LECTURE: VARIATION OF PARAMETERS

1. VARIATION OF PARAMETERS

Video: Variation of Parameters for Systems

Good News: The exact same method of variation of parameters
works for systems as well!

Example 1:

Solve x' = Ax + f where
7T =3 et
a=5 5 r= e

STEP 1: Homogeneous Solution: Solve x' = Ax

Eigenvalues:

7T—A -3
a3 2

=(7T=2)(=3=A) = (=3)(8)
=—21—TA+3X+ N\ +24
=\ — 4\ +3
=(A—1)(A=13)

Which gives A=1and A =3


https://www.youtube.com/watch?v=u3KuV23fq5c
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A=1
7-1 -3 |0] _[6 =30 2 —1]0
Nlﬂ(A_lD_[ 8 —3—10]_[8 —40]_>[o 0 0]
2w—y=0=y=20=|"|=|"| =z
toy= y==r yl |2z b
1
v ]
A=3
7-3 =3 |0] _[4 =30 4 =30
NUI(A_?’I)_[ 8 —3—30]_[8 —60]—>[0 0 0]

dr —3y=0=>zr=3andy=1414

e

1 3 t 3e3!
Xg(t) = Clet [2] -+ Cge3t [4] = Cl [2€€t] + CQ [42325]

STEP 2: Variation of Parameters
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(No need to differentiate here because we have a matrix already. And
the right-hand-side is the inhomogeneous term)

t 3t
Denominator: 2€€t ?123t = (et) (463t)—(363t) (Qet) = 4et'—6et = —2e
e?t 363t
4621‘, 463t (62t) (463t) _ (363t) (46%) 4e5t _ 1265t _865t
w(t) = —2elt —2et T et et 1!
ot o2t
J(t) = 2¢e! 4 _ e (4e*) — (e*) (2¢") _ 4e3t — 2¢3 _ 2¢3! _
—2edt —Dedt —2edt —2eMt

u(t) = /4etdt = 4¢
v(t) = /—e_tdt =e !

et 3e3t et _, [3e% 4e? 4 3e? Te?t
Xp(t) = u(t) [2675] +o(t) [46375] = 4¢' lzet] +e ! [46375 = g2 4 402 = 1962
STEP 3: General Solution

1 3 7
x(t) =x0+xp = Ciet [2] + Che? [4] + e [12]

2. WHY THIS WORKS

In terms of the example above, let

) = || ()= [16s]
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Note that x; and xa solve the homogeneous equation X' = Ax

Suppose xp = u(t)x1(t) + v(t)x2(t)
Plug this into the system x’ = Ax + f

xp =Axp, +f
(w(t)x1(t) + v(t)x2(t)) =A (u(t)xq(t) + v(t)xa(t)) + £
W (t)x1 + uBxy + ' (t)xe + vitxg” =uwBAKT + v(BAKS + f

The terms cancel out because x; and x5 are solutions to the homoge-
neous equation x’ = Ax, so x1’ = Ax; and x5’ = Ax,

Therefore we’re left with

u'(t)xg + v (t)xg =
0) |y + 00 o] = [

N et 36315 u’(t) B 6275
2et 4e3t| |V'(t)| — |4e*
Which are the Var of Par equations ]

Aside: If you want to see a more direct method of solving inhomoge-
neous systems, check out the video below

Video: Solving systems using Laplace transforms ]

3. TrRIG EXAMPLE


https://youtu.be/puw4JDJogIE
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Example 2:

Find a particular solution to x' = Ax + f where
12 =5 | —cos(t)
A= [1 —2] f= [58111(1&)]

STEP 1: Homogeneous Solution: Solve x' = Ax

Eigenvalues:
2—XA =5
|A_”‘:|1 —2—)\)
=2=M(=2-X2) - (=5)(1)
= —4—2X+2X+ N +5
=\ +1=0
=\ =+
. 2—1 =5 |0 1 —2—14|0
NUI(A_”)_[1 —2—@0]%[0 0 0]

r—2+0)y=0=x=(2+1)y

-1
] cransso ([ 3
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cos(t) sin(t) + 5sin(t) cos(t) 4 10 sin?

cos(t) sin(t) + 10sin?(t)
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2 cos(t) —sin(t) — cos(t)
cos(t) 5sin(t)

= — [10 cos(t)sin(t) — 5 sinz(t) + COSQ@)}
= — 10cos(t) sin(t) + 5 sin2(t) — COSQ(t)

V'(t) = —

u(t) = [ 6cos(t)sin(t) + 10 sin?(t)dt

6 (%m(%)) +10 (“CTOS(%U dt

3sin(2t) + 5 — 5 cos(2t)dt

3(%8(%))%%5(@) Use u = 2t

I
—— —

= — gcos(Qt) + 5t — gsin(Qt)

—10cos(t) sin(t) + 5sin?(t) — cos?(t)dt

/

:/—10 (%sin(%)) +9 (1_6708(%)) - (HCTOS(%)> “
/
/

5 5 1 1
—5sin(2t) + 2 — 2 cos(2t) — = — = cos(2
5sin(2t) + 575 cos(2t) 573 cos(2t)dt

—5sin(2t) + 2 — 3 cos(2t)dt

5 3
=3 cos(2t) 4 2t — o) sin(2t) Use u = 2t
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%o (t) =u(t) {2 cos(t) — sin(t)] +o() {Cos(t) 4+ 9 Sin(t)]

cos(t) sin(t)

::<_gam@w—%w-gan@w>IQQEgﬁé?nﬁq

+—<§am@w-km>_gﬁn@w){“”“;ﬁéfm“ﬂ

4. MORE PRACTICE

Example 3: (more practice)

Solve x' = Ax + f where
2 —1 2¢t
=155 = [i]

STEP 1: Homogeneous Solution: Solve x' = Ax

Eigenvalues:
2—X -1
‘A_A”:|—1 Z—J
=(2=MN) = (-1)(-1)
=(A—2°-1=0
A—2=F+1=A=1or3
A=1

NM@%—U%:F:S —1(1:[1 —1ﬂ

[ -0
2-1/0/ ~ |1 110 0 010
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r—y=0=x=y

S

NM(A_3”:[2—3 _1ﬂ::IJ —10]

L [r o
-1 2-3{0] ~ [-1 —1]0 0 0]0

r+y=0=>y=—x
A=3~ [_11]

1 1 t 3t
xo(t) = Cie' L] + Coe™ { J = () [zt] +Cs [_ee?w}

STEP 2: Variation of Parameters

xp = ult) 5] +010) | 3

_et T
el ] W) [2¢€
b=t V(1) 4t
bt
Denominator: | , Gt = e’ (—e?’t) —eledt = —ett — et = —2e%
2€t e3t
At —eM| —2eM — 4te¥
u'(t) = = =1+ 2te”!
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el et
el 4t Atel — 2%
/ _ _ - —3t —2t
v'(t) = ol T o T —2te”" +e

u(t) = / 1+ 2te'dt
EL)Y (—e_t) — /2 (—e_t) dt u=2t dv=c¢e""'

=t — et +2 / e tdt

=t —2te ! — 27!

v(t) = / —2te™ e Hdt

—3t —3t
IBP e e 1 o sy
= —2(—)— | 2— |dt—= = -2 =
( 3 ) / ( 3 ) 26 U t, dv=e

~3 3 2
2w 2 (Y 1y
3 3\ —3 2
2 1
-3t | 4 -3t L 9o
—Ste + 96 26
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STEP 3: General Solution

x(t) =xo(t) + xp(t)
=C,et H + Che™ [_11] + (te' — 2t —2) H + (%t + S — %et) [_11]

5. NONLINEAR SYSTEMS

Welcome to the magical world of nonlinear systems! They are more
complicated but also much more interesting, and we will see many cool
real-life applications.

Example 4:

7' (t) =2* + zy + €
y'(t) = cos(z) + 2y

Note: We can write this in the form x'(¢) = F(x(t)) where

x(t) = [5;(15)] and F(z,y) = [3;20;2 ;y:;;]

Question: Does this system even have a solution?

Recall: Existence-Uniqueness Theorem

y' = f(y,t) has a unique solution if f and g—g are continuous.

Same thing here, except we differentiate F' with respect to everything



12 LECTURE: VARIATION OF PARAMETERS

8(m2+xy—|—ey) 8(m2+xy+ey) y
UF - ][2x+y x+e]

or dy
Olcos(r)+2y)  D(cos(z)+2y) —sin(z) 2

ox dy

If F and VF are continuous, then the ODE
x' =F(x)
x(0) =xg

Has a unique solution x(t) for ¢ close enough to 0

X0

x(t)

So here the answer here is YES

Note: This implies again that solutions/phase portraits cannot cross,
otherwise we would violate uniqueness.
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$ X(t)
X(t)

6. EQUILIBRIUM SOLUTIONS

_ Y
3

Example 5:

Find the equilibrium solutions of

To find equilibrium solutions of ¢y = 2y (1 ) we set ¢y =0

¥ =—x+xy
y =— 8y +4xy
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Here you set ' =0 and 3/ =0
—z + zy =0 z(—1+41y) =0 xr=0ory=1AND
Sy +day =0 \y(—8+4z) =0

Analogy: Think of x = 0 or y = 1 as Food and y = 0 or x = 2 as
Drinks. You first choose one food and then one drink.

y =0 orx =2

Case 1: If x = 0 then either y = 0 or =2 which gives (0, 0)
Case 2: If y = 1 then either y =10 or x = 2 which gives (2,1)
Answer: (0,0) and (2,1)

Interpretation: Solutions starting at (0,0) stay at (0,0) and simi-
larly with (2, 1)

7. CLASSIFICATION OF EQUILIBRIUM POINTS

We classified equilibrium solutions like y = 0 and y = 3 as sta-
ble/unstable/bistable

Example 6:

Classify the equilibrium points (0,0) and (2, 1)

Case 1: (0,0)

STEP 1: Find VF(0,0)

O(—x+xy) O(—z+zy)
Y O(—8y+4xy) O(—8y+dxy) 4y —8 4+ 4x

ox oy
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VE0,0) = [_41(830 —84?4(0)] B [_01 —08] =4

STEP 2: The eigenvalues of A = [_01 —08] are
A=—-1<0and A=-8<0

Hence (0,0) is stable

(To be continued next time)



	1. Variation of Parameters
	2. Why this works
	3. Trig Example
	4. More Practice
	5. Nonlinear Systems
	6. Equilibrium Solutions
	7. Classification of equilibrium points

