APMA 1941G Homework 7 Solutions
Lulabel Ruiz Seitz
(with collaboration from Will Kwon)
March 18, 2024

Problem 1

This relates to example four from lecture, which was about a nonlinear oscillator with damping.
(a)
Let A be the area of the region {(ug, V) € R? |1V + ®(u) < E}. Show that A = f027r WO (u)?dn.

Proof. First, consider the boundary of the region, which we can rewrite as V = £4/2(F — ®(uo)).
By symmetry, the area is given by

b(E)
A= 2/(E) \/ 2(E - (I)(uo))duo7 (1)

where a(E) and b(E) are the endpoints. This is because we used a(F) and b(E) to denote the points
where ®(ug) = E in class; at these values, V = 0, so these are indeed where the function crosses the
up-axis. We make the change of variables ug = uo(n) and assume uq is increasing in 7, uo(0) = a(E)
and ug(m) = b(E) as we did in class. Using the given identity, \/2(E — ®(ug)) = woud), we may then

rewrite x x
A= 2/0 wougugdr] = 2/0 wo(ug)an.

Using the evenness and 27-periodicity of (ug)?, as in class, we obtain the desired relationship,
2
0/, 042
A= /0 w” (uy)~dn.

(b)

Show that
dA 2T

dE ~ W(E)
Proof. Following the hint, we differentiate (1) with respect to E. Using the given formula,

d

A d b(E) \/7
=2t /G(E) 5(E — @ (ug))duo

= " ! ! P ! P
_2</a<E) e TV (VAL ~ PR(E)) o' (E)V2(E - (a(E))))

b(E) 1
a(B) \/2(E — ®(ug))

where we used the fact that ®(a(E)) = ®(b(E)) = E to see that all of the terms added to the integral
are zero. Using the same change of variables as in part (a), we then obtain

dA g 1 1 4 2
—— =2 - W%dn=2———0 =
dE /O wO(E)ug“"d” WO(E) /0 = o)

as claimed.



Problem 2
Consider

u () + w?(et) sin(uc(t)) =0 (2)
where u¢ = u°(t) and w = w(s) > 0. Suppose u, has the form

uet) = u (W,et,e> (3)

€
where u = u(n, 7,€), 8 = 0(r,¢€), and n — u(n, 7,€) are 2m-periodic. Apply the usual ansatz
uw=u’+eul + ..
0=0°+e" + ...

and choose 6y such that 09 = w. Let wp = 0 = w and w; = 1.

(a)
Let F be the energy

E(1,n) = %(US)Q - Cos(uo).
Showing, using the O(1)-terms, that E = E(7).

Proof. First, substitute the ansatz into (2). To do so, we compute, using (3),

ul = (u® +eu' 4 .Y

1 1
0 0 1
:un'gt‘)7~e+eu7+e(u},~207~e+eu7)+...
= upf? + e(upbr + u + uy Opar®) + (up 0L + ul) + ...
and

u! = up02 e+ 07 (up, (09 + e0) + ...) +uy €) + e(ug 0l e+ 0 (uy, (07 + 0] + ...) + uj €))
0 (g0 1 0 140 0¢,1 (g0 1 1
+ur, (07 + €07 +.) + eup, +eup 0 + 07 (up, (07 + €07 +...) + euy )
Just from v, we have:
O): wuy,(69)
O(e):  e(upby, + 2000 uy, +2u2, 07 + (67)%u,,)

Notice that the term w?(7)sin(uc(t)), substituting in our ansatz and using a Taylor expansion, be-
comes
w?(sin(ug) + eu’ cos(ug) + ...)

Overall, the O(1) terms then yield the equation
ugn(ég)Q + w?sin(u’) = 0.
Rewriting this to reflect that w = 62, we have
w2u?m + w?sin(u’) = 0.
We then have
0 1 (a0) —

Uy, +sin(u”) = 0. (4)

We want to use this to show E = E(7). To show E = E(7), we need to show that %—g = 0. Evaluating

this using the definition of E(7,7), what we want to show is that

ugugm + sin(uo)ug =0.

Equivalently, we want to show that

u?m + sin(u’) = 0.
Yet, this is exactly (4), the relationship we showed to be true due to the O(1)-terms. Thus, we have
shown E = E(7) as claimed.



(b)
Differentiate the O(1)-terms with respect to 6 and let W = ug to show that W solves a linear PDE
in W. Then multiply the O(e)—terms by W to show that

2
/ wo(ug)an =C.
0
Proof. Differentiating (4) with respect to  and using the definition of W, we have that
Wy, + cos(u®)W = 0, (5)

which is the desired PDE that W satisfies. Next, using the O(€) terms we found in part (a), we
obtain (using also the definition of w’ and w?)

u%wg + 200w W, + 2W, 0 + (wo)gu}m + (w?)?u cos(u®) = 0. (6)

Multiplying (6) by W, considering only the u! term, and integrating from n = 0 to n = 27, we
evaluate

2m 27
/ (wO)Qu}W7 + (W) *u! cos(u®)Wdn = / (W) u' W, + (w°)?u cos(u’)Wdn
0 0

2
= / (wo)Qul(Wm + cos(up)W)dn
0
=0.

In the first line we used integration by parts to get the first term in the integral, noting that the
boundary terms are zero because of the 27-periodicity assumption. In the third line, we used the
PDE we just derived for W, (5). We found that multiplying this part of the overall O(e) terms and
integrating is zero, so we are left with (after factoring out a negative)
2m
W2w2 + 200w W, W + 20" W, Wdn = 0.
0

Evaluating this further,
27 27
0 :wowl/ (Wz)ndn—i-/ (W2w%)dn
0 0

2m
= 0+/ (W2w°),dn
0
27
= 4 W2wldn
dr 0

In the first line, we used that w® and w! do not depend on 7. In the second line, we used FTC and
the 2m-periodicity of W2. From the last line, we can integrate with respect to 7 and use the definition

of W to find that )
| =c.

as claimed.

(c)

Finally, calculate 6 in terms of w.

Solution. Due to the note in the problem set stating that we can solve the three equations (from
part (a), (b), and this part) to find ug,w", and 6y, we interpret the problem statement to not be
asking for a full, explicit calculation. Instead, as in class, we can integrate using the definition of wy
to find that

Oo(7) = 60(0) + /OT wY(s)ds

is the desired equation for 6y in terms of w = w?.



