = 6t - o0t T2
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3. STEP 1: Laplace Transforms

LA{y"} —TL{y'} +10L{y} =6 L{6(t — 5)}
(s’L{y} — sy(0) = y'(0)) = T (sL{y} —y(0)) + 10L {y} =6
s?L{y} — 35 — TsL{y} + 21 + 10L {y} =6e>*
(s* = 7s+10) L {y} — 3s + 21 =6e ™

(s° = 7s+10) L {y} =35 — 21 + 6e "

3s — 21 6 —5s
L{y} = (s —2)(s —5) T (s —2)(s— 5)6

STEP 2: Partial Fractions

3s—21 A N B  A(s—5)+B(s—2) (A+B)s+(—5A—-2B)
(s—2)(s—5) s§—2 s—5  (s—2)(s—5) (s —2)(s—5)
A+ B =3 B=3-4A B=3-A
{%A—ZB:—Zlé{—&4—%3—A::—m:>{%A—6:—21
A:__H’:5:>{B:3_ -9
3s—21 5 2
(s—2)(s—5) s—2 s-5
6 A N B A(s—5)+B(s—2) (A4 B)s+(—5A—2B)
(s—2)(s—5) s—2 s—5  (s—2)(s—5) (s —2)(s —5)
A+ B =0 B=-A —_A
—5A—2B =6 |—5A+24=6 ~ |—34=6
A=—2
B =2
6 2 2

(3—2)(3—5):_5—2+5—5

STEP 3:
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5) 2 2 2
/: — . . —5s
tw} 5 —2 s—5< 5—2+s—5>€
=L {5€2t — 265t} + L {—2€2t + 2€5t} e’
=L {56% —2e% 4 (—262(t_5) + 265(t_5)> u5(t)}

Answer:

y = e — 2e% + (—262(t_5) + 265(t_5)> us (1)
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4. The equation is of the form
o—(txp) =1+t

Take Laplace transforms

LAY — Lt x 6} =L {1 +1)

{0}~ LN L6} =2+ 5

cio)- (5 )c{qb}—s“
E{gb}(l—l) _s+1
£{¢}< - 1> _s+1

s+ 1 s+1

_32—1_ (s+1)(s—1)

£{p} =——— = £{e'}



