APMA 1941G — MIDTERM — SOLUTIONS

Problem 1:
(a) Our Ansatz is
u = u’ (t,et) + eu' (t,et) + - -
Therefore for all & we have

(uy)’ —u,’f + eut

(up)” =ug, + 2eug, + *uy,

Plugging into the ODE, we get
u. — ecos(t) sin (u®) =0
ug + euy — € cos(t) sin (ug + euy) =0
(upy + 26wy, + eul) + (euy + 2%y, ) + €*ur, — e cos(t)sin (ug) — € cos(t)uy cos (ug) =0

We used a Taylor expansion: sin(z+h) = sin(x)+h cos(z)+o(h)
O(1)—terms: u), =0

Multiply by u" and integrate by parts over [0, 27] (no boundary
terms since u) is 2m-periodic)

2m 2m 2m
/ udu’dt = / Odt = — / ut 2dt =0
0 0

>0

Therefore u) = 0 and so v’ = u°(7) as desired
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(b) O(e)—terms: Since u’ doesn’t depend on ¢, we get

0
Y fuy, — cos(t) sin (ug) = 0

ug, = cos(t) sin (ug)

uf = / cos(t) sin (ug) dt = sin(t) sin (ug) + A
)

1

uy =sin(t) sin (ug) (Setting A = 0)

u' :/sm( )sin (ug) dt = — cos(t) sin (ug) + B

Setting B = 0, we get u' = — cos(t) sin (ug) as desired

(c) O (€%) —terms: Since u' = — cos(t) sin (ug) we get

w4 2uy, — u' cos (u”) cos(t) =0
w42 (— cos(t) sin (uO(T)))tT —(—cos(t) sin (u")) cos(t) sin (u’) =0
u) .+ 2sin(t) cos (u”) ul+ cos®(¢) sin (u”) cos (u”) =0

Integrate with respect to t on [0, 27]:

2m 27
/ u? 4 2sin(t) cos (u”) ul 4 cos®(t) sin (u’) cos (u’) dt :/ 0dt
0 0
0
2m 2m
2mul_+ 2 cos (ug) u’ i (¢)dt + sin (ug) cos (up) / cos?(t)dt =0
0

A 7
-~

s

2mul_ + msin (ug) cos (ug) =0

Hence we get u?_ + 1 sin (ug) cos (ug) = 0 as desired
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Problem 2:

STEP 1: Start with
(n —1)! :/ e "t at
0
o0 t
:/ e " (ns)n_l nds (S = —=dt = nds)
0 n
o 1
:n"/ e "s" (—) ds
0 S
o0 1
:nn/ e—nsenln(s) (_) ds
0 S
o0 —s+In(s 1 1
:nn/ e +5 = (—) ds (n = —)
0 S €

STEP 2: Now apply the general Laplace’s method with a(s) = % and
o(s) = —s + In(s)

Notice in particular that ¢/(s) = 0 = —1+1 =0 = s = 1 and
¢'(s) =—%s0¢"(1)=-1<0

So if you let zy = 1 then ¢ has a global max at 1 with ¢(1) = —1 and
so by general Laplace, we get:

[ (3) oo™ (oo - oo

STEP 3: Therefore, we get

(n—1)= n”/OOO e~ (1) ds = nn@e—" (1+0(1)) = V2rn" 27" (1 + o(1))

S




4 APMA 1941G — MIDTERM — SOLUTIONS
Multiplying both sides by n we get:
n(n—1)! =nv2mn" 7¢" (1 + o(1))

Therefore n! =v2rn™ 2e™" (1 + o(1))

This gives us the result because then (Remember that since n =
¢ — 0 we have n — 00)

1 as
€

n!
lim = lim 1+4+0(1) =1

n—00 27m”+%e_” n—00

1 i
Hence n! ~ vV2mn""2¢™" as desired v
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Problem 3: Let n > 0 be given, then (see next page for explanations)

HINT 1

HINT 2

n

FOg(e) =3 cpet

k=0

n k
fO)gle) =) (Z aﬂ?kz‘) "
k=0 \1i=0
n k
— Z Z aibk_iek

k=0 =0
n n—k

— Z Z a;bpetF

k=0 =0

— z”: z“: a;bre T 4 o(€")

k=0 =0

— Zn: z": a;e b’ + o(e")

k=0 =0

fe)gle) — (Zaz ) <Z bk;€> o(e")
Zbke + f(e) Zbke — <Z aiei> <Z bkek> + o(€e")

1=0

€) (g(e) - Zbke ) (Z bre ) < €) — Zaﬂ) + o(€")

Z by.€” fle) =

1=0

kE
k=0

aie'| + o (")

(S)C’o(e”) + Co(€") + o(e") = o(e")V
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Explanations:

For the (%) step, notice that if ¢ > n — k then i + k£ > n and so the
a;bret* terms are of order higher than € and therefore o (")

For the (%*) step, we use that: f is bounded, g ~ > 7 b,e", the
asymptotic expansion of ¢ is bounded, and f ~ Y~ a,€" respectively.



