LECTURE: SYSTEMS OF ODE (I)

1. INTRODUCTION

Welcome to the magical world of systems of ODE! They are equations
where functions not only depend on themselves, but on each other

Example 1: (Model Problem)

{:c'l(t) =Tx1(t) — 3z5(t)
x5(t) =102 () — 4o (1)

r1 = x1(t) and x9 = x9(t) are two functions of time. Think for instance
two particles colliding with each other, like the sun and the moon
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So in some sense, those functions are coupled together, and our job is
to disentangle them
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2. APPLICATION 1: CHEMICAL REACTIONS

Systems of ODE arise in many different fields such as astrophysics,
ecology, or chemistry. It should therefore come to no surprise that
even my PhD thesis involved a of system of differential equations.

In fact, let me briefly tell you where systems appear in my thesis. It
has to do with chemistry:

Consider a chemical reaction A = B where a molecule A turns into B
and vice-versa. Think A twisting to become B:
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Then if:

x1(t) = concentration of A at ¢
xo(t) = concentration of B at t

Then the chemical reaction can be modeled by a system of reaction
diffusion equations:

{xi(t) =13(t) — 21(1)

y(t) =21 (t) — 22(t)

Intuitively: This makes sense because if you have a compound with
lots of A and not a lot of B, as in the following picture:
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JOP

Then x1 > x5 and therefore

21 (t) = xo(t) — 21(t) < 0= 21(t) decreases = A decreases

<0

And similarly B increases until we get equilibrium:

A B
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This motivates systems of differential equations quite nicely because
in the example above, 1 and x5 are coupled together.

Note: If you're interested in learning more about my thesis, check out
the following video:

Video: The PDE that got me the PhD

3. APPLICATION 2: DOUBLE MASS SPRING SYSTEM

Demo: Double Mass Spring

Consider two masses on three springs, as follows{]

X4 X2

—_— —_—

K

K, ks
000001 . [000001 m. {00000

In this case, the displacements x; and x5 can be modeled by

{m1 $/1/(t) = — (kl + k2)$1 -+ kQIL'Q + Fl(t)
mo SL’IQI(t) :k’giﬁl - (kQ + k3)5€2 + Fg(t)

lPicture taken from 'this website


https://youtu.be/HvLScjQlCV0
https://www.myphysicslab.com/springs/double-spring-en.html
https://math24.net/mass-spring-system.html

6 LECTURE: SYSTEMS OF ODE (I)

Here Fi(t) and F5(t) are external forces that are applied to the masses,
and ki, ko, k3 are called spring constants. It’s an example of an inho-
mogeneous system

Note: Just like we can study a single pendulum in physics, we can also
consider a double pendulum, like in the demo below. In this case the
motion is chaotic; it’s one of the easiest examples of a chaotic ODE.

Demo: Double Pendulum

4. APPLICATION 3: POKEMON BATTLE!

Video: Pokémon Battle

Even videogame fights can be modeled by systems of ODE, since two
or more characters are interacting with each other

x1(t) = HP of Charmander at ¢
x9(t) = HP of Pikachu at ¢

Then one possible battle can be given by:

21 (t) =16x1(t) — 35xo(t)
{x’Q(t) =621 (t) — 13x5(t)


https://www.myphysicslab.com/pendulum/double-pendulum-en.html
https://www.youtube.com/watch?v=NaTbz5dqwKk
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Here is what the numbers mean concretely:
e 16x(t) means that Charmander uses healing
e —35x5(t) means Charmander gets damage from Pikachu
e 6x1(t) means Pikachu steals HP from Charmander
e —13x5(t) means Pikachu electrocutes itself

We'll be able to show that Charmander loses fairly quickly.

Note: For a game like Super Smash Bros Ultimate with 8 players, you
could represent that by an 8 x 8 system

5. MATRIX FORM

Let’s now go back to our main problem

Example 2: (Model Problem)

{x’l(t) =Tx1(t) — 3wo(t)

x5(t) =10x1(t) — 4ao(t)
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In order to solve this, the first step is to write this in “matrix” form.
For now it just means put the coefficients in a table
i) |7 =3 [21(t)
zh(t)| |10 —4| [zo(t)
—— N — e —
x/(t) A x(1)

At first sight this seems to be a cosmetic fix, but we’ll see later why
this is so useful.

Moral: From now on, systems will be written as x'(t) = Ax(¢)

Note: Compare this with 3’ = ay from the beginning of the course

{x’l(t) =11(t) — 22o(t) +1

xh(t) =4x1(t) +2t

2i(t)] _ (1 =2] [a(t) N t2
xh(t) 4 0 | |zo(t) 2t
Here we have an inhomogeneous system of the form x' = Ax +f

In fact the key to solving systems of ODE is linear algebra, and we will
see how to do this next time!

6. HIGHER ORDER EQUATIONS
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The cool thing is that we can actually turn any higher order ODE into
a system, as follows:

Example 4:
Write 3" 4+ 4y = 0 as a system of differential equations

Trick: Let x1(t) = y and z5(t) = 3/ then:

71 (t) =y' = 22(t)
y(t) =y" = 5(t)
r5(t) =y = 3y" — 3y +y + t* = 3w3(t) — 3xa(t) + 21 (1) + 12

zy(t) =021 (t) + 1zo(t) + 0x3(t) + 0
x5 (t) =01 (t) + 0z2(t) + 1z3(t) + 0
w5(t) =1z (t) — 329(t) + 3x3(t) + t*

(The order matters here)
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x' = Ax + f where

This is an example of a 3 X 3 system
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