APMA 0350 — FINAL EXAM — SOLUTIONS

{ y =4t (i +1)

y(0) =
STEP 1:

dy 9
dy

y?+1

dy
=[4
/ T [ awat
tan~! (y) =2t* + C
y =tan (2t2 + C)

=4tdt

STEP 2:

y(0) =1

1 =tan (2(0)* + O)
tan(C') =1
T
=7
STEP 3:

y = tan (2t2 + %)

Note: Technically it should be C' = § + mm but this will still
give you the same value of y

Date: Friday, May 19, 2023.
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2 2
<_x + 4) dx— (x—2> dy =0
Y Yy
y(2) =1
STEP 1: Check Exact

2x 2x
(z*“) Ty
y
x? 2
(4.3
Yy ). Y

(P,Q)=Vf=(fu, [y)
P
fu :P:>f(x,y):/2§+4d$:%+4x+g(y)
2 22

f=Q = flz,y) = /—%dy =5 i)

STEP 2:

.I'Q

STEP 3: Solution:

£L’2

— 4+ 4 =C
Yy

STEP 4: Initial Condition:
y(2) =1
22
T +4(2) =C
C =12

STEP 5: Explicit Form:

1'2

— +4x =12
Y

IQ

— =12 —4x

.CC2

y
Y 10 " ax
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y' =Ny
y'(0) =0
y'(4) =0

STEP 1: Auxiliary Equation: 72 = )
Case 1: A >0
Then 2 = A = w? and so r = +w

y = Ae”’ + Be™*
y = Awe*! — Bwe !
y'(0) = Aw—Bw=0= Aw=Bw=B=A
y = Ae' + Ae™!

y = Awe*! — Awe ™"

y'(4) =0
Awe* — Awe ™ =0
AGe™ =Age
P
4w = — 4w
W=

Which is a contradiction =<«
Case 2: A\ =0

Aux: 2 =0 = r = 0 (repeated twice)
y=A-+ Bt

y =B
y'(0)=B=0= B =0
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y=A

But then automatically we have y'(4) = 0 so this is valid
Hence A = 0 is an eigenvalue and y = A an eigenfunction
Case 3: A <0

In this case A\ = —w? where w > 0

2= )N=—-w=r=4uwi

Aux: r
y = Acos(wt) + B sin(wt)
y = —Awsin(wt) + Bw cos(wt)
y'(0) = —Awsin(0) + Bwcos(0) = Bu=0= B =0

y = Acos(wt)
y = —Awsin(wt)
y' (4) =0
=Awsin (4dw) =0
sin (4dw) =0
dw =mm
() o2
STEP 2: Answer:
Eigenvalues:
2
)\:—w2:_<zm> m:O)l)Q’...
4
Eigenfunctions:

y = cos(wt) = cos (%mt) m=0,1,2---

Notice this includes Case 2 if we start with m = 0
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. STEP 1: Homogeneous Solution: vy’ + 4y =0
Aux: P 4+4=0=>r"=—4=r==+2
yo = Acos(2t) + Bsin(2t)
STEP 2: Particular Solution:
No resonance because the right-hand-side corresponds to r =0
which doesn’t coincide with the homogeneous root r = 4+2:

yp:At2+Bt+C’

()" + 4 (y,) =12t + 20t + 30

(A? + Bt + C)" + 4 (A2 + Bt + C) =12£> + 20t + 30
2A + 4At* + 4Bt + 4C =12t* + 20t + 30

4At* + 4Bt + (24 + 4C) =12t + 20t + 30

Comparing the coefficients, we get
4A =12
4B =20
2A +4C =30
Hence A = 3 and B = 5 and the third gives
23)+4C=30=4C=30—-6=24=C=6
yp = 3t> + 5t +6
STEP 3: General Solution:
y = yo +yp = Acos(2t) + Bsin(2t) + 3t* + 5t + 6
STEP 4: Initial Condition:

y(0) =8

Acos(0) + Bsin(0) + 6 =8
A+6=8

A =2
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Y (t) = —2Asin(2t) + 2B cos(2t) + 6t + 5

y'(0) =-3

—2Asin(0) + 2B cos(0) +5 = — 3
2B=-38

B=-14

STEP 5: Answer:

y = 2cos(2t) — 4sin(2t) + 3t* + 5t + 6
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D.
y' 2y + 2y =f(t) 0if 0<t<m
y(0) =0  where f(t) =<2 if 7 <t<2n
y'(0) =0 0 if t>2r

STEP 1: Write f in terms of u,
Start at 0 then jump by 2 — 0 = 2 at £ = 7 then jump by
0—2=—-2att=2mand so

f(t) = 2u(t) — 2u,(t)
e~ Ts 26—27rs (2

L{f(1)} = - =

S S

STEP 2: Take Laplace transforms

L{y"}y+2L{y'} +2L{y}

(6—71'5 . 6—271'5)

(e—ﬂ's . 6—271'5)

(s*L{y} — sy(0) —y'(0)) + 2 (sL{y} — y(0)) + 2L {y}

I I
AN TN N

W ®»w N »w |

N— —

(s +25+2) L{y}

L{y}= (@) @)

STEP 3: Partial Fractions

2 1 —A+ Bs+ C
S 2+925+2/) s s2+2s5+2

A(s*+2s+2)+ (Bs+C)s
- s(s2+2s+2)
(A+B)s>+ (2A+C)s+2A
s(s2+2s+2)
A+ B =0
2A+C =0
2A =2

(e—ﬂ's . 6—271'5)

— €

VN
® |
3

V2l

—271'8)
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A =1
B=——A=—1
C=—24=-9
2 1 1 s+
S $24+25+2) s s2425+2
STEP 4: |
- =L{1
—rqy
s+2 s+2 (s+1)+1

P+25+2  (s+1)7+1 (s+1)7+1
This is a shifted version by —1 units of

s+ 1
s2+1

= L{cos(t) + sin(t)}

R p— _t 1
Hence PRy L {e™" (cos(t) + sin(t)) }

L s+2 L{1—e " (cos(t) + sin(t)) }

s s2425+2
STEP 4: Let h(t) =1 — e ' (cos(t) + sin(t))

LAy} =L{n(t)} (e —e
LAy} =L{h(t — m)ux(t) — h(t — 2m)usx(t)}

727r5)

STEP 5: Answer:
y = h(t — mug(t) — h(t — 2m)us.(t)

Where h(t) =1 — e " (cos(t) + sin(t))



APMA 0350 — FINAL EXAM — SOLUTIONS

t
o(t) + / (t—T1)o(r)dr =1
0
This is of the form
b+ (txd) =1
Take Laplace transforms
L{o}+L{txo} =L {1}
L{6}+L{D L {0} =

clor+ () £16) -

e (141) -

£{¢}<32+1>::

82

W= = »|=®]

s2+1
L{o} =L {cos(l)}

¢(t) = cos(t)
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0.6

x(t) |—| y(t)

—

0.3

2'(t) =In — Out = (0.3)y(t) — (0.6)x(t) = —(0.6)x(t) + (0.3)y(¢)
y'(t) =In — Out = (0.6)z(t) — (0.3)y(t)

~0.6 0.3
A= [0.6 —0.3]

(alt) + y(®)) =o' (6) + /(1)
= — (0.6)7(1) + (0.3yy(7) + (0.63(7] — (03yy(7)
=0

Therefore the total population x(t) + y(t) is constant
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K= Ax A= B _11] x(0) = [;l]

STEP 1: Eigenvalues

yA—M\: 3 11

=5 =M1 =) = (=1)(3)
=5 —5X— A+ A\ +3
=\ — 61+ 8
—A=2)(A—4)=0

‘B—A —1'

Which gives A =2 or A =14

STEP 2: A\ =2

NM(A—ZU:[552 —1ﬂ::F —10]

L [3 1o
1-2/0] ~ |3 -1/0 0 00

Hence 3z —y =0=vy =3z

il 2 R g

STEP 3: \ =4
5-4 —1|0] [1 —1]0
NUI@4_4Iy_[ 3 1.—44"[3 —34 —

Hencex —y=0=y==x

_ -1 _ |2 11
A= PDP WhereD—[O A and P = 3 1

STEP 4:



12

=pe'p!
1 1] e o1
3 1] |0 €¥] |3
1 1] [e* 0]
3 1) [0 e
1 1] [t 0] 1/2
3 1] [0 €e¥] | 3/2
_1 1_ i 2t/2 2t/2
3 1] |3e*/2 —e*)2
_—€2t/2+364t/2 e /2 —
|—3e* /24 3¢ /2 3e* /2 —

APMA 0350 — FINAL EXAM — SOLUTIONS

STEP 5: General solution

x(0) =i |

—e?/2 4 3t /2
—3e? /2 + 3e* /2

STEP 6: Initial Condition

x(0)

s ]

1/2 ]

~1/2

e4t/2
64t/2

e /2 —

X

This gives C7 = 4 and C5 = 8 and so

x(t):4[

—e?t /2 + 3ett /2 L8
—3e? /2 + 3¢ /2

x(t)

&

(—2+4)e* + (6 —
6+ 12)e? + (6 —

ﬂ@:eﬁﬁl+&t

62t/2
3e% /2

4)€4t_ -

AR

4)e4t ] 2621% + 264t
6e?t 4 2t

} +'02[36%/2--

|

6475/2

€4t/2

|

22 + Gett
62 + Gett

|

.

462t .
12e% —

4 €4t
4 64t

|
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9.
X = Ax+f A= E ﬂ and f — [giq
STEP 1: Eigenvalues
|A—>\I\:‘2I)‘ Qi)\‘:(Z—A)Q—l:O
Which gives A —2=1orA—2=—-landsoA=3or A=1
STEP 2: A=1
N“MA_H):F? 2;8}:[} 18]_4(1) (1)8]

Hencez +y=0=y=—x

STEP 3: A=3
wata-an=[33, 10 <[ 4[9 -
Hencex —y=0=y==x
x|l |1 — 1
M Y B | 1

STEP 4: Homogeneous Solution

t 3t
Xo(t) = C’let [_11:| + Cge3t [ﬂ = Cl [_6 ] + CQ [th]

et

STEP 5: Variation of Parameters

xo(t) = u(t)| | + 010 [%]
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Denominator:
t 3t
€ € 4t 4t 4t
—e" + et =2e
el o3t
664t e3t
/ 43t 3t GeTt — 46t o o
u'(t) = = = 3e”" — 2e
2€4t 2€4t

u(t) = /363t — 2e%dt = % — *

el Gett
—et 4e?t 4t 4 et
gy _ ¢
V(1) = 5ot = 5ot =24 3e

v(t) = /2 + 3eldt = 2t + 3¢’

3t 2 e ] t 3
Xp(t) = (e —e ) et + (2t + 3e ) 3t
[l 3] of o3 30l
= 64t] + [ o3t + [215 63t] + 3€4t]

[ et 4 3ett ] —e3 4 2tedt
| —ett 4 3ett T e3t 4 2tedt
4 ot — 1
4 3t
=¢ H T oty 1]
STEP 6: Answer
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10. /
{x =(y—z)1-2z-y)
Y =z (2+y)
STEP 1: Equilibrium Points

{w’=(y—fb‘)(1—l‘—y)=0
Y =z(2+y)=0

Here it’s a bit easier to deal with the second equation first.
Case 1: x =0

Then either y —x =0=y—-0=0=y =0~ (0,0)
Orl—z—-y=0=1-0—-y=0=y=1~(0,1)

Case 2: 24+ y=0=>y= -2

Eithery—2=0= (-2)—2=0=>2= -2~ (—2,-2) or

l-2—y=0=>1-2—(-2)=0=3-2=0=2=3 (3,—-2)
Equilibrium Points: (0,0), (0,1), (-2, -2), (3, —2)

STEP 2: Classification

Totally fine to use the product rule to calculate the partial
derivatives, but it might be easier to expand everything out
first

d=y-1)l-r—y =y-—zy—y s+ try=—r+y+ai -y’
y = (2+y) =2r+ay

20 —1 1 -2y
24y x

VE(z,y) = [

Case 1: (0,0)
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VF(0,0) — [_21 é]

Eigenvalues:

det(A — M) = ‘_12_ A _&‘

= (=1 =2 (=) = (1)(2)
=\ + A -2
—A+2)(A-1)=0

A=—-2<0and A=1>0so (0,0) is a saddle
Case 2: (0,1)

wron=l =[]

Eigenvalues:

det(A — ) :‘_13_A j‘
=(=1=2) (=) - (=1)B)
=N+ A+3=
VTl 12 -4(3) —1+£+/-11 :_1i@2
2 2 2

Because —3 < 0 (0,1) is stable
Case 3: (—2,—-2)

VF(_2,—2) = [2(;2_)2—1 1 —3(2—2)] _ [—05 _52]

A=—-5<0and A = -2 < 0so (—2,—-2) is stable

Case 4: (3,-2)

e R N
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A=5>0and A =3 > 0so (3,—2) is unstable

STEP 3: Answer:

) saddle
) stable
2) stable
2)

(0,0
(0,1
(_27 o

(37 o

unstable

17



