LECTURE: STEP FUNCTIONS (ITI)

1. SHIFTING

If the exponential term is inside the Laplace Transform, we get shifts.

L {e* cos(2t)}

Let F(s) = L{cos(2t)} = &2 i 4

L {e* cos(2t)} :/ e* cos(2t)e ' dt
0

=/ cos(2t)e =3y
0
=L {cos(2t)} but evaluated at s — 3

=F(s—3)
. s—=3
(s—3)°+4
a4 B s—3
L{e’ cos(2t)} = Go37Td

That is, exponential terms just shift the Laplace transform.
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L {e*ttQ}

2! 2

Hence £ {e_ttQ} =F(s—(-1)=F(s+1) =

(s +1)°

2. REVERSE WAY

Once again, it’s important to do this in reverse:

Example 3:

Find a function whose Laplace transform is

1
(s —2)2+1

This is a shifted version by 2 units of

1
s24+1

= L {sin(t)}

Since exponential terms shift Laplace transforms, we get

1

o211 = L {e*sin(t)}

Answer: f(t) = e* sin(t)



LECTURE: STEP FUNCTIONS (II) 3

Example 4:

Find a function whose Laplace transform is

6
(s +3)4

This is a shifted version of

!
Gt

st st
Since we shifted by s +3 = s — (—3) we have

—3t.31 _ 6 _ 6
A = T Gy

Answer: f(t) =e ™ ()

3. SUMMARY: FOUR CASES

Case 1: Laplace transforms of jumps: an exponential term pops out

L{(t—=2P us(t)} =e>L{t’} =e* (E)

84

Case 2: The exponential is outside: Shift and add a jump

e L) =1 {(t - 5)3u5(t)}
Case 3: The exponential is inside: Shift the Laplace transform

s—3

L {€3t COS(2t)} = m
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Case 4: Laplace transform is shifted: Add an exponential term inside

1
(s —2)2+1

= L {e*sin(t)}

4. COMPLETING THE SQUARE

Example 5:

Find a function whose Laplace transform is

1
s2+4s5+5
Need to complete the square
1 1 1

2 +4s+5 (s+2)2—4+5 - (s+2)2+1
This is a shifted version by —2 units of - = £ {sin(¢)}, therefore

5241

Answer: f(t) = e *sin(t)

Example 6:

Find a function whose Laplace transform is

s
s2 —6s+ 13
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Complete the square

5 s
s2—6s+13 (s—3)2—-9+13
:(s—;)2+4 Write in terms of s — 3
(s=3)+3
(s—3)°+4
s—3 3

(5—3)2+4+(s—3)2+4

This is a shifted version by 3 units of

s 3 s +§( 2 >:£{COS(2t)+§sin(2t)}

2+4 244 244 2\s2+4
31 3
Answer: f(t) =e¢ (cos(?t) + 3 Sln(2t)>

5. PUTTING EVERYTHING TOGETHER

Finally, we can combine this with the jump property:

Example 7:

Find a function whose Laplace transform is

3(s —2)e3*
s2—4s+5

STEP 1: First focus on
3(s —2)

s2—4s+5
Complete the square on the bottom: s* —4s+5 = (s —2)2 +1
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3(s—2)e® 4 3(s—2)
(s—22+1 °© <(s—2)2+1>

The terms in parentheses is a shifted version by 2 units of

3s
a1 L{3cos(t)}
3(s—2) _ 2t
Therefore Go22+1 L{e" 3cos(t)}

STEP 2: Now focus on the exponential term

e % <(83582;22_3 1) =e L{3e" cos(t)} =L {362(t_3) cos(t — 3)U3(t)}

Answer: f(t) = 3¢ cos(t — 3)us(t)

6. ODE wIiTH JUMPS
As an application, let’s solve ODE with jumps

Example 8:

y' + 4y =f(t) 0if 0<t<5
y'(0) =0 20 if ¢t >10
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- f(t) N
4t — 20 —4(t — 10)
+4(t—5)
0
5 10

STEP 1: Write f(¢) in terms of u,
Start at 0
At t =5, jump by 4t — 20 = 4(t — 5)

At t = 10, jump by 20 — (4¢ — 20) = 40 — 4t = 4(10 — t) = —4(t — 10)
f(t) = 4(t - 5)U5 — 4(t — 1O)u10
LAf()} =L{4(t —5)us(t)} — L{4(t — 10)uro(?)}
—e L {4t} — e 5L {4t}
:i (6755 _ 6—105)
STEP 2: Next timeS
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