APMA 1941G — FINAL EXAM

Problem 1: (5 = 1 + / points)

(a)

oo

Define: f(€) ~ Z ape”

n=0

(b) Use induction to show that asymptotic expansions are unique,
in the sense that if

f(e) ~ i ane” and f(e) ~ i bye"
n=0 n=0

Then a; = b; for all i =0,1,2,---

Problem 2: (5 points) Laplace’s method states that if ¢ is a smooth
function that has a global max at 0 with ¢(0) = 0, ¢'(0) = 0 and
¢©"(0) < 0, and a is any smooth function (not necessarily with compact
support), then, as € — 0

2me
" (0)]

Use Laplace’s method to find an asymptotic expansion of

s . 2
3+sin“(z)
/ e < dx
0

I = / a(2)e™ 2 dy ~ a(0) (1 + o(e)




2 APMA 1941G — FINAL EXAM

Problem 3: (5 points) Consider the following ODE, where u¢ = u(t)
u! +e* u. =0
Apply the following WKB-Ansatz:

ut(t) = UO(OE(t), €t) + € ul(ge(t), et) + -

is to be selected and use this to

Where u* = u*(s,7) and o¢ = o°(t)
= u®(o°(t), et)

find an explicit formula for u°(¢)

Requirements: (don’t forget to check them)

(0) = * and o’ () = O(1) and o”(£) = Ofe)

€
Problem 4: (5 = 1 + 2 + 2 points) Suppose that u is a minimizer of

Iv] = / L(Dv,v,x)dx
W
where W is an open subset of R" and L = L(p, z, )
(a) What PDE must u satisfy? (just state the PDE)
(b) In the case n = 1, show how to derive the PDE in (a)

(c) Still in the case n = 1, notice that in theory maximizers of I[u]
also satisfy the same PDE! Show if u is a minimizer then u
satisfies the following additional condition called convexity of
L: For all v, we have

/ Ly u, ) (v)? + 2L, (v, u, 2)v'v + L. (W, u, v) L..v*dx > 0
W

Hint: Use the second derivative test from calculus!
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Problem 5: (5 points) Consider the following ODE on (0, 7) where
u¢ =uf(r) and a, f € R

eus,, + us, = cos(x)
{ue(O) =a and u(7) =

We expect there to be a boundary layer at x =0

Find a good approximation u* of u® that incorporates the fact that
u has a boundary layer. You only need to limit yourself to the O(1)
terms. For the matching-part, please show both methods.

Problem 6: (10 points, 2 points each) Suppose u¢ = u‘(z,t) is a
solution of the following reaction-diffusion PDE, where g = g(x) is a
fixed function

Here & = ®(s) is a double-well potential function, that is a function
with a local min at s = +1 with ®(+1) = 0, and a local max at s =0
with ®(0) = 1, as in the following picture:
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A B

O @, > X
—1 1

It turns out that for every ¢, there are two regions W*(t) where
u(z,t) — 41 on W=(t), separated by a boundary layer I'(t), as in
the following picture:

W= (t) W+ (t)

u¢(x,t) » —1 \u(xt) »1

(1) -
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(a) Outer Solution, near W*(t)
Apply the Ansatz:
u(w,t) = u'(x,t) + eul (2, t) + - - -
Find the O(1) terms and conclude that v’(x,t) € {—1,0,1}

Since 0 is not a minimizer, we can ignore it, and hence we get

u(z,t) € {1}
(b) [Inner Solution, near I'(¢)]

From now on, for convenience, assume n = 2. Suppose that the
boundary layer is locally the graph of a function zy = s(z1,1t)

Assume that s°(0,0) = 0 and s{ (0,0) =0

Define y = (y1,y2) by

Y1 =21
Yy = xo—s(x1,t)

Define @, = @.(y1,y2) by

Ty — s¢(x1,1) t)

u(xy, 2, t) = 0 (y1, Yo, t) =T (xl, -

Find a PDE that u. satisfies (no need to simplify it)
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(c¢) Apply the Ansétze

ﬂe(ya t) :70(y7 t) + eﬂl(yn t) + o
s(z1,t) =s"(21,t) + es(zy,t) + -

Find the O(1) terms, and show f(y2) =: (0, y2,0) solves
() =0
(d) Find the O(e) terms and show h(ys) =: w1 (0, y2,0) solves

=0+ @"(f)h = (f) (5¢(0,0) = 53, (0,0)) = 0

(e) Multiply the equation in (d) by f’ and integrate with respect
to yo on R (ignore the boundary terms) to get that, at (0,0)

s2(0,0) = s2 _ (0,0)

Problem 7:(5 points)

Suppose u = u(z) and v = v(x) solve following system of PDE in R™:

Au=wv
—Av=u
Assume there exists a constant C' > 0 such that for all z € R"™ we have

u(@)] <

and |v(z)| <

ER o and |Du(x)| < C and |Dv(z)] <C
T T
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Show that u = v =0 in R"

Hint: Fix r > 0, multiply the first equation by v and the second equa-
tion by u, add them up, integrate over B(0,r), and let r — oo

You may use that the area of the sphere dB(0,r) is na(n)r" ! where
a(n) is the volume of the unit ball B(0,1) in R" You don’t need to

figure out «(n) to solve this problem

Note: To show that the boundary terms go to 0, you may need to use
the triangle inequality | [ f| < [|f] and the Cauchy-Schwarz inequal-
ity |a - b| < [a[[b|



