APMA 0350 — EXAM 3 — SOLUTIONS

1. STEP 1: Eigenvalues
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x(t) =Cp e (COS(%) ﬂ ~sin(2) [—02>
+Cye®™ (008(275) _02] sin(2t) E>

STEP 4: Phase Portrait

Because of the e term, solutions are spiraling outwards
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2. STEP 1: Eigenvalues

66—\ 4
‘A_M‘:| 1 —Q—A‘

=(=6—-A)(=2-2A) — (4)(-1)
=124+ 6A+20+ A\ +4

=\ + 8\ + 16

=(A+4)°=0

Which gives A = —4 (repeated)

STEP 2:

oAt 4t (A4

=e (I + (A+41)t)

:e—4f<[(1) g’] + [_6_?4 o 4] t>

o [L-2 4t
- —t 142

I Y a4t
x(t) = Che [ _ ]+C’26 [1+2t]

STEP 4: Initial Condition: x(0) = [_23]

Here use x(t) = eA'x(0) = e [_23]

o wr-2] L At ] e[2-4at—12] 216t
x(t) = 2e [—t S 1] T | mat—3—6t) T |3 st
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3. Eigenvalues:

daM—AD:F_A 2 ‘

4  3-A
=(1=-AB-X)-2)4)
=3 — A —3A+ A\ —38
=\ -4\ -5
=A=5)(A+1)=0

This gives A =5 or A = —1

e2t o 1
f—[362t]—€ 3 ~ A =2

This doesn’t coincide, so there is no resonance and we guess

xp = e lg]
(b)

3t
f = [I2€4t] =t [701 +e ¥ [2] ~ A =3,—-4

This doesn’t coincide, so there is no resonance and we guess

e (B )l

2ePt 2
) o

This coincides, so there is resonance and we guess

o= (5] [5)

e’ cos(t) 5t 1 3 . 0 . :
f = [e3tsin(2t) = e’ cos(t) ol T¢ sin(2t) 1~ A=5+1i,3+2
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This doesn’t coincide, so there is no resonance and we guess
xp = €’ cos(t) [é] + € sin(t) [g] + % cos(2t) [?] + ¥ sin(2t) [fj]

(e)

ot
o 2] o 1] e [T or

This coincides, so there is resonance, and we guess

(e ) (6 )
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4. STEP 1: Eigenvalues

“l,

|A—M}:'

=2 -A)(=2-X) = (-5)(1)
= —4 -2 4+ 22+ X +5
=\"+1

2—XA =5
1 —=2-2A

Which gives A = +1
STEP 2: A=

o [2=i =5 |0] _[2-i —5]0
NUI(A_”):[1 —2—@'0]:[0 oo]

Hence (2 — i)z — by =0= 2 =5 and y = 2 — i works

= b

STEP 4: Homogeneous Solution

g Z.] — (cos(t) + i sin(t)) ( [g] i {_OID

xo(t) = C4 [2 cos(f)o S+ sin(t)] + 0 {— Cos?tiii(g)sin(t)]

STEP 5: Variation of Parameters

%o (t) = u(t) {2 oty o t>] 1 o(t) [_ Cos(tiii 5in
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Denominator:
5 cos(t) 5sin(t) ‘
2 cos(t) +sin(t) — cos(t) + 2sin(t)
=5 cos(t) (—cos(t) + 2sin(t)) — 5sin(t) (2 cos(t) + sin(t))
— 5cos’(t) + 10 cos(t) sin(t) — 10 cos(t) sin(t) — 5sin?(¢)
— 5 (cos®(t) + sin*(t))

5
5se(;:(t) 5tsin(t2) » |
(8) = —ciSB( ) + 25sin(¢)

= (—%) (—cos(t) + 2sin(t)) 5sec(t)
= cos(t) sec(t) — 2sin(t) sec(t)
=1 — 2tan(t)

u(t) = / 1 —2tan(t) =t — 21In|sec(t)]

5 cos(t) 5 sec(t)
2 cos(t) + sin(?) 0 ‘
-5

_ (—%) (2 cos(t) + sin(#)) (—5 sec(t))
=2 cos(t) sec(t) + sin(t) sec(t)

=2 cos(t) (cosl(t)> + sin(¢) <C081(t))

=2 + tan(t)

/

o(t) = / 2+ tan(t) = 2t + In [sec(t)]
STEP 6: Answer

Xp(t) = (t — 21n|sec(t)]) [2 cos5(tc)0j-(t8)in(t)]

+ (2t + In [sec(t)]) [_ COS?tji:l-(g)sin(t)]
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5. STEP 1: Equilibrium Solutions

¢ =x(—1+2y)=0
y=y—a’ -y’ =0

The first equation gives x =0 or —1 42y =0=y = %

Case 1: =0

Then the second equation becomes

y—y2=0$y(1—y):0$y=0ory:1

This gives the points (0,0) and (0, 1)
Case 2: y = %

Then the second equation becomes

o, 1 , 1 1
s =0=> 2= = =4
7 v Ty LTy

This gives the points (%, ) and (—

3)

11
Equilibrium Points: (0,0), (0,1), (57 5) 5 (

DO
DO —

STEP 2: Classification

VE(.y) = [—1+2y 21 ]

—2r 1—-2y

Case 1: (0,0)

VF(0,0) = [_01 (1)]

A=—-1<0and A=1>0,s0 (0,0) is a saddle

11

22

)
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Case 2: (0,1)
=142 0] [t oo
VFKQl)_‘[ 0 1—2]“& —1}

A=1>0and A=-1<0,so (0,1) is a saddle

Case 3: (3,1)
—1+1 1 0 1
—1 1—-1 -1 0

11
VF (5, 5)
det(A — \T) = |0__1A . A‘ — (N (=) = (1)(=1) = A2 + 1
Nyl=0=>\=4i

Since the eigenvalues are purely imaginary (real part = 0), (%,
is neither stable, unstable, or a saddle

Case 4: (—%, %)

VP1<_%’%)__[_4£%1 1t}J B E ?f]
det(A — AT) = |0_‘1A . A‘ (=N (<A = (1) (=1) = A+ 1
M41l=0=\=+i

Once again (—%, %) is neither stable, unstable, or a saddle

STEP 3: Answer:

(0,0) saddle
0,1) saddle

11
—, — | neither
(23)

neither
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Which you can write as x'(t) = Ax(t) + f(t) where

o
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x(t)

-

—-0.2 0.5
0.2 —-0.5

2'(t) = — 0.2z(t) + 0.5y(t) — 30
y'(t) =0.22(t) — 0.5y(¢t) + 10

—30
10

10



