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ABSTRACT
Large-scale geophysical flows may not be so nonlinear as to 
preclude their statistical description by systematic expansions in 
cumulants [1, 2].   I extend previous work [3] towards this goal by 
examining a two-layer baroclinic model of the general circulation.  
The fixed point of the cumulant expansion describes the 
statistically steady state of the out-of-equilibrium model.  Inclusion 
of third-order cumulants and stochastic forcing are also discussed.  
Live demonstrations will be performed to show that equal-time 
statistics obtained from the cumulant expansions can agree well 
with those accumulated by direct numerical simulation.  
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"More than any other theoretical procedure, numerical integration 
is also subject to the criticism that it yields little insight into the 
problem.  The computed numbers are not only processed like data 
but they look like data, and a study of them may be no more 
enlightening than a study of real meteorological observations.  An 
alternative procedure which does not suffer this disadvantage 
consists of deriving a new system of equations whose unknowns 
are the statistics themselves.  This procedure can be very effective 
for problems where the original equations are linear, but, in the 
case of non-linear equations, the new system will inevitably 
contain more unknowns than equations, and can therefore not be 
solved, unless additional postulates are introduced." [4]
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Direct Numerical Simulation (DNS) on a spherical geodesic grid of 163,842 cells

Discussion
Two systematic approximations are made in the calculations presented here. First, the 
dynamics are truncated to a finite number of spectral modes (in this case L, M ≤ 30). 
Second, the cumulant expansion is truncated at either 2nd or 3rd order.  (In the case of the 
3rd cumulant, only modes up to L, M ≤ 10 are retained.)  Comparison with the simulation 
on the spherical geodesic grid with 163,842 cells shows that the spectral truncation, for 
the most part, introduces only small errors in the statistics.  These errors can be 
controlled by retaining more modes in the spectral calculation.  

The first moments as calculated by the 2nd order cumulant expansions agree well with 
those obtained from direct numerical simulation.  Both the 2nd and 3rd order cumulant 
expansions overestimate the strength of the two-point correlations.  The 2nd order 
expansion exhibits oscillations in time that are too large and dominated by wavenumber 5 
correlations (not 4, the correct wavenumber).  The 3rd order expansion is steadier in time 
but is dominated by wavenumber 6 fluctuations and the first moments deviate from those  
obtained from the spectral DNS.  Whether these defects can be addressed by the 
inclusion of more modes or by alternate statistical approaches is a question currently 
under investigation.  
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General Equations of Motion

Stochastic forcing can be included

φ̇i = Fi + Aij φj + Bijk φjφk + fi(t)

�fi(t)� = 0
�fi(t) fj(t�)� = Γij δ(t − t�)

Hopf Generating Functional Approach
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Mean Relative Vorticity and Zonal Velocity

Equations of Motion for Cumulants
ċi = Fi + Aij cj + Bijk (cj ck + cjk)

ċij = {2Aik ckj + Bik� (4c� cjk + 2cjk�)} + Γij

ċijk = {3Ai� c�jk + 6Bk�m (cijm c� + cim cj�)}− µ cijk

{2Aik ckj} ≡ Aik ckj + Ajk cki


