LECTURE: STEP FUNCTIONS (I)

1. SIMPLE JUMPS

[0 t<2
u(t) = 14 if t>2

2 t

We can use u, to describe functions that have jumps.
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Example 1:

(2 if 0<t<A4
. b if 4<t<7
Find £{f(t)} where f() =q 1 ¢ 7 <4 <9
BREES
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STEP 1: Write f in terms of u,
Start with 2 (initial value)
At t = 4, you jump by 3 = +3uy

At t =7, you jump by —6 = —6uy;
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At t =9, you jump by 1 — (—=1) =2 = +2uqg

f(t) = 2 + 3uy — 6uy + 2uyg

STEP 2: Take Laplace Transforms

LB = £121430 {u) 08 {urh+26 {u) = () 43 () - (e_h)“ <>

S S S

2. MORE GENERAL JUMPS

We can even jump by an entire functions, and not just by constants

0 if t<2
(t—2)° if t>2

Find £ {g(t)} where g(t) = {
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(t—2)

2

STEP 1: Write g in terms of u,
Start at 0 and jump by (£ — 2)3 at ¢t = 2 and so
g(t) = (t = 2)%us(t)

Note: This makes sense because

Ift<2theng(t):(t—2)3u20(t):0
If ¢t > 2 then g(t) = (t — 2)%uy(t) = (t — 2)*
> g(t) = (t —2)°us(l) = (t — 2)

1
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STEP 2: Take Laplace Transforms

g(t) = (t = 2)°us(t)
Slow way:

L{g(t)}

o

(t — 2)° up(t)e *dt

2

(t —2)° 0e~*tdt + / (t —2)° Le~*dt
2

o

(t —2)° e~*dt

8

wde A dy (u=t—2)

0
we e duy,

o
e 28 / we du
0

I
— T T

—e 5L {t3}

3! n!
_—2s ny __
=e <_s4) Because L {t"} = s

§
__—2s
(%)

Faster Way:

LAt —cJuet)} = e “L{f(1)}

cla) = {ie- 2w} e ) = (5)
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L {cos(2t — 6)us(t)}

s24+4

L {cos(2t — 6)us(t)} = L {cos(2(t — 3))us(t)} = e L {cos(2t)} = e~ ( : >

Example 4:

1 if t<5b

Find £ {g(t)} where g(t)=t—4 if 5<t <10
6 if ¢>10
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_(t — 10)

™~

4

\ +(t—5)

>

5 10

STEP 1: Write g in terms of u,
Start at 1

Att=5jumpbyt—4—1=t-5
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At t =10 jump by 6 — (t —4) =10 —t = —(¢t — 10)
(Important to write in terms of ¢ — 10)
g(t) =14 (t — 5)us(t) — (t — 10)up(t)
STEP 2: Take Laplace transforms
L{g(t)} =L{1} + L{{ = 5)us ()} — L{(t = 10)uro(t)}
= (1) +e Lty —e 1%L {t}

s
1! 1!
—5s —10s
e () - (5)

3. REVERSE WAY

It’s important to be also able to do this in reverse

Note: If you read the above formula from right to left, you get

e “L{f)} = LAS(t=c)uc(t)}

In other words, an exponential term outside the laplace term causes
the function to shift and jump
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Example 5:

Find a function whose Laplace transform is

6
—5s
(%)
3!

e <_> . (_4) =LY = £t - 5)us(r))

S

Ft) = (t —5)  us(t)

Example 6:

Find a function whose Laplace transform is

8 6—73
524+ 16

e <32 i 16) . ( 1 ) L {2sin(48)} = £ {2sin (4t — 7)) us(t))

52 4 42

£(t) = 2sin (4(t = 7)) us(1

Next time: What happens if the exponential term is inside the
Laplace transform?
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