APMA 1941G Homework 2
Lulabel Ruiz Seitz
February 2, 2024

Problem 1

Show that, in the “Derivation of the KdV equation” example in lecture, after the change of variables,
£ = Ve(z —cot)
T = /%t
V= ed

where ¢ = v/h9 the PDE for 15 and h become

eee + 1y =0 (®

P, =0 aty=0 (ii)
0 — ccotre + % (e0e)? + (1)?) = —e(h =) aty=h (i)
hy + (e —co)he =10, aty=h (iv)

where ¢¥(x,y,t) = 1/3(57 y,7) and h(z,t) = fL(& 7), and 6 similarly denotes ¢ in the new variables. The
starting PDE is

A =0 (A)
oy =0 aty=0 (B)
bt VO = ~(h 1) aty=h (C)
he + dohe = by at y = h (D)

Proof. First, write (A) in the new variables. We evaluate

A(b = stm + ¢yy
= ¢ee - /e - e+ by, chain rule

1 - -
= — (e + 1y, ) definition of 9, linearity of the derivative, and chain rule for £

Ve
Since Ad = 0, J=(etee + 1y, ) = 0. Thus

67]’5& + 7vz’yy =0,

yielding (i). .

Next, we write (B) in the new variables. Since y is not transformed, we also have ¢, = 0 at y = 0,
which implies @Zy =0at y =0 since ¢ = \/Egg Thus, we also have (ii).

Now we write (C) in the new variables. First, by the chain rule (noting that the variable ¢ is both
in 7 and §),

th _ (671/21/})25 _ 671/27/125 _ 671/263/27217_ o 671/20061/2772E _ EQLT . 0012)5.
For the second term,
1 1 1 1 ~ ~
SIVOP = S 2RIV = e (@) + () = 3¢ (VIR + (3)?)

Adding together the two terms in the new variables and setting them equal to the right-hand side,
we obtain

s — ot + et (@0 + (@) = ~(h— )

1



(valid at y = h, noting that the transformation in h did not necessitate any additional changes
here because we are not differentiating and h° is a constant). Multiplying through by € to clear the
fraction, we obtain exactly (iii).

Lastly, we write (D) in the new variables. First,

hy = 63/2f~1-,— — 61/200?7/5.
Next, B B
and -

hy = \ehe.
We then can replace the term o
(b:rh:c = El/gwihﬁ
Lastly, R ~
Qby = ¢y = 671/27/}3/-
Putting this all together and multiplying through by €!/2 in order to clear the fraction, we obtain
h, — ecoizg + eﬂgﬁf = J}y,
or equivalently, ~ ~ ~ ~
ehr + (e — co)he = by,

at y = h which is (iv) as desired.



Problem 2

Let u® and v® solve the system

{“%+;uz - ey

el W)y (1)

€
Vi — gvm =2

Let our ansatz be:
u® =u® +eu' + o(e)

v® =0 +ev! +o(e)

and suppose that u > 0 and v° > 0.

(a)
Plug the ansatz into and show that
u’ = (2)
u® =20 (vt —ul) (3)
Proof. First, plugging the ansatz into the first equation in the system , we obtain (omitting the

o(-) terms as we will justify that this will not affect our comparisons)

09)2 — (u0)2 2% — uOul)

> + + () = (u')?. (4)

1
ug—l—eui +7ug+ui =
€ €
It is clear that the stand-alone o(-) terms will not directly affect the comparison as they will appear
on both sides. However, on the right-hand side, we have omitted cross-terms involving u or v terms
and the o(e) terms,

(20%(€) + €2v'o(€)) — (2u’0(€) + €2u'o(¢)).
Of these, the only ones that would be relevant to the following comparison is when we compare terms
divided by €, we could view (2”07?0)0(6) as 2(”071‘0)0(1), but that will be zero by what we find from
a comparison of the terms on the order ¢~2, which none of these additional cross-terms are. We can
compare the terms of order e~ 2 first and this will not affect any of the other comparisons, and this
will yield that the only relevant cross-terms are zero. The remaining cross-terms could be viewed as
order 1 which will not be relevant with the following comparisons.

We may now proceed with the comparisons, and notice that there are no terms divided by €2 on
the left-hand side of , so to match the order,

which implies

since v, u® > 0 by assumption. We have thus shown . To match the terms divided by €, we have
that
0,1 0

ud = 2(v%" — ulul)

but since u® = v, this is equivalent to

ud = 2(uvt —uul) = 200 (vt — ut),
which is .
(b)

Notice that if we add the two equations of , we get that

(u® +v%) + é(u€ —v%), =0 (5)



Plug the ansatz into and show that

Proof. Again omitting the o(-) terms and plugging in, we obtain
0 1 0 1,10 1 0 1
u; + eu; + vy + evp + g(um + euy, — v, —ev,) =0.
Comparing the terms of order 1 after distributing the epsilon, we have

1=0

0 0 1
ut+vt +uz7vz

Since we previously found that u® = v° though, it must be the case u = v?, so the above may be

re-written

so we obtain

as desired.

(c)

Using the results of (a) and (b), show that u° is a solution of the nonlinear heat equation

wy — %(ln W)z = 0. (6)

Hint: Use to write (v! — u'), only in terms of u° and its derivatives. It may be helpful to write
out explicitly what (Inw),, is.

Proof. First, we follow the hint and rewrite

uw) = — (vt —ul),
0
but using the result of (a), v! —u' = 5%, so

Thus, u” satisfies

Note that

Wy WWgy — w?ﬂ

(nw)e = (), ==

where the first equality is due to the chain rule. Notice that (7) may accordingly be rewritten
%(ln u®) 4z, using u® in place of w. Substituting this into , we obtain

1
Ug - E(IDUO)mx =0,

showing that u? is indeed a solution of the nonlinear heat equation as claimed.



