APMA 0350 — FINAL EXAM — SOLUTIONS

dy 32y +2y°
de 3 4 6ay?
y(1) =2

dy 3%y + 2y

de (m3+6xy2>
(x3 + 6:z:y2) dy = — (3x2y + 2y3) dx
(3:1:2y + 2y3) dr+ (3:3 + 6:1:y2) dy =10

STEP 1:

STEP 2: Check exact

P, = (32%y + 2y3)y = 3% + 6y°
Q. = (2° + 62y°) = 32° + 6y°

Since P, = (), the ODE is exact v’

STEP 3:
fe =P = f(z,y) = /3xy+2y3dx—:cy+2xy + g(y)
fy=Q = f(z,y) = /x —|—6xy2dy—xy—|—6a:<y33>+h(x):x3y+2xy3+h(x)

fla,y) = 2y + 2xy°

STEP 3: Solution:

23y + 2xy° = C

1
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STEP 4: Initial Condition:

y(1) =2

(1)%2 +2(1)2° =C
2+ 16 =C
C =18

STEP 5: Answer:

3y + 22y = 18
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y(m) =2

STEP 1: Standard form
! 1 .
y + c)y= sin(t)

STEP 2: Integrating factors

{t4 (y) + 3y =t*sin(¢)

ol Tt _ Jin(t) _ 4
STEP 3: Multiply by ¢

t
(ty) =tsin(t)

ty :/tsin(t)dt

ty = — tcos(t) — /(1) (—cos(t)) dt (Integration by parts)

t (y' + 1y) =t sin(t)

ty = —tcos(t) + /Cos(t)dt
ty = — tcos(t) +sin(t) + C

o (282) ()

STEP 4: Initial Condition
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STEP 5: AHSWer

=+ (55)+ ()
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3. STEP 1:

y// L 3y/ . 4y :56415

(D* — 3D —4) y =5¢"

(D4 1) (D — 4)y =5¢*
——

z

(D +1) 2z =5e" where z = (D — 4)y

STEP 2:

(D + 1)z =5¢*

2+ 2 =hett

el (2 + z) =e'5e™ Integrating Factors
(etz)’ —=5¢”!
ez = / 5e’tdt = ™ + A
z=e' + Ae”!

STEP 3:
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2z =e'l + Ae!
(D —4)y =e* 4 Ae™!
y — 4y =e' + Ae”!
e U (v — 4y) —e Yl f o7 4! Integrating Factors
(e*4ty)/ —1+ Ae 5t

ety = / 1+ Ae ddt

o5t
ety =t+ A <—> + B

—5
A
y =tett — (é) et 1 Bt
5
A
y =te* — <g> e + Be"

STEP 4: Answer

A
y = tet — <3) e '+ Be' =t + Ae”' + Be"
Note: Here is the solution using undetermined coefficients:

STEP 1: Homogeneous Solution: 3" — 3y’ +4y =0
Aux: 7 —3r+4=0=(r+1)(r—-4)=0=r=-1,4
yo = Ae”' + Be"

STEP 2: Particular Solution:

5e* ~~ r = 4 which coincides so we guess y, = Ate

(1) =Ae" + 4 Ate™
()" =4Ae* 4+ 4Ae + (4At) de* = 8Ae™ + 16 Ate™
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(yp)” -3 (yp)/ —4 (yp) =5e"
8Ae* + 16Ate* — 3 (Ae4t + 4Ate4t) — 4 Ate* =5t

8AcY + 16Ate™ — 3AeM — 12Ate™ — 4Ate™ =5t
5Ae =5
A =1

Therefore y, = te*

STEP 3: General Solution

y=1yo+1y,=Ae " + Be' 4 tet!
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y// :Ay
y'(0) =0
y(6) =0

STEP 1: Auxiliary Equation: r? = )
Case 1: A >0
Then 2 = X\ = w? and so r = +w

y(t) = Ae*! + Be ™!
i (t) = Awe*" — Bwe ™!
Y (0)=Aw—Bw=0= Aw=Bw=B=A
y(t) = Ae*' + Ae*!
Y (t) = Awe*' — Awe™*"!

y (6) =0
/4/6300 +Aef6w :O
€6w + e—6w —0

But this is a contradiction since the left is > 0 =<«
Case 2: A =0

Aux: r? =0 = r =0 (repeated twice)

y(t)=A+ Bt

But then y =0 =<«
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Case 3: A <0
In this case A\ = —w? where w > 0
Aux: =)= —-w?=r=+wi

y(t) = Acos(wt) + Bsin(wt)

y'(t) = —Awsin(wt) + Bw cos(wt)
y'(0) = —Awsin(0) + Bwcos(0) = Bwu=0= B =0

y (6) =0
A cos(6w) =0
cos(6w) =0
o
Ow =3 +7mm
o T
o=+ (5)m

Here we start at m = 0 since w > 0if m =0
STEP 2: Answer:

Eigenvalues:

2
)\:—w2:_<1ﬂ-_2_|_(g>m> m:Oj]_)Q)...

Eigenfunctions:

T m
— — 4 (Z —0.1.2---
y = cos(wt) = cos ((12 + (6> m) t) m = 0,1,
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y" + 3y + 2y =12¢*
y(0) =4
y'(0) =2

STEP 1: Take Laplace transforms

L{y"}+3L{y'} +2L {y} =L {12¥}

(s°L{y} = sy(0) = y'(0)) + 3 (sL{y} — y(0)) + 2L {y} :slTZ2
sLA{y} —4s — 2+ 3sL{y} — 3(4) + 2L {y} 231—22
(s +3s+2) L{y} — 45 — 14:31_22

Lpp o st 12
o 3s 12 T (s—2)(s2+ 35 +2)

STEP 3: Partial Fraction 1

ds—14  4s+14 A B
s2+33+2_(s+1)(5+2)_3+1+3+2
A(s+2)+ B(s+1)
(s+1)(s+2)

(A+ B)s+ (2A+ B)
s2 4 3s +2

A+ B =4
2A+ B =14

Subtracting the second equation from the first we get A = 10
and then B=4—-A=4—-10= —6

ds—14 10 6
s24+35s+2 s+1 s+2

STEP 4: Partial Fraction 2
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12 12 A B C

G- +3512) (-6 +0E+2) s-2 s+1 s5+2
A(s+1)(s+2)+B(s—2)(s+2)+C(s—2)(s+1)
(s =2)(s+1)(s+2)
~ As*+3As+2A+ Bs* —4B + Cs* — Cs — 2C
B (s —2)(s2+3s+2)
(A+B+C)s?*+ (3A - C)s+ (2A — 4B — 20)
(s —2)(s®> + 3s + 2)

A+B+C=0
3A—-C =0
2A—4B —2C =12

The second equation gives C' = 3A and the first equation then
gives A+ B+3A=0=B+4A=0= B = —4A.

And finally plugging into the third equation we get

2A — 4B — 2C =12
2A — 4(—44) — 2(34) =12
2A + 164 — 64 =12
12A =12
A=1

And B= —4A = —4 and C =3A = 3 and so

A=1
B=—-14
C =3

12 1 4 3

(s —2)(s>2+3s+2) 3—2_s—|—1+3—|—2
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STEP 5:

4s — 14 12

LWt =Fr3e2 (s —2)(s2+3s + 2)

3

B 10 §) N 1 4 n
S \s+1 s+2 s—2 s+1

6 B 3 N 1
T s+1 s+2 s—2
=L {6e_t — 372 4 th}

STEP 6: Answer:

y =6e " —3e ' + e

s+ 2

)
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d'(t)+5 /t E2g(r)dr =0 with ¢(0) =
0
STEP 1: This is of the form
¢'(t)+5 (¥ xp) =0
STEP 2: Take Laplace transforms
LA{d'(t)} +5L {e2t * ¢} =L {0}
P16} 00 +52 [ £(0) =0
seioh -0+ (25 ) £(0) =0

(s+—)£{q§} =6
ﬂﬁw} 6
— 2
STEP 3: Complete the square
6(s—2)  6(s—2) _ 6(s—2)  6(s—1-1)
s2—25+5 (s—1)2—1+5 (s—1)2+4 (s—1)2+4

~ 6(s—1) 6
T (s—1244 (s—1)2+4

This is a shifted version by 1 unit of

6s :
Pl 2 6 cos(2t) — 3sin(2t)
Therefore Os=2) = L {e" (6cos(2t) — 3sin(2t)) }
s2—2s+5

STEP 4: Answer

P(t) = 6e’ cos(2t) — 3¢ sin(2t)



14 APMA 0350 — FINAL EXAM — SOLUTIONS

7.
;o =2 1
x = Ax A= {_1 _2]
STEP 1: Eigenvalues
|A—)\| = |_2_I A _21_ A‘ = (2= 22— (-1)=(A+2)* +1=0

Which gives A+ 2> =—-1=A+2=di= A= -2+
STEP 2: A= -2+
0
0

[—2 — (=2 +1) 1

] —1 —2 — (=2 +1)
[ 1
-1 —i
1 —i
0 0

100
0 0 0]
rtiy=0=2=—iy

=)=

STEP 3: Solution

o2t [‘1] = (") ( m o {‘JD

ety ismen (] +4[])
—e 2 (COS(t) m — sin(?) [_01])
et (cos(t) [_01] + sin(t) ED

0= i) + o

Nul (A — (=2 +i)]) =

|

|
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STEP 4: Phase Portrait

Because of the e=? term solutions are spiraling inwards

20 \
10 /
_— — /
P
-20 -10 20
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8.
;o =102 G
x =Ax+f A= {_1 2] andf—[%%]
STEP 1: Eigenvalues
—-1-X 2
‘A_M}:' ~1 2—)\‘
=(=1-=M)2 =) - 2)(=1)
=—2+A—2\+ A\ +2
=\* =\
=AA—1)=0
Which gives A=0or A =1
STEP 2: A=0
-1-0 2 |0 -1 210 -1 20
N‘H(A_O])_[ —1 2—00]_[—1 20]_>[0 00
Hence —x +2y =0= 2 =2y
w2y (2] |2
Yol T Ly 1
STEP 3: A =1
-1-1 2 |0 -2 210 -1 1]0
NUI(A_”):[ ~1 2—10]:[—1 10]_’[0 0/0

Hence —z4+y=0=y==x

=L =B == - [

STEP 4: Homogeneous Solution

xo(t) = Cye” H T Coe! H e m + G Ej]

STEP 5: Variation of Parameters
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Denominator:

2 ¢t

‘1 [ =2e" —ef = ¢

el et

2%t 2t 3t

/ - 2e € . e’ — 2e _ 2t
u'(t) = — = - =e —2e

e e

u(t) = /et —2e%dt = ¢! — *

1 26% 46275 et
/ . . t
()= = = de - 1

v(t) = /4et— ldt = 4e' —t

‘2 et

2

t
xp(t) = (¢ — ™) [1] + (4e' —t) lit}
STEP 6: Answer

wo-sa0 5= ] v [] -l oo

o] s [] 4o [] - ] -]

(This last simplification is optional)
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a' =z — 9
! 2
y=y—z
STEP 1: Equilibrium Points
¥ =r—9y*=0
y =y—a’=0

The first equation gives z = y? and plugging this into the second

If y = 0 then x = y? = 0 = 0 which gives (0, 0)
If y = 1 then 2 = 3* = 1! = 1 which gives (1,1)
Equilibrium points: (0,0) and (1,1)

STEP 2: Classification

INz—y®) O(z—y?)
vF(x,y)=[ oL ]:[1 —29]

Iy—a?) O(y—=?)
or oy

Case 1: (0,0)

VF(0,0) = E) ?]

This is diagonal with eigenvalues A =1 > 0 and A =1 > 0 and
so (0,0) is unstable
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Case 2: (1,1)
1 =2
wrn - [,
Eigenvalues:
1—X =2
det(A — A1) :‘ 9 1_)\|
(1= - (-2
—(A—=1>=4=0

A=1 =4=A-1=-200A—-1=2=>A=—-lorA=3
Since A\=2>0and A =—-1<0, (1,1) is a saddle
STEP 3: Answer:

(0,0) unstable
(1,1) saddle

19
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10. (a)
0.3
—l
x(t) y(t)
lp—
0.6
Z'(t) =In — Out = (0.6)y(t) — (0.3)z(t) = —(0.3)x(t) + (0.6)y(¢)
y'(t) =In — Out = (0.3)z(t) — (0.6)y(t)

~0.3 0.6
A= [0.3 —0.6]

(b) STEP 1: In this case the system x’ = Ax is
[x’(t)} _ [—0.3 0.6] [x(t)] _ [—(0.3):6(75) + (0.6)y(1)
y'(t) 0.3 —0.6] |y(t) (0.3)z(t) — (0.6)y(t)

2 =— 0.3z + 0.6y
y' =0.3z — 0.6y

STEP 2: Setting 2/(t) = 0 and y'(t) = 0 we get

—0.3z 4 0.6y =0 —x + 2y =0 x =2y
0.3z — 0.6y =0 = x — 2y =0 = r =2y

Therefore there are infinitely many equilibrium points, each
of the form (z,y) = (2y,y) where y is arbitrary

STEP 3: Stability

(=0.32+0.6y) 3(03“0'69)] [—0 3 0.6 ]

VF(z,y) = [a(o.zagxo.()‘y) 8(0.3:?50.611) 0.3 —0.6
ox y
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—-0.3 0.6
VE(2y.y) = {03 —Oﬁ]::A
Eigenvalues:
—0.3 - A 0.6
@“A_A”‘w 03 —OG—J

=(—0.3—=X) (=0.6 — A) — (0.6)(0.3)
=(=0.3=05) + 0.3\ + 0.6\ + \* — (0.6}{0:3)
=\* 4+ 0.9

=A(A+0.9)

=0

Which gives A =0 and A = —-0.9 <0

In this case the equilibrium points (2y, y) are stable but we
also accept the answer neither stable/unstable/saddle



