APMA 0350 — Homework 9 — Solutions

Problem 1: (a) Finding Eigenvalues:

1-A —4

A=M= 7 oy

=(-1-A)?=(-491=0

= AN 42X +5=0

By the quadratic formula, the roots of this equation are
A=—-14+2

Finding Eigenvectors:
Consider A = —1 + 2i.

1 -2 | 0
(-2 -4 | 0
1o 0 0l

=[] B

is an eigenvector. The general solution is then

x(t) = Cre~t (cos(?t) E] — sin(2¢) [_Olb

4 Cye! (cos(?t) {_OJ +sin(20) BD .
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(b) Finding Eigenvalues:

1-x -1

A== ] 3_)\‘:(1—)\)(3—)\)—1(—1):0

= (A-2)*=0,

so we have a repeated root at A = 2.
Finding Eigenvectors:

Nul(A—2I):[_1 -1 ‘ 0]

11 0
[-1 -1 ] o0
“lo o | o

=[]

is an eigenvector. To find the second term, we solve

SO

(A-2)w=v

N -1 -1 -1
1 1 1
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Consider A = —2 + 1.

Nul(A—)J):[_l_i 2 ’0]

-1 1—i | 0
-1 1-i | 0
1o o 0]’

[

is an eigenvector. The general solution is then

x(t) = Cye—2 (cos(t) m — sin(t) {‘ﬂ)
+Cpe (cos(t) [_01} +sin(t) m> .

Using the Initial Condition:

1 1 -1
- []-ffo[3
:>01—C’2:].,
Ci=-2
:>02:—3

Thus the solution is

(b) Finding Eigenvalues:

3—A -2
A= =N - (26 =0
— N2 +1=(A+1)%=0,
so we have a repeated root at A = —1.

Finding Eigenvectors:

4 -2 | o0
Nul(A+I)_[8 . ’ 0}
4 2] 0
~1o o0 0]
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is an eigenvector. To find the second term, we solve

(A+DHv=w
N 4 -2 1
8 —4 2

4 -2 1
== |:0 0 ‘ 0:| s (R2 =Ry — 2R1)
which is solved by
0
Yo [—1/2] |

The general solution is then

w-ci [ ([ 1)

Using the Initial Condition:

x0)= 3] =i 3] + e | 1)

:>01:2,
20, — 1/2C% = 2
— (Cy=4C1 —4=4

Thus the solution is

it =2t [ et ([ +[0,])

o Tat+2
=e .
8t + 2

Problem 3: Finding the eigenvalues, we find

det(A — AI) =det [2 3 A 7; A}
=2 =N(=2-2)-(=1)B)
=X2-1=0

Then, )\1 =1 and AQ =—1.



For the eigenvectors, we find
2—-1 -1 di| |0
3 —2—1| [d2| — |0
. 1 —=1] [di| |0
3 3| |d2| |0
. 1 =1] [di| |0
0 0] |da| |0

Thus, di —ds =0 = dy = ds. Setting dy =1 = dy = 1. Therefore,
1} . For A5, we find

T e
e
-8

Therefore, 3d; — dy = — = 3di = dy if weset dy =3 = d; = 1.

1
_3} . So, we find

the eigenvector is [

Therefore, the eigenvector is

1 _+ |1
xozclet [1 + coe ¢ [3}

With variation of parameters, we find

2, = u(t) [ |+ o) {366_1}

Then det(B) = (e')(3e7") = (e')(e7!) =3 —-1=2.



Therefore,

u'(t) = 5
_(e)Be™) = (e7)(=¢")
2
342
T2
=2
and
det [Zz tt}
) =%
_(=e)(eh) = (eN)(e)
2
T2
—2e2t
T2

_e2t

Therefore, u(t) =2 [ dt = 25 and v(t) = — [ €* = =5—. And

Therefore, the general solution is

z(t) = cie’ B] toeget [;} Lot Bz - %]



