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STABILITY ANALYSIS AND ERROR ESTIMATE OF THE
EXPLICIT SINGLE STEP TIME MARCHING DISCONTINUOUS
GALERKIN METHOD WITH STAGE-DEPENDENT NUMERICAL
FLUX PARAMETERS FOR A LINEAR HYPERBOLIC EQUATION

IN ONE DIMENSION

YUAN XU*, CHI-WANG SHUT, AND QIANG ZHANGH

Abstract. In this paper, we present the L2-norm stability analysis and error estimates for
the explicit single-step time marching discontinuous Galerkin (DG) method with stage-dependent
flux parameters, when solving a linear constant-coefficient hyperbolic equation in one dimension.
Two well-known examples of this method include the Runge-Kutta DG method with the downwind
treatment for the negative time marching coefficients, as well as the Lax—Wendroff DG method
with arbitrary numerical flux parameters to deal with the auxiliary variables. The stability analysis
framework is an extension and an application of the matrix transferring process based on the temporal
differences of stage solutions, and a new concept, named as the averaged numerical flux parameter,
is proposed to reveal the essential numerical viscosity in the fully discrete status. Distinguished from
the traditional analysis, we have to present a novel way to obtain the optimal error estimate in both
space and time. The main tool is a series of space-time approximation functions for a given spatial
function, which preserve the local structure of the fully discrete schemes and the balance of exact
evolution under the control of the partial differential equation. Finally some numerical experiments
are given to validate the theoretical results proposed in this paper.

Key words. discontinuous Galerkin method, explicit single step time marching, stage-dependent
numerical flux parameters, hyperbolic equation, stability analysis and error estimate

MSC codes. 65M12, 65M15

1. Introduction. In this paper we would like to present the L2-norm stability
analysis and obtain error estimate for the explicit single step time marching discontin-
uous Galerkin (ESTDG) method. Two well-known examples of this method include
the RKDG method and the LWDG method, which respectively employ the Runge-
Kutta time marching [5, 6, 7, 8, 9], and the Lax-Wendroff time marching [13, 22].
Many applications have shown that these methods are good at solving nonlinear con-
servation laws, due to good stability, high order accuracy and the ability for capturing
shocks sharply. For more details, we refer to the review papers [10, 14, 19, 20] and
the references therein.

Besides the time marching algorithms, the major concepts in these methods are
the numerical fluxes in the DG spatial discretization. We remark that, in numerical
applications, nonlinear limiters are also used to improve the numerical performance
when shocks appear. However, in this paper we do not consider the limiters and
only pay attention to the numerical fluxes. In most numerical experiments, numerical
fluxes are often taken as the same type or with the same parameter at any element
boundaries and any time stage. However, they are allowed to be changed and this
strategy is also widely applied. A well-known example is the downwind treatment in
high order RKDG methods to deal with the negative time marching coefficients [7, 10],
which ensures the total variation diminishing in the means (TVDM) property (coupled
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with a suitable limiter) under the strong-stability-preserving (SSP) framework [11]
such that a good numerical performance might be obtained nearby the shock. This
treatment is necessary because the Runge-Kutta algorithm for nonlinear problems
must have negative time marching coeflicients to achieve fifth or higher orders of time
accuracy, or fourth order accuracy with only four stages [12, 16]. We would like to
mention that the downwind treatment is also used in many high order numerical
methods with, for instance, the Runge-Kutta algorithms [12, 15, 17, 21] and the
multistep algorithms [18].

As far as the authors know, till now there is not any theoretical analysis of the
ESTDG method with stage-dependent numerical flux functions, even for a simple
model equation. To fill in this gap, we would like in this paper to consider the linear
constant-coefficient hyperbolic equation in one dimension

(1.1) U+ po,U=0, z€lI=(0,1), t>0,

which is equipped with the initial condition U(x,0) = Uy(z). For simplicity, we take
the periodic boundary condition and assume (8 to be a positive constant. In this
paper, we will carry out the L2-norm stability analysis and establish optimal error
estimates of the ESTDG method in a unified framework. Different from the special
case that numerical flux parameters are the same, we have to spend extra effort and
propose a new strategy to carefully handle the analysis difficulties resulted from the
perturbation of the numerical flux parameters.

There are two major difficulties to carry out the L2-norm stability analysis. On
one hand, it is well known [2] that the DG method coupled with the forward Euler
time-marching is unstable for any fixed CFL number if the polynomial space is not
piecewise constant. That is to say, the L2-norm stability of ESTDG methods can not
be derived under the SSP framework. We have to set up a facilitating energy equation
to carry out the energy analysis. However, it is hardly accomplished for the high order
in time fully discrete DG methods. Recently this trouble is systematically settled by
the technique of matrix transferring process based on the temporal differences of stage
solutions, which can automatically achieve the expected energy equation step by step.
This technique has been successfully applied for the RKDG methods when numerical
flux parameters are the same; see the references [1, 24, 25, 26, 27, 28]. On the other
hand, in this paper we have to overcome the new difficulty resulting from the stage-
dependent numerical flux parameters. As a main highlight of this paper, we make an
extension and an application of the matrix transferring process and put forward an
important quantity, named as the averaged numerical fluz parameter. This quantity
must be greater than one half and it reveals the overall upwind effect in every step
time-marching. Further, we point out a strategy to enlarge this quantity by adjusting
the numerical flux parameters, such that the stability performance of ESTDG methods
can be improved from the strong stability to the monotonicity stability. For more
detailed concepts and statements, see Section 3.

Unfortunately, for the ESTDG method with stage-dependent numerical flux pa-
rameters, the optimal error estimate becomes difficult, although the suboptimal error
estimate is trivial by traditional treatments. If the numerical flux parameters are the
same, this purpose has been achieved for the RKDG methods [25, 29, 30] by virtue of
the above stability analysis and the generalized Gauss-Radau (GGR) projection with
a fixed parameter. However, this proof strategy does not work well for the general
case that numerical flux parameters are changed at different occurrence. The main
reason is that the element boundary errors at different stages can not been simultane-
ously eliminated by a fixed GGR projection. To overcome this difficulty, we propose
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in this paper a new tool, named as a series of space-time approzimation functions for
a given spatial function. They preserve the local structure of the fully discrete scheme
and the local balance of exact evolution under the rule of the considered differential
equation. Hence, they are able to provide a group of good reference functions be-
longing to the finite element space, such that the error accumulation in time of the
fully discrete scheme is elaborately scattered over the gap between the head function
and the tail function (the first and the last one in this series). With the help of the
results and the techniques proposed in the stability analysis, the difficulty to obtain
the optimal error estimate is shifted to how to prove the optimal estimate to a series
of space-time approximation functions. From our point of view, this analysis line is
specifically designed for the fully discrete scheme and thus is remarkably distinguished
to the traditional analysis line, which is used to start from the semi-discrete scheme
in either time or space (in most literatures).

Because a series of space-time approximation functions are not regarded as the
traditional projection, we are bound to encounter serious difficulties in proving the
optimal approximation property; see Lemma 4.1. Fortunately, this aim can be accom-
plished by the aid of those techniques and concepts proposed in the matrix transferring
process. Here we would like to emphasize that the averaged numerical flux parameter
plays an important role in the entire analysis. To fully dig out the contribution of
this quantity, we have to make a deep investigation on the matrix transferring process
and make more efforts to establish the subtle relationship among the one-step time
marching and the multistep one. This procedure involves many manipulations of ma-
trices, including the Kronecker products of matrices. After some tedious and rigorous
calculations, we discover a hidden zero restriction related to the averaged numerical
flux parameter; see Proposition 4.1 or the equivalent identity (7.21). In fact, this
hidden zero restriction is used almost everywhere in this paper. For example, it can
help us to prove that the concerned submatrix in the multistep spatial matrix is close
to a symmetric positive definite (SPD) matrix congruent to the Hilbert matrix such
that the distance is reciprocal to the multistep number; see Lemma 3.4 and its proof
in the appendix. Besides the above techniques, in this paper we also make use of
the GGR projection and the flux lifting function (see Subsection 4.2) to complete the
proof of Lemma 4.1.

The rest of paper is organized as follows. In Section 2 we describe the ESTDG
method and then present two well-known examples. In Section 3 we present a frame-
work to carry out the L2-norm stability analysis, where the averaged numerical flux
parameter is proposed. Section 4 is devoted to obtaining the optimal error estimate
in L2-norm, where a series of space-time approximation functions are proposed and
analyzed. Some numerical experiments are given in Section 5 to verify the theoretical
results. The concluding remarks and some technical proofs are respectively presented
in Section 6 and the appendix.

2. The ESTDG method. In this section we present the detailed definition of
the ESTDG methods to solve the model equation (1.1) and show two well-known
examples including the RKDG method and the LWDG method.

2.1. The semidiscrete DG method. Let J be any positive integer and 0 =

Tip < T30 < oo < wy_172 < Typ172 = 1 be a quasi-uniform partition I, of the
spatial interval /. Each element I; = (7;_1/2,%;41/2) has the length h; = 2,5 —
xj_1/p for j = 1,2,...,J, and we denote h = max;<j<sh;. Then we define the
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discontinuous finite element space by
(2.1) Vi ={veL*I):v|;, e P*I;), j=1,2,...,J},

where P*(I;) is the polynomial space in I; of degree at most k > 0. As usual we
denote by v™ and v~ the limits of v from two sides, and denote by

{u}l =6+ (1 —0)w", []=0vt—0v"

the #-weighted average and the jump at the element boundary, respectively.
The semidiscrete DG method to solve hyperbolic equation (1.1) is often defined
as follows: find a map wu(t): [0,T] — V3 such that it satisfies

(2.2) (6tu,v)l =H(u,v), YveV, te(0,T],
h

with a well-defined initial solution u(0) € Vj,, where H?(u,v) is the so-called spatial
DG discretization in the form

Budyvdr + ﬁ{{u}} 1 [v],+
(2.3) 1<]X;J/ 1<;Z;J

(Bu,02v)1,, BLuB?, 0D g,

Here 6 is called as the numerical flux parameter in this paper, and it is often assumed
to be independent of time ¢ and greater than 1/2 in order to provide the upwind
mechanism. In (2.3), the inner product in L?(I},) and L?(I},) are respectively denoted
by (+,-)1, and (-, -)r,. The associated norms are || - |21y = || - [|z2(z,) and || - [ z2(13),
respectively. Here I}, is the partition and I; denotes all element boundaries.

The following properties [27] for the DG discretization (2.3) will be used. Let
u and v be any functions in V} below. A simple application of integration by parts
yields the approximating skew-symmetric property

(2.4a) H (1, 0) + K (0,u) = ~B(20 = )([ul.[o]) .

which implies the nonpositive property (if 6 > 1/2)

(2.4) HO () =~ 20— DI [ll32(1,

to explicitly show the numerical viscosity in the spatial discretization. Moreover, we
also have the weak boundedness property (with bounded parameter 6)

(2.4c) 11 (u,v)| < CBA Ml p2cn vl pen,

where the bounding constant C' > 0 depends on 6 and the inverse constant y in the
following inequalities [4, 14]: for any v € V}, there hold

_ _1
(2.5) 100l L2y < wh™ M llzacry,  10F lz2en) < ph™ 2 [|vllz2(ry,

where p > 0 is independent of v and h.
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2.2. The ESTDG methods. For simplicity, let N > 0 be any positive integer
and {t" = n7: 0 <n < N} be a uniform partition of the time interval [0, 7], where
7 =T/N is the time step. In this paper we would like to seek the numerical solution
at time level t", denoted by u™ € V}, by employing an explicit single-step algorithm
to solve the semidiscrete DG method (2.2).

Suppose that u™ has been obtained at the current time, we are able to seek u™*!
at the next time level through s intermediate (or generalized stage) solutions. The
detailed procedure is often described in the Shu—Osher form as follows:

1. Let u™0 = u™.
2. For ¢/ =0,1,...,s—1, successively find the generalized stage solution u
V3, through the variational formula

(2.6) (u"’“‘l,v) = Z [Cgﬁ(u"’“,v)l —&—ng,g?-[e“(u"’“,v)}, Vo e V.
h

0<r<L

n,f+1 c

Iy,

Here the time-marching parameters, ¢y, and dy., are inherited from the r-th
order explicit single-step algorithm. In this paper we demand dy # 0 and
cer > 0 for any £ and k. Note that s > r in general.
3. Let unt! = u™s.
The initial solution u° € V}, can be set as any approximation of Uy. In this paper we
define it by the local L2-projection Py, namely

(2.7) (uo,v)lh - (Uo,v)lh’, Vo e V.

Till now we have completed the definition of the fully discrete method, which is named
as the ESTDG(s, r, k) method in this paper for convenience.

We remark again that the numerical flux parameters in (2.6) are allowed to be
changed at every stage. Compared with the special case that the numerical flux
parameters are the same [27], the ESTDG methods provide a chance to improve the
numerical performance by adjusting the numerical flux. To show that, we give two
well-known examples in what follows.

EXAMPLE 2.1. Consider the RKDG(4,4, k) method with the downwind treatment
[21] to deal with the negative time-marching coefficients in

1 1/2
R a1
28 Aewt = 1/9 2/9 2/3 o e} = ~1/9 -1/3 1
0 1/3 1/3 1/3 0 1/6 0 1/6

where £ and k are taken from {0,1,2,3} in the natural order. To be more general,
we would like in this paper to take the numerical flux parameters to be as follows: let
0o > 1/2 if dpie > 0 and 0y < 1/2 otherwise.

EXAMPLE 2.2. The LWDG(r, k) method adopts the rth order Laz—Wendroff time
marching, which has been discussed in [13, 22] for r < 3 with some special numerical
flux parameters. More specifically, the original definition of the second order LWDG
method [22] is given in the form

(pn,’l})j = _HHOO(U}TL’,U)’
h

1
(u”“,v) = (u",v) + 7H 0 (u™,v) — szHgll(p",v),
In In 2
5

(2.9)
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where Opg = 010 = 1 and 611 is 0 or 1. Here p is the approximation of the auxiliary
variable BO,U. Defining the stage solution u™' = —7p™, we can write (2.9) into the
ESTDG method.

Actually, the above statement is true for any r. Namely, the LWDG (r, k) method
can be understood as an ESTDG(r,r, k) method with the contributory (or nonzero)
parameters

(210) croro0=1; du=1,0<0<r—=2; dr_1,= , 0<k<r—1

(k+1)!
Due to the technical limitation, the numerical flur parameters are required to satisfy
some conditions in [22], for example, Opo = 0,_1,0 sometimes. In this paper we would
like to relax the above restrictions and investigate the generalized LWDG method.

3. Stability analysis. In this section we will analyze the L?-norm stability for
the ESTDG methods. This analysis framework can be looked upon as an applica-
tion and an extension of the technique of the matrix transferring process [27] when
numerical flux parameters are the same.

3.1. The matrix transferring process. In order to accurately understand
the stability performance, we have to investigate the scheme for every multistep time-
marching. For this purpose, we follow [25, 27] and introduce the generalized notations
for stage solutions. Namely, for any nonnegative integers n,i and j, denote

(3.1) YL o AL 2V

Remark that this notational rule has been used in the scheme’s description.

Let m > 1 be a multistep number. It is evident for the ESTDG(s, r, k) method
that every m-steps marching with time step 7 can be regarded as one-step marching
of an ESTDG(ms,r, k) method with time step m7. Namely, for 0 < £ < ms — 1, the
stage solutions satisfy the following variation formula: for any v € V,,

(3.2) (u”’“l,v)lh = Z [C@K(m) (u””‘w)lh + deg,{(m)He“(m)(u"“,v)}.

0<K<l

Let ¢/ = ¢ (mod s) and k' = £ (mod s). The contributory parameters in (3.2) only
emerge at those £ and « satisfying £ — ¢/ = k — &/, such that

1
(33) Cln(m) = Cp'g/y déﬁ (m) = Edé’n’; 9@% (m) = 9@’/1’-

Here ¢/ and £’ are both taken from {0,1,...,s—1}.

3.1.1. Temporal differences of stage solutions. For 1 < i < ms, we would
like to follow [27, 25] and define the ith order temporal difference of stage solutions
in the form

(3.4) Di(m)u" = Y oij(m)u™,

0<j<i

where 0;;(m) are undetermined combination coefficients independent of stage solu-
tions. For convenience, we denote Do(m)u™ = u™ and cgg(m) = 1 throughout this
paper.

The combination coefficients in (3.4) can be inductively defined. Assuming the
temporal differences of stage solutions up to the ith order have been well defined, we

6
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would like to write the next one D;1(m)u™ as a linear combination of the previous
stage marching, independent of the spatial discretization, namely

(3.5) Diga(mu” = 7 ue(m) [ = 37 conm)um],

0<e<i 0<K<l

where ¢;¢(m) are combination coefficients given by the next procedure.
Let ¥ be any arbitrary fixed constant. Due to (3.2) and (3.5), after a changing of
summation orders we yield

(3.6) (Dissmu,v) = mrd,(v) +mrwi(v),
h
where

(37&) Z Z ¢M d@n )Hﬁ (un,n7v)7

0<k<i k<<%

(3.7b) Z Z die(m)dp( )[He“(m)(u"”‘,v)—'Hﬁ(u”’”,v)].

0<k<i k<U<1

We first start from the main term (3.7a). Since every diagonal entry d,;(m) is nonzero,
the triangular system of linear equations

(3.8) Zd)zg Ydew(m) = 04s(m), k=0,1,...,1

k<t<i

uniquely determines ¢;¢(m) for 0 < ¢ < i. Substituting this into (3.7a), we can achieve
the same expression as that in [25]

(3.9) ®;(v) = HY(D;(m)u", v).

At this moment, by (3.5) and (3.4) we are able to define

(3103) 0—1’—&-1,5( ) ¢l.‘£ 1 Z ¢l€ Cfn ); H:O,l,...,l,

~k<l<i
with the supplemental notation ¢; _1(m) =0, and

Oii (m)
dii(m)

By these data we now get the definition of ;41 (m)u™. Note that the above manipu-
lations do not depend on the numerical flux parameters, hence the above o;;(m) are
the same as those in [25].

Next we turn to the perturbation term (3.7b), which is equal to zero if 6y, = 9.
We can uniquely determine g;¢(m; 9), for 0 < £ <4, by the triangular system of linear
equations

(3.11) Y que(ms)op(m) = — Y di(m)de(m)(¥ — Op(m)), £=0,1,...,i,

K<l<i K<l<i

(3.10b) Oit1,i+1(m) = ¢i(m) =

£0

because every diagonal entry is nonzero, due to (3.10b). Since a simple manipulation
gives
H (w,0) = H' (w,0) = BV — )([w], []) 5,
7
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by substituting (3.11) into (3.7b) and changing the summary order, we can deduce

() =8 Y Y bulm)dnm)® — ) ([0 LI )

0<k<i k<U<L]

-8 Z Z qw(m;ﬁ)wn(m)@u"‘”ﬂ,[[U]]>Fh

0<K<i K<L<i

=8 qulm: g)<umg(m)u”ﬂ,[[v]]>ﬁ,

0<e<i

(3.12)

where (3.4) is used also at the last step. Substituting (3.9) and (3.12) into (3.6), we
eventually achieve the relationship among the temporal differences of stage solutions:
for any v € V}, there holds

(3.13)

(Diea(myu,v) | = mr R @i v) = mr D gu(ms0)(De(m)u]. [o])

I
h 0<e<i

This formula obviously degenerates to that in [27] if 8y, = 99, since ¢;¢(m; ) = 0 now.
It is worthy to mention again that the right hand side of (3.13) is independent of
the choice of 9. To show that, we would like to denote

(3.14) Gie(m;0) = qie(m; 9) + 609,

where d;¢ is a Kronecker symbol, being 1 if i = ¢ and otherwise 0. In fact, these
quantities satisfy the triangular system of linear equations

Z Gie(m; 9) o (m Z Gie(m)des(m)bec(m), k=0,1,...1,

k<l<3 k<l<3

due to (3.11) and (3.8). Hence G;¢(m; 1) is independent of ¥ and is therefore denoted
by Gi¢e(m) in this paper. With this notation, we can write (3.13) into an equivalent
form

(3.15)

(Diﬂ(m)u",v) = mrH(D;(m)u",v) — m7B Z Gie(m <[[DZ )nﬂa[[”]]>Fh

In 0<<i
which shows its independence of .

3.1.2. Derivation of energy equations. After all the temporal differences of
stage solutions have been defined by (3.4), the inversion manipulation yields the linear
equivalence of two function sequences {u™% u™, ... u™™} and {Dg(m)u™, Dy (m)u™,

-y Dps(m)u™}. Specially, there holds the evolution identity

(3.16) u"tm = Z a;(m)D;(m)u”,
0<i<ms
where the evolution coefficient «;(m) only depends on the time-marching coefficients,
cer. and dy.. The detailed relationship will be discussed in the appendix.
REMARK 3.1. In [25, 27], we have written (3.16) in the form
ag(m)u"tm = Z a;(m)D;(m)u”,
0<i<ms

where ag(m) > 0 is introduced only for scaling. In this paper we always take cag(m) =
1 for convenience.



244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

It is proved in [24, Lemma 2.2] that
(3.17) ag(m) =170, 0<¢<r,

which will be frequently used, especially for £ = 0, 1.

Along the same line as that in the previous works [24, 27], we can carry out the
matrix transferring process to automatically achieve a perfect energy equation for the
considered ESTDG method, through a sequence of energy equations

(3.18) HUHmH%m) - ||Un||2L2(1) = TM(¢;m) + SP(¢&;m).

Here ¢ > 0 stands for the sequence number, and

(3192) TM(Gm)= Y. Y agf(m)(m,;(m)u”,mj(m)un) :

- - Iy
0<i<ms 0<j<ms

(319b)  SP(Gm)= —mr8 Y. Y biﬁ)(m)<[[Di(m)u"]],[[Dj(m)U"]]>

)
- - 1,
0<i<ms 0<j<ms

respectively express the temporal information and spatial information. For conve-
nience, we abbreviate (3.19) by two symmetric matrices

/ ¥4
(320)  AOm) = {al(m)}Yocijcmss  BO(m) = {81 (m) Yo j<ms.

For ¢ = 0, the initial energy equation can be derived from the evolution identity
(3.16) by squaring and integrating. It deduces the initial matrices with

(0) 0, 1=75=0, (0)
3.21 o = db;; =0.
(3:21) ai; (m) {ai(m)aj(m), otherwise; and by’ (m)

This energy equation does not reflect any contribution of the spatial discretization.
For this reason, we transfer the temporal information into the spatial information step
by step, in order to look for more contribution of the spatial information in each step.
In this process, the major object is the joint of two temporal information terms

(322)  J(.9) = (Bealmpu Dy (mut) 4 (Di(m)u” Dy ()
which satisfies the following lemma.

LEMMA 3.1. For 0 <14,5 <ms— 1, there holds
(3:23) J(0.5) = —mrB| =P+ Y GwmPE )+ > dym)PG.j)].

0<i'<i 0<j'<j

where P(i', j') = ([Di (m)u"], [Dj (m)u"])n, is the essential ingredient of the spatial
information.

Proof. This lemma follows from (3.15) and (2.4a). d
REMARK 3.2. For 0y, =0, it is easy to see qus(m;0) =0 and

\7(7”]) = _mTB(Qe - 1)P(i7j)7

from the above lemma. This result is the same as that in [27].
9



264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

Below we are going to describe the detailed transform in each step. By induction,
assume for £ > 1 that we have obtained two matrices

0o: O ) * * -

v R R v R . ) B R AR S
AU-D — ,@,L,af:l}:l,L,,c,Lgffngf,,::,., B-1 — f,L,bfg:L,zzl,,:f’é:l,é,jjj,

of Wi T | KR

where O remarks the zero block and * remarks the transformed (nonzero) region.
Here and below (m) is dropped for convenience unless otherwise stated.

The next action depends on the leading element ay__ﬁz_l in the temporal matrix.
If it is equal to zero, we carry out the ¢-th step transform. Associated with the
temporal matrix A~V (m), we successively eliminate every entry at the (¢ — 1)-th
row and column by transforming the related joint of temporal information (i.e., those
entries at the ¢-th row and column) into spatial information. This purpose can be
achieved by an application of Lemma 3.1.

More specifically, the new temporal matrix is denoted by A(®) (m), whose entries
at the lower triangular region are defined as

0, f—1<i<msand j=/¢—-1,
(t=1) o (0=1) . o
Gon) g )% TP i=fadi=t
! agffl) - agﬁ’?fl, {+1<i<ms—1landj=/
oty , otherwise.

ij
Since A®(m) is symmetric, the upper triangular entry is easily filled in. We re-
mark that the only difference between the second line and the third line results from
whether the basic elimination (with respect to one entry) along the row and column
is superimposed on the same position.

The above operation is accompanied by the changing of the spatial matrix. For
each basic elimination, the modified entries spread over at one row and column, due
to Lemma 3.1. As a result, it is hard to present a short unified formulas for calcu-
lating each entry of IB%(E)(m). However, this manipulation process can be conveniently
expressed in the pseudo-code and summarized as Algorithm 1.

Algorithm 1. Generate the spatial matrix B() = {bz(f)} for the given /.

Step 1. Initialization: set g;; = 0 for any 0 <4, j < ms;
Step 2. Modification: for k =¢—1,...,ms —1, do
if Kk =¢—1 then let v = 1/2; otherwise, v = 1;
comptite g ¢—1 4 G,e—1 — Va1 y_1;

—1) -~ .
compute g; r—1 < gir—1 + Va£+1’%71q571 fori=0,...,k;
—1) - .
compute g, j < Gr,j + Va,(€+17)e_1q@_17j for j=0,...,0—1;

Step 3. Generation: define bg) = bgfl) + gij + gji for 0 < 4,5 < ms.

Otherwise, if aée:lfzfl is not equal to zero, we stop the entire transform process and

name this entry as the central objective. At the same time, we output the termination
10
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index of time marching
(3.25) ¢(m)=40—1,

as well as the ultimate temporal matrix A(m) = AC(™)(m) and the ultimate spatial
matrix B(m) = BE™) (m).
Till now we have completed the description of the matrix transferring process.

3.1.3. Some important quantities. Since the ultimate temporal matrix A(m)
solely depends on the time marching coefficients, we have the same conclusions as
those in [24].

LEMMA 3.2. Form > 1, the termination index of time marching satisfies {(m) =
¢, and moreover, the central objective acc(m) preserves the sign.

The ultimate spatial matrix B(m) depends on not only the time marching but
also the numerical flux parameters. Motivated by the previous work [27], it is also
important to find the largest order of the sequential principal submatrix to be SPD.
In this paper, this quantity

(3.26) p(m) = max {I{: 1 <k < ¢ and {b;;(m)}o<ij<n—1 is SPD}

is also named as the contribution index of the spatial discretization. If bgo(m) < 0,
we define p(m) = 0 as a supplement.

From the practical viewpoint, we would like in this paper to assume we always
have p(m) > 1. This assumption is equivalent to that the averaged numerical flux
parameter for every m-step time marching

1

(3.27) O(m) = 5

[boo (m) + 1:|
is always greater than 1/2. From Algorithm 1, it is easy to see that

1 0 0 ~
boo(m) = by (m) = —af(m) + 3 24D, (m)Geo(m),
0<t<ms—1

which is determined at the first step of the matrix transferring process. Noticing
(3.21) and ai(m) = 1, it follows from (3.27) that

(3.28) Om) = 3 ari(mio(m).

0<t<ms—1

If all the numerical flux parameters are the same, i.e., 0y, = 6, it is easy to get
O(m) = 0 for all m > 1. Actually, this property for the special case can be generalized
to variant numerical flux parameters.

LEMMA 3.3. ©(m) is independent of m, and is therefore denoted by © in this
paper.

We postpone the proof of this lemma to the appendix, since it shares many
materials in the proof of the next lemma.

LEMMA 3.4. If © > 1/2, then there exists an my > 1 such that p(m) = ¢ for
m > my.

11
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The proof line is the same as that for the special case that the numerical flux
parameters are fixed [24]. However, the detailed process involves many matrix ma-
nipulation and looks more lengthy and technical. Hence we also postpone the proof
of this lemma to the appendix.

Owing to Lemma 3.3, we name O as the averaged numerical flur parameter of
the ESTDG method. We think that this quantity gives a more accurate description
on the numerical viscosity for the fully discrete method. We would like to mention
again that the assumption throughout this paper

©>1/2

means the upwind mechanism, at least in the average sense. This assumption will
play an important role in the whole analysis of this paper.

In terms of the commonly accepted concept that the greater numerical viscosity
ensures the better stability performance, we want to enlarge © to improve the stability
performance of the ESTDG methods. This can be implemented by using the following
two propositions, whose proofs will be given in the appendix.

PROPOSITION 3.1. As a linear function of the numerical flux parameters, © is
monotonically increasing with respect to Oy, if de, > 0 and monotonically decreasing
otherwise.

For the RKDG method, the averaged numerical flux parameter often depends on
every numerical flux parameter. For example, the RKDG(4, 4, k) method (2.8) has
37

5 5 1 1 1 1 1
©=—~0yp— —0 —011 — =099 — =0 -0 -0 —033.
1087 ~ 35 10-1-18 11— 55020 921+322+631+633

However, it is a little different for the LWDG method.
PROPOSITION 3.2. For the LWDG(r, k) method we always have © = 0,_1 ¢.

Together with © > 1/2, Proposition 3.2 gives a theoretical support to the upwind
requirement 6,_1 9 > 1/2 for the LWDG method, which has been implicitly stressed
in [13, 22]. This proposition also shows that only this term must be discretized with
the upwind mechanism, and the other terms can be arbitrarily done.

3.2. Energy analysis and main conclusions. By the matrix transferring
process, we obtain the final energy equation (3.18) with ¢ = (, as well as the cen-
tral objective and the contribution index of the spatial discretization. By the energy
analysis, we are able to conclude the L?-norm stability performance along the same
line as that in [27].

The stage-dependent numerical flux parameters do not cause any essential diffi-
culty in the stability analysis, since the increment every m steps is still bounded in
the form

(329) a2 gy — ™1 22(ry < 0l (m)[Dg(m)u” |22y + A1 + Az + As,
where

A= —e(mymrB Y ([De(m)a2p),

0<t<p(m)

Ay = C(m) 3 ’(Di(m)u”, Dj(m)u”)

i,j>¢ except i=j=¢

Bg=Cm) Y r(IDitm)u"], [D(m)uT)

max(i,j) >p(m)

)

I

i

Ii,

12
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with €, (m) being the smallest eigenvalue of the SPD submatrix {b;;(m) }o<i j<p(m)—1-
All terms in Ay and Aj (using the inverse inequality) can be easily controlled by the
relationship

D1 (m)u™ || L2y < CAIDi(m)u™ || L2y + C(FAA) 2 Y | [De(m)u ]| 2z

0<e<i

which is gotten by taking v = D;11(m)u™ in (3.13) and using (2.4c). Here A = |B|7/h
is the CFL number and the last sum on the right hand side originates from the per-
turbation of the numerical flux parameters. This sum causes the only difference that
we must encounter some terms involved the jumps of lower order temporal differences
in order to bound each term in A and Ags; however, they are still well controlled
with the help of A;. Hence the final stability results are the same just like before, if
they are not specified for the detailed scheme. We would like to assert them without
proofs, in order to shorten the length of this paper.
The next theorem is easily obtained by Lemma 3.4 and the rough estimate

1+ C)\mm (2¢,2p(m)+1) ”u

[ "z

due to the above two inequalities together with the inverse inequality. This result
does not consider the effect of the sign of the central objective.

THEOREM 3.1. The ESTDG method (2.6) has the weak(2() stability. Namely,
for sufficiently small h, there holds

(3.30) w221y < CHUOHL2(1)a n >0,

under a stronger temporal-spatial condition T < Mh%El for sufficiently small h.
Here M is any given positive constant, and the bounding constant C = C(T, M) is
independent of n,h and 7.

We would like to pay more attention on the stability results under suitable CFL
conditions. To do that, we introduce an important quantity

(3.31) n*:min{m:,o(m):p(m—i-l):---:;)(2m—1):C}7
which satisfies n, < m, due to Lemma 3.4. Note that the negative central objective
plays a pivotal role in the next theorem.

THEOREM 3.2. If the central objective keeps negative, the method (2.6) has the
strong(n, ) stability for k > 0, namely, there exists a mazimal CFL number Amax > 0
such that

(3.32) lw ey < 1llzzny, n =,

holds under the CFL condition X\ < Amax. Furthermore, if ny, = 1 is allowed, the
method actually has the monotonicity stability, since

(3.33) " M L2y < ™[22y, n > 0.

Along the same line as that in [24, 27], we can similarly obtain a nice control
among the temporal differences of stage solutions, for instance

D1 (m)u™ || 21y < Cll(m7BO)Di(m)u™ || 2ry + C(rBNE > ([[De(m)u]| L (ry)-
0<<i
13
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The derivative operation on the right hand side helps us to enhance the stability
performance for piecewise polynomials of lower degree. The related conclusions are
stated in the next theorem.

THEOREM 3.3. The method (2.6) has the strong(n,) stability for k < (, if the
central objective keeps positive. The method has the monotonicity stability for k < p(1)
no matter whether the central objective is positive or negative.

From the last two theorems we are happy to find out an opportunity to enlarge
the contribution index of spatial discretization so that the strong stability is improved
to the monotonicity stability, by means of suitably adjusting the numerical flux pa-
rameters. In the next subsections we give some examples to show that.

3.2.1. The RKDG method. Consider the RKDG(4, 4, k) method proposed in
Example 2.1. As an example, the numerical flux parameters are defined as

(3.34) {wﬂg—%}::s o ,

where € and y are two positive constants. Three negative entries in the right matrix
correspond to the so-called downwind treatment.

We begin the stability analysis with m = 1. The temporal differences of stage
solutions are defined as

8 0 —-16 —-16 24
and the numerical flux parameters lead to

1
1 2 1
Gij(1) — =6i; ¢t =€ , 0<1,5<3.
J J
—4/9 +4y/3 2/3+2y/3 1
—100/9 —8y/3 —4/3—4y/3 0 1

The matrix transferring process gives two matrices. The first one is the ultimate
temporal matrix

O3
A1) = ~1/72 1/144 |,
1/144  1/576

where Qj3 is third order zero matrix. This matrix implies that the termination index
of time marching is { = 3 and the central objective satisfies a¢¢(1) = —1/72 < 0. The

14
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second one is the ultimate spatial matrix

2/9+79/27 y/9+65/54 1/3 y/36+17/108 0
y/9+65/54 y/18+13/18 1/4  y/72+7/72 0

B(1) = 1/3 1/4 1/12 1/24 0],
y/36 +17/108 y/T2+7/72 1/24 0 0
0 0 0 0 0

of which the first three leading principle determinants are

b (D) A, (g

For y > 125/54, these three quantities are all positive and hence p(1) = 3 = ¢. Now
we can claim the monotonicity stability for £ > 0 by Theorem 3.2.

For y < 125/54, the stability performance becomes weaker. To show that, we take
y = 1 as an example and thus 65 becomes bigger. From the first quantity in (3.35),
we know that the averaged numerical flux parameter indeed satisfies Proposition 3.1.
In this case, only the first two quantities in (3.35) are positive, and thus p(1) = 2
becomes smaller as we have predicted in the theory. A series of matrix transform
process for multisteps time-marching yields p(2) = p(3) = 3 = ¢. By Theorems
3.2 and 3.3 we can claim the strong(2) stability for any & > 0 and can not claim
the monotonicity stability for k& > 2. This statement looks a little weaker than the
previous case, however, its sharpness will be shown in the numerical experiments.

3.2.2. The LWDG method. We now turn to the LWDG(r, k) method with
r < b; see Example 2.2. For simplicity, numerical flux parameters are taken to
be 1/2 £ ¢, where € is a positive constant. Due to Proposition 3.2, we must set
Or_1,0 =1/2 + ¢ for all cases.

Take the second order (r = 2) LWDG method as an example. By the matrix
transferring process we can obtain

1 0
{oij(D}o<ijeza=[ 0 1 and A(l) = 0 7
—2 2 2 1/4

and get ¢ =2 and a¢¢(1) = 1/4. Due to Theorem 3.1, we claim that this method has
at least the weak(4) stability for k& > 0.

Due to Theorem 3.3, we can get the strong stability for lower degree k. For every
combination of #yg and 61, we may achieve different value of n, by calculating the
contribution index of spatial discretization as m increases. The detailed conclusions
are listed as follows.

e Let Opg =611 =1/2+ . We get p(1) =2 = (, since

) 1/24¢ 2 1
{@i;(D)}o<ij<1 = v Abij(D}o<ij<1 =€
1/2+4¢ 11

Hence we conclude the monotonicity stability for £ < 1.
15



o Let Opp =1/2+¢c and 617 =1/2 —e. Let m = 1 and we get

1/2+¢ 2 0
Gi; (1) Yo<ij<1 = » Abii(D)}o<ij<1 =€
(G (D osise RN R L TSTR R B

which implies p(1) = 1 and hence the monotonicity stability for £ = 0. By
carrying out the matrix transferring process for increasing multistep, we have
e p(3) = p(4) = p(5) = 2 = ¢ and then conclude the strong(3) stability for
432 k <1

e The other cases can be studied similarly.

s« The stability results for the LWDG(2, k) method are gathered in Table 3.1, where +
a5 stands for 1/2 + € here and below.

429

430

433

TaBLE 3.1
Stability results for the LWDG(2, k) methods.

parameters n.: strong(n.) stability
foo 610 611 k>2 k=1 kL=0
+ o+ 1
N * | weak(4) 3 1
-+ o+ 3

-+ - 4

For r = 3 and 4, we are able to similarly find ( = r — 1 and the central objective
is negative. Hence we can claim the strong stability for k£ > 0, due to Theorem 3.2.
The detailed results are collected in Tables 3.2 and 3.3.

436
437
438

TABLE 3.2
Stability conclusions for the LWDG(3, k) method.

parameters n.: strong(n.) stability
oo 011 O 021 O | K>1 k=0
+ + + + =+ 1
+ - + — + 3
— - + + + 3 1
+ o+ 4+ - £ | 4
-+ + + + | 4

For r = 5, we get ( = 3 and the central objective is positive, which implies the
strong stability for k£ < 2 due to Theorem 3.3 and the weak(6) stability for k > 3 due
to Theorem 3.1. The detailed results are collected in Table 3.4.

REMARK 3.3. In the above four tables, the first row gives the numerical flur pa-
rameters to ensure the monotonicity stability for some k. Forr # 4, it is acceptable to
take 0p = 1/2+¢ for any £ and k. However, for r = 4, we have to take O9o = 1/2—¢

ws and take the others to be Oy =1/2+ €.

REMARK 3.4. The LWDG(2,1) method with 6pp = 0190 = 1 and 017 = 0 (taking
the second row in Table 3.1 with € = 1/2) has been studied in [22], where the authors
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TABLE 3.3
Stability conclusions for the LWDG (4, k) method.

parameters n,: strong(n.) stability
Ooo 011 022 O3 031 032 033 | k>2 | k=1]| k=0
+ + — + + + + 1 1
+ + + + + + + 2 1
+ - - + + + + 2 1
+ + + + + - + 3 1
+ — + + + - + 3 1
+ — + + + + 5 3 1
+ + + — + 6 3
— + + + + + 6 3
- - + + — + + 7 3
+ + + + — + + 7 3
+ + + + + + 7 3
- + + + — + + 8 4
TABLE 3.4
Stability results for the LWDG(5, k) method.
parameters n.: strong(n,) stability
Ooo 011 022 033 00 Oa1 0Os2 043 0Osa k>3 k=2|k=1| k=0
+ + + + + + + + + 1 1
+ - - + + + + + + 2 1
+ — + + + + + + + 2 1
+ — + + + + — + + 3 1
+ + + + + + — + + 3 1
+ + + + — + + + | weak(6) 5 3 1
+ — + + + — — + + 6 3
- + + + + + + + 6 3
+ + + + + — + + + 7 3
+ + + + + + + + 7 3
- + + + + — + + + 8 4

gave the stability result (u™ = —7p")
[ 2y + a2y < MuollZery + e 1 Za ),

which implies |[u"|| 121y < Cllu°|| 21y with a constant C > 1. In this paper we claim
the strong(3) stability and then get ||u™|| 21y < [[u®]|L2(p) for n > 3.

So does for the LWDG(3,k) method [22] when the numerical flux parameters are
taken from the second row in Table 3.2 with e = 1/2.

4. Optimal error estimate. In this section we are devoted to obtain the opti-
mal L2-norm error estimate for the ESTDG method, which is stated in the following
theorem.
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THEOREM 4.1. For the ESTDG(s,r, k) method (2.6) with the averaged numerical
flux parameter © > 1/2, we have the optimal error estimate

(41) lu™ = UE) 1201y < ClTo | e oy (B +77),

under the same type of temporal-spatial condition to ensure the L>-norm stability, as
stated in Theorems 3.1 through 3.3. Here § = max(k+1,r) and the bounding constant
C > 0 is independent of h, T and Uy.

For the special case that the numerical flux parameters are the same, this theorem
has been proved in [25] for the fourth order in time RKDG method. Besides the above
stability analysis, the major techniques to prove this theorem are the standard GGR
projection with a fixed parameter and the good definition of the reference functions
which are related to the local time marching of the exact solutions. However, this
strategy does not work well for the ESTDG method with stage-dependent numerical
flux parameters, because the GGR projection with the fixed parameter can not si-
multaneously eliminate the projection error at boundary endpoints and different time
stage. We have to find a new approach to prove this theorem and obtain the optimal
error estimate in both space and time.

4.1. Proof of Theorem 4.1. In this paper we propose a new analysis tool,
named as a series of space-time approzimation functions for any given spatial function,
in order to set up a group of good reference functions and delicately define the stage
errors for the fully discrete scheme. All approximation functions belong to the finite
element space and are endowed with two properties. They perfectly match the local
structure of the fully discrete method, and preserve the balance of the exact evolution
under the control of the partial differential equation (PDE).

DEFINITION 4.1. Let W(x) € L*(I) be a given periodic function. Associated with
the fully discrete ESTDG(s,r, k) method of the time step T > 0 and the finite element
space Vy,, there exists a series of space-time approximation functions, denoted by

Wi =Qp W)€V, £=0,1,...,s,

such that the following conditions hold:
e Preserving the local structure of the fully discrete scheme, namely
(4.2a)

(70) = 32 o) o], ve
Y 0<k<L '

holds for 0 <0 <s—1;
e Preserving the balance of the exact evolution under the control of (1.1),
namely

(4.2b) (W,f - W,S,v)I = (W(m —78) - W(x),v)I . YueVyr

h h

Here V¥ = {v € Vi: (v, 1)y, = O} is the orthogonal complementary space of
span{1};
e Conserving the overall mean for the head function W), namely
(4.2¢) (W,?,1)I - (W(x),l)
h
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Note that the last one W} is named as the tail function.

In what follows we give some remarks to this definition. First of all, we point
out that condition (4.2a) can be well understood by making full use of those concepts
proposed in the matrix transferring process, for instance, the temporal differences of
stage solutions and the associated evolution equation. That is to say, we have

(4.3) Wi= > aDW, with DW,= > oW,
0<¢<s 0<k<t

where oy = ay(1) and oy, = 04,(1) have been defined in (3.16) and (3.4), respectively.
Analogously, we also have for 0 < ¢ < s — 1 that

(44)(@@4”@#01:ZTHﬂ@%W@JO—TB > aw@{RaWil.[e]) ., v € Vi,

I}
h 0<r<t h

where qo,.(¥) = qo.(1;9) has been defined in (3.11). Since H”(DW},1) = 0, by
taking v = 1 in (4.4) we can inductively derive that

(4.5) (MW%1L —0, £>1.

h
Together with (4.3), this equality yields (W; —W?,1);, = 0. Due to the periodic
boundary condition, we also have (W (z — 78) — W(z),1);, = 0. Consequently, con-
dition (4.2b) can be extended to the whole finite element space, i.e.,

(4.6) (W}f - W;?,v)l = (W(x —70) — W(:c),v)l , YveV,.

h h
In the other words, condition (4.2c¢) ensures the uniqueness if the definition is made
up of (4.2a) and (4.6).

It is worthy to emphasize that any space-time approximation function in Defini-
tion 4.1 is not a projection, even when the numerical flux parameters are the same.
Below we give an example to show that. Let I}, be a given uniform mesh, and consider
the function

W(z)= Y Lji(x) €V,
1<j<J
where Lj1(x) = (22 — xj_1/2 — %;41/2)/h is the linear Legendre polynomial in I;
(with zero extension). Associated with the classical second order RKDG method [27]
with 6y, = 1, we can yield the head function (with A = |8|7/h)
A—1
Wy =
P 1

This distinct property is bound to cause difficulties in obtaining the following lemma
with respect to the approximation property.

WA W,

LEMMA 4.1. For sufficiently small A = |B|7/h, a series of the space-time approzx-
imation functions associated with the ESTDG(s,r, k) method are well defined, and
further, if

W(Z‘) c Hmax(k+1,r+1)(1)’

the head function W) satisfies the optimal error estimate
(4.7) IWE = Wlizam < C R Ly + 77 IW e |

Here §t = max(k + 1,7) has been given in Theorem /.1, and the bounding constant
C > 0 is independent of h, T and W.
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For ease of reading, we postpone the lengthy and technical proof of this lemma
to the next subsection and come back to prove Theorem 4.1 now. For any n < N, we
can utilize Definition 4.1 and define a series of space-time approximation functions

(4.8) X" =Q Uz, t") €Vy, £=0,1,...,s.

We remark that x" 10 £ x™# in general, and the accumulation of these gaps at every
time level forms the main error of the ESTDG method.

The reference functions are defined by those functions in (4.8) except £ = s. For
any n, denote the stage errors in the finite element space by

(4.9a) gt =t - 0=0,1,...,5 -1,
and give a supplementary definition
(4.9b) £s = €n+170 _ £n+1.

Obviously, every x™* in (4.8) satisfies the variation form (4.2a) with W} = x™*,
Subtracting them from the fully discrete method with the same n and ¢, we obtain a
series of error equations. Namely, for £ =0,1,...,s — 1, there holds

(f”’“l,v> L Z [Ce,{ (fn’mav) . + Tdg HO (5”75,0)} + T<Fn’e’v) , VEVh,

I
0<K<l h

where the source term F™ is equal to zero except the last one

mn,s— 1 n,s n
(4.10) Fres—1 _ ;(X s L0y,

The above error equations have the same form as those in the nonhomogeneous
ESTDG method. Along the similar line as in Section 3, we can get

(4.11) 1Y Wery < CLIEM e+ D ™y,
0<n<N

under the same type of temporal-spatial condition as stated in Theorems 3.1 through
3.3, where the bounding constant C' > 0 is independent of h and 7, but may depend
on the final time T'.
It is easy to estimate each term on the right hand side of (4.11). It follows from
the initial setting that 0 = P, Uy — Q?MUO. By using the triangle inequality, we have
1€°] 21y < 0o = PrUoll L2y + 100 — Q) +Uoll 21

(4.12) r
< C[hk+1”Uo||Hu(1) + 7 ||U0HHT(I) )

where the well-known approximation property of P, and Lemma 4.1 are used sepa-
rately. Since the time step is uniform, definition (4.2) implies that

(413) XnJrl,O _ Xn>0 — Q%T(Un+1 _ Un)
It follows from (4.6) that (x™* — x™°,v)1, = (U™ — U™, v)y,. Hence (4.10) implies

Un—l—l _ Un Un+1 _ Un
(o), = (=), ~ (@(F—=—)v),
h T Iy, T In
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which, together with Lemma 4.1 again, yields

Un+1 _pyn
T

Un+1 —_yn
T

T

||Fn’571||L2(I) < C {hk+1H

(1) HT(I)] '

n—+1
Since U(x,t) = Up(x — ft) and U — U™ = fttn Ui(z,t')dt’, we can obtain from
the above inequality that

(4.14) I gay < C[R M Toll oy + 7 [Woll e |-

We can yield [[EV]| 2y < C(W*T + 77)||Uol| grz+1 (1) by substituting (4.12) and
(4.14) into (4.11). Tt follows from Lemma 4.1 that

JUN = XMy < CRE + 7)) |Uoll a1

Since uV — UN = ¢V — (UN — xV9), the above two inequalities and the triangle
inequality complete the proof of Theorem 4.1.

REMARK 4.1. Due to (4.12), the initial solution can also be defined by the GGR
projection and so on, provided that ||Uy — u®||12(ry < C|Uo || gra(ryh* .

4.2. Proofof Lemma 4.1. In Definition 4.1, the total number of the restrictions
is equal to that of the unknowns’ degrees of freedom. Hence it is sufficient and
necessary to prove the uniqueness and existence by verifying that there is only one
trivial solution W = --- = W} = 0 for W = 0. The proofs of this topic and (4.7) are
almost the same, so we solely present the latter in this subsection.

To do that, we need to introduce the GGR projection and the flux lifting function
for any given parameter ¥ # 1/2. For convenience, we first give the detailed definitions
for k > 1 and then extend them to k = 0 in Remark 4.2.

DEFINITION 4.2. Let w(x) € HY(I) be a periodic function. The GGR projection,
Gyw, is defined as the unique function in Vy such that for j =1,2,...,J,

(4.15) /(Gﬁﬂ))’l}dfﬂ:/ wodz Vv e P Y(IL;), and {Gﬁw}?+%:{w}}?+%.

I I

DEFINITION 4.3. Let w® be a single-valued periodic function defined on element
endpoints. The fluz lifting function, LywP, is defined as the unique function in Vj
such that for j=1,2,...,J,

(4.16) /I.(Lﬂwb)vdx =0 YoeP"UI;), and {{Lﬁwb}}§+% — w§+%.

It has been proved in [3, Lemma 3.2] that the GGR projection is well-defined and
satisfies

(4.17) IGFwl L2y + h2 (GG w)E L2y < CR™M D ] g,

where G#w = w — Gyw is the projection error and X > 1 is the smoothness require-
ment. The proof therein has implicitly used Gyw = Prw + Ly{w —Phw}ﬂ and shown
that the flux lifting function is well-defined and satisfies

(4.18) ILow®||z2(ry < Ch2 Wl 2(r,).
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Furthermore, a direct application of Definitions 4.2 and 4.3 yields for any v € V},,

(4.19) H?(Ggw,v) =0 and H’(Lyw®, v) = B<wb, [[U]]>F ,
h
as well as the property on the overall mean
L _ b _
(4.20) ((Grl9 w, 1)1h =0 and (Lﬁw ,1)Ih = 0.

REMARK 4.2. The above two definitions can be extended to k = 0 with some
minor modifications such that the above four conclusions also hold. The process is
divided into two steps:

e Define a unique function by the second condition in (4.15) and (4.16), respec-
tively.
e Subtract a constant to get a modified function such that (4.20) holds.

Now we begin to prove Lemma 4.1. Since r < s and W (x) € H"T(I), we would

like to adopt the cutting-off technique [25, 24] and define a series of functions

)4
— W, 0<t<r—
W = {( TBO) W, 0<(l<r-—1,

(4.21)
0, r</t<s.

Every 0,W € H?(I) at least, so the continuity is followed by the Sobolev embed-
ding theorem. Using integration by parts, after some manipulations we can get the
consistency property

(4.22) TH? (9,W,v) = ((—Tﬂ@x)agw,v)l , Yo eV,

Furthermore, the approximation property (4.17) with X = max(k + 1 — ¢,1) and the
definition (4.21) show

(4.23) ||G1J9_(86W)HL2(1) +h3 ||(G$(36W))i||m(rh) < CthHWHHu(I),

no matter whether k +1 > r or not. Here and below we assume A < 1 without losing
generality.

Let ¢ be the parameter used in the matrix transferring process, and assume
¥ #1/2. For 0 < £ < s, we define the error in the finite element space

(4.24) E? =D,W, — Gy (agW) € W,

which leads to the decomposition D,W, — ;W = ZY — G5 (9,W). Due to the triangle
inequality and (4.23), it is sufficient to prove (4.7) by showing

(4.25) 182ty < R W llgzsqry + 7 IW ey

with a special setting ¢.
To complete this purpose, we have to set up two lemmas. The first one shows
that the high order term can be mainly bounded by lower order term.

LEMMA 4.2. For any ¥ # 3, there ezists a bounding constant C' = C(9) > 0 such
that

(4.26) =21 llz2(ry < CAIES L2y + C{ R IW | oy + TTIIWIIHT(D}

holds for 0 < £ < s—1.
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Proof. We can prove this lemma by (4.4), which is equivalent to condition (4.2a).
By adding and subtracting some terms involving Gy(9; W) three times, we have

(57100) =T + Do) + T(v),
where

L(v) = 7H" (.0) =78 Y aen)(IELI]) -

0<k<l

To(v) = TH? (G (W), v) — (Gﬁ(agHW),v)I :

= =78 Y aen®)([Go@W)] I])

0<K<L L

In what follows we are going to estimate them one by one. Using (2.4c) for the first
term, and using the Cauchy-Schwartz inequality and the inverse inequality (2.5) for
the second term, we have

(4.27) Ti(v) <CX D E 2y vl 2y

0<k</t

Due to (4.19) and (4.22), it follows from definition (4.21) that

(Gﬁ(@ulW),v)I . 0<l<r—2

h

Ir(v) = (-Tﬁﬁx(ﬁew) = Gy(9p11 W), U) N (—Tﬁ%(&W),@)I , =r—1,
0, otherwise.

Using (4.23) for the first case and (4.21) for the second case, respectively, an applica-
tion of Cauchy-Schwartz inequality yields a unified inequality

(4.28) To(v) < C[R W sy + 7 I ey o2y
Since [0,W] =0 and A < 1, we can use (4.23) and (2.5) to get

(429) To() =78 3 arx(([CF@WLIL) | < OO W s ol oo

<K<t

Summing up the above three conclusions and taking v = E}? 11 € Vi, we finally obtain

E2 ez < OX Y 1B ca) + C [F W sy + 7 IW
<K</t

for 0 < ¢ < s —1. This completes the proof of this lemma. 0

Below we set up another lemma by condition (4.6). Substitute (4.3) into the left
hand side (LHS) of this condition and expand each term by the relationship (4.4). By
changing the summation orders for those terms on element boundaries, we can easily
get

LHS =7 > arpH'DWiv) =78 Y 6u(@)([DuWil, [o])
0<t<s—1 0<k<s—1 L
(4.30)
=1 D [aeﬂﬂ)eWh - ¢z(19)Lﬁ[[DeWh]]] Ch
0<0<s—1
23
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where the second identity in (4.19) is used at the last step, and

(431) wn(ﬂ) = Z O‘l-l—lq@,n(ﬁ)'

r<l<s—1

We remark that () plays an important role in the remaining analysis, especially
when 9 is taken as the averaged numerical flux parameter ©. The essential property
is stated in the following proposition.

PROPOSITION 4.1. There holds 1o(©) = 0.

Proof. Due to Lemma 3.3 we have © = ©(1). Since a;(1) = 1, we can get from
(3.14), (3.28) and (4.31) that 1g(¥) = © — . Hence this proposition is proved. 0

Now we are going to deal with the right hand side (RHS) of condition (4.6). An
application of the Taylor expansion up to rth order derivative yields

@32 Wle—rB) - W) = (80 | 3 W)+ W)
0<e<r—1 ’

with the truncation function
W =2 [ awe - ne s
szi/ "W(x —Z)(Z —78)"dz.
ri(78) Jo

It is easy to see that (W, 1)1, =0 and
(4.33) IWllz2y < CT Wl (-

By integration by part for the definition of W(x), we are able to drop the derivative
order of W (-) and get

(4.34) IWlgsy < CT YW llgey, with § = max(k +2 —r,1).

As we have mentioned in (3.17), we know api1(m) = 1/(¢ + 1)! for £ < r — 1.
Substituting (4.32) into RHS and using the consistency property (4.22) for both 9, W
and W, we can obtain from (4.19) that

(4.35) RHS =7H" | D" ar1Gy(0W) + Gy W, v
0<t<s—1

Here the range of summation index is expanded, since ;W = 0 for £ > r, due to
(4.21).
Due to (4.30) and (4.35), it follows from condition (4.6) that

(4.36) 0’ = Z [04€+1qu? — (D Lg[DW]| — GoW € V4,
0<t<s—1

satisfies the variational form HY(o”,v) = 0 for any v € Vj,. By successively taking
v =" and v = 9,0, we can see that ¢’ must be a constant. This concludes
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if the overall mean is equal to zero. By (4.20), we have (Ly[D¢W3], 1), = 0 for £ > 0,
and

(GyW, 1), = (W,1), =0.

Furthermore, we also have (Z7,1)5, = 0 due to the following facts:

e For £ =0, condition (4.2¢) implies (W}, 1), = (W, 1)1, = (GyW,1)1,;
e For ¢ > 1, the periodicity means (Gy(9,W), 1), = (0,W,1)1, =0, and (4.5)
shows (]D)th, 1)1h =0.
Summing up the above verifications, we conclude that (4.37) is true.

LEMMA 4.3. Let 9 = O, then we have

(4.38) ||Eg\|L2(I) <C Z HE?HH(I) + C[hk+1”W”HN(I) + TTHW”HT(I)]-
1<t<s—1

Proof. Thanks to Proposition 4.1, we can get rid of the trouble term Ly[DoW}]
in (4.36). Then it follows from (4.37) and a3 = 1 that
(4.39)

I=l2n <C D NE ey +C D ILoDWalllzy + CIGo W | L2(r)-
1<<s—1 1<<s—1

It is easy to estimate the last two terms. Since [D,W,] = [D,W), — o,W] = [EY] —
[G£0,WT], it follows from (4.18) and the triangle inequality that

Lo [ReWalllz2ry < Ch2IE Nl c25) + Ch2 IGH AW 121
Together with (2.5) and (4.23) for each term, this deduces
(4.40) Lo [DeWnlll 21y < CIED I L2ry + CRE W | g1
By the triangle inequality and (4.17), we have
1GoW |20y < [Wlle2cry + IGFW 2y < IWl2(r) + CHE[W | -

The two terms on the right hand side are bounded by (4.33) and (4.34), respectively.
Since A < 1, we can get the unified inequality

(4.41) 1GoW llzary < C R IW L grsqry + 7 IW e -

Substituting (4.40) and (4.41) into (4.39) completes the proof of this lemma. |

Till now (4.25) is implied by collecting Lemmas 4.2 and 4.3 if X is small enough.
This completes the proof of Lemma 4.1 and ends this subsection.

5. Numerical experiments. In this section we present some numerical exper-
iments to verify the proposed theoretical results. Let § =1 and T'=1in (1.1) for all
tests. All schemes are taken from the two examples given in Section 3.

5.1. Verification on stability results. Take the uniform meshes with J =
64, as an example. With standard orthogonal basis of the finite element space, the
ESTDG method is written into w”*t! = Ku”, where @™ is the vector made up of
the expansion coefficients of u™. The spectral norm ||[K™||y describes the L?-norm
amplification every m step time marching [27].
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5.1.1. The RKDG method. Consider the RKDG(4, 4, k) method and the nu-
merical flux parameters are given by (3.34), where e = 0.25,0.50,0.75 and y = 1, 3.
In Figures 5.1 and 5.2 we plot

max(||K™||3 — 1,1079)

for different A in the logarithmic coordinates, with £ = 1,2, 3 from left to right.
e For y = 3, this quantity is always close to 1076 and thus implies the mono-
tonicity stability.
e For y = 1, the data points increase along the line of slope 5 only for k > 2
and m = 1. These numerical results show the strong(2) stability at least and
the monotonicity stability for k£ < 1.
This verifies what we have stated in subsection 3.2.1.

10 10 10
15 15 B—8—8—8— 15 &—8&—e—e—o
" " "
3 2.5 2 3 -2.5 2 3 2.5 2
(aym=1

FIG. 5.1. The L?-norm amplification of the RKDG (4,4, k) solutions every m-step: k = 1,2,3
from left to right. Here € = 0.25,0.50,0.75 and y = 3.

To show the difference between the strong stability and the monotonicity stability,
we take k = 3 as an example and plot in Figure 5.3 the L2-norm evolution at the first
twelve steps, where A = 0.02 and £ = 0.50. The initial solution is taken as the first
unit singular vector of K. For y = 1, we can see in the left picture that the L?-norm
overshoots at the first step and decreases every two and three steps. But for y = 3,
the monotonicity stability is clearly observed in the right picture. This verifies our
theoretical results given in subsection 3.2.1.

5.1.2. The LWDG method. Consider the LWDG(2, k) method. As an exam-
ple, we take the numerical flux parameters as 6pp = 619 = 1/2 + ¢ and 611 = 1/2 — ¢,
where ¢ = 0.25,0.50,0.75. We plot in Figure 5.4 some pictures for £ = 0,1,2 and
m=1,2,3,4,5.

o If k = 0, this quantity is close to 1076 and shows the monotonicity stability.
e If k£ =1, the data points increase along the line of slope 3 for m < 2 but this
quantity is close to 10716 for m > 3. This verifies the strong(3) stability for
k=1
e If k = 2, the data points increase with slope 3 (odd) for m < 2 and with slope
4 (even) for m > 3. This shows the weak(4) stability.
The above observations well support the results listed in Table 3.1.

In Figure 5.5, the left picture plots the L2-norm evolution of the LWDG(2,1)
solution at the previous twelve steps, where A = 0.02 and € = 0.50. The initial solution
is taken as the first unit singular vector of K2. We can see that the monotonicity
decreasing is lost at the first two steps and conclude that the scheme can not have
the strong(2) stability. As a comparison, we also plot in the right picture for the
LWDG(2,1) method with 617 = 1/2+ ¢ and the others are kept the same. We can see
the monotonicity stability for this case.
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15 g i 15 % 15 B——b—u—09o
3 25 2 3 25 2 3 25 2
(b) m=2

FIG. 5.2. The L?-norm amplification of the RKDG (4,4, k) solutions every m-step: k = 1,2,3
from left to right. Here € = 0.25,0.50,0.75 and y = 1.

1.00fce0oay———~-—-—-—— - 1.00} oo --
—©— onestep
— O -- twosteps
—O — three steps
5 0.98 % 0.98f
- [ 1.0000002 )\ - [ 1.0000002
1.0000001 » [ 1.0000001
1.0000000 f(F = ——t-m—mm | 1.0000000 [ G—S—O
0'96 0.9999999 ] % 0-96 | 0.9999999 0] P
L L L | L L L |
(o] 5 n 10 15 (0] 5 n 10 15

FiGc. 5.3. The L?-norm evolution for the RKDG(4,4,3) method. Left: y = 1. Right: y = 3.
Here A = 0.02 and € = 0.50.

5.2. Verification on the error estimate. In this subsection we investigate
the numerical accuracy of the ESTDG method with two initial solutions. Since the
numerical results are almost the same, we only present the experiment data for the
RKDG(4,4,k) method on nonuniform mesh, which is constructed by perturbing the
uniform mesh nodes randomly by at most 10%. Take the time step by 7 = 0.05Apin
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FIG. 5.4. The L?-norm amplification of the LWDG (2, k) solution every m-step: 6po = 610 =
1/2+¢ and 611 =1/2 —¢e. Here k =0,1,2 from left to right and € = 0.25,0.50,0.75.
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FIG. 5.5. The L?-norm evolution for the LWDG(2,1) method. Left: 611 = 0; Right: 611 = 1.
Here A = 0.02 and 6gg = 610 = 1.

in what follows, where hy,;, is the minimal length.
First we consider a sufficiently smooth initial solution, for example,

Up(z) = sin(27z).

In Tables 5.1 and 5.2, we give the error and convergence order in the L2-norm for
y = 3 and y = 1 respectively. We can clearly observe the optimal convergence order,
which supports the result in Theorem 4.1.

TABLE 5.1
The L%-norm errors and convergence orders of the RKDG (4,4, k) method with the numerical
fluz parameter (3.34) and y = 3. Nonuniform mesh.

7 e =0.25 e = 0.50 e =0.75
Error Order Error Order Error Order
160 7.32E-05 5.28E-05 4.90E-05

320 1.83E-05 2.00 1.31E-05 2.01 1.24E-05 1.98
k=1 640 4.56E-06 2.00 3.32E-06 1.99 3.09E-06 2.00
1280 | 1.14E-06 2.00 8.27E-07 2.00 7.73E-07 2.00
2560 | 2.85E-07 2.00 2.07E-07 2.00 1.93E-07 2.00
160 2.11E-07 3.42E-07 4.91E-07

320 2.67E-08 2.98 4.27E-08 3.00 6.17E-08 2.99
k=2 640 3.34E-09 3.00 5.32E-09 3.01 7.68E-09 3.01
1280 | 4.18E-10 3.00 6.66E-10 3.00 9.60E-10 3.00
2560 | 5.23E-11 3.00 8.32E-11 3.00 1.20E-10 3.00
160 6.03E-10 4.88E-10 5.21E-10

320 3.71E-11 4.02 2.99E-11 4.03 2.96E-11 4.14
k=3 640 2.31E-12 4.01 1.90E-12 3.98 1.83E-12 4.01
1280 | 1.44E-13 4.00 1.16E-13 4.03 1.16E-13 3.98
2560 | 8.95E-15 4.01 7.26E-15 4.00 7.34E-15 3.98

Next we investigate the smoothness requirement proposed in this paper. To do
that, we take the initial solution

Uo(x) = [Sin(?wx)]€+2/3,

and € is a positive integer. This function belongs to H¢1(I), but not Ht2(I). In
Table 5.3, the optimal convergence order is observed when € = r, but not e = r — 1.
This indicates that the smoothness requirement in Theorem 4.1 appears to be sharp.

6. Conclusion. In this paper we have presented the L?-norm stability analysis
and the optimal error estimate for the ESTDG method, which adopts the explicit
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TABLE 5.2
The L2-norm errors and convergence orders of the RKDG (4,4, k) method with the numerical
fluz parameter (3.34) and y = 1. Nonuniform mesh.

7 e =0.25 e = 0.50 e =0.75
Error Order Error Order Error Order
160 8.03E-05 5.55E-05 4.99E-05

320 2.01E-05 2.00 1.39E-05 2.00 1.24E-05 2.01
k=1 640 5.01E-06 2.00 3.47E-06 2.00 3.13E-06 1.98
1280 | 1.25E-06 2.00 8.67E-07 2.00 7.87TE-07 1.99
2560 | 3.13E-07 2.00 2.17E-07 2.00 1.97E-07 2.00
160 2.03E-07 4.83E-10 4.22E-07

320 2.49E-08 3.03 3.03E-11 3.99 5.31E-08 2.99
k=2 640 3.13E-09 2.99 1.91E-12 3.99 6.64E-09 3.00
1280 | 3.91E-10 3.00 1.18E-13 4.01 8.30E-10 3.00
2560 | 4.94E-11 2.99 7.44E-15 3.99 1.04E-10 3.00
160 6.48E-10 4.83E-10 4.78E-10

320 3.92E-11 4.05 3.03E-11 3.99 2.91E-11 4.04
k=3 640 2.49E-12 3.98 1.91E-12 3.99 1.86E-12 3.97
1280 | 1.58E-13 3.98 1.18E-13 4.01 1.15E-13 4.02
2560 | 9.78E-15 4.01 7.44E-15 3.99 7.23E-15 3.99

TABLE 5.3
The L2-norm errors and convergence orders of the RKDG (4,4, 3) method on nonuniform mesh.
Here e =1 — 1 on the left column and e = r on the right column.

RKDG(4,4,3), y = 3 RKDG(4,4,3), y = 1

160 | 3.87E-08 2.20E-08 3.70E-08 2.43E-08

320 | 3.06E-09 3.66 | 1.37E-09 4.00 | 2.92E-09 3.66 | 1.52E-09  4.00
£=025 | 640 | 2.45E-10 3.64 | 8.57E-11 4.00 | 2.35B-10 3.64 | 9.51E-11  4.00
1280 | 1.97E-11 3.64 | 5.35B-12 4.00 | 1.91E-11 3.62 | 5.94E-12  4.00
2560 | 1.59E-12 3.63 | 3.34E-13  4.00 | 1.55E-12 3.62 | 3.71E-13  4.00
160 | 5.24E-08 1.66E-08 4.82E-08 1.74E-08

320 | 4.05E-09 3.69 | 1.02E-09 4.02 | 3.76E-09 3.68 | 1.08E-09 4.01
e=0.50 | 640 | 3.12E-10 3.70 | 6.36E-11 4.01 | 2.93E-10 3.68 | 6.72E-11  4.01
1280 | 2.41E-11  3.70 | 3.97E-12  4.00 | 2.28E-11  3.68 | 4.19E-12  4.00
2560 | 1.85E-12 3.70 | 2.48E-13 4.00 | 1.77E-12  3.68 | 2.62E-13  4.00
160 | 6.45E-08 1.56E-08 5.82E-08 1.59E-08

320 | 4.82E-09 3.74 | 9.55B-10 4.03 | 4.43E-09 3.72 | 9.78E-10  4.03
e=0.75 | 640 | 3.62E-10 3.74 | 5.91E-11 4.01 | 3.37E-10 3.72 | 6.07E-11  4.01
1280 | 2.73E-11  3.73 | 3.68E-12 4.01 | 2.56E-11 3.71 | 3.78E-12  4.00
2560 | 2.07E-12 3.72 | 2.30E-13  4.00 | 1.96E-12 3.71 | 2.36E-13  4.00

single-step time-marching and the stage-dependent numerical flux parameters in the
DG discretization. The main tool is the technique of the matrix transferring process
based on the temporal difference of the stage solutions, where the averaged numerical
flux parameter is proposed to measure the upwind effect in the fully discrete schemes.
By a unified analysis framework, in this paper we give some detailed L2-norm stability
stability results for the RKDG method with downwind treatments and the LWDG
method with different numerical flux parameters for the auxiliary variables. In order
to obtain the optimal error estimate for the ESTDG method, we propose a series of
space-time approximation functions for any given spatial function and then establish
a new proof line for the fully discrete method. During this procedure, the technique
of the matrix transferring process and the averaged numerical flux parameter play
very important roles. In future work, we will extend the above works to variable-
coefficient linear hyperbolic problems and nonlinear conservation laws in one and/or
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multidimensional cases.

7. Appendix. In this section we give some supplemental materials for those
conclusions unproved in Section 3. To this end, we have to make a matrix description
of the matrix transferring process.

Associated with the multistep number m and the stage number s, we intro-
duce some column vectors and square matrices of size ms, whose component is
only either 0 or 1. More specifically, let 1(m,s) = (1,1,...,1)" and e;(m,s), for
1=20,1,2,...,ms — 1, be the unit vector which has 1 only at the i-th position. Let
I(m,s) be the identity matrix and E(m,s) the shifting matrix which has 1 only at
the lower second diagonal line. Let

L(m,s) = [l(m,s) - E(m,s)} o —I(m,s)= Z E(m,s)",

1<k<ms—1

which has 1 at the strictly lower region. For simplicity of notations, we would like to
denote, for example

1(m) =1(m,s), 1=1(1,s), 1=1(m,1).
This rule will be used throughout the entire section.

7.1. Matrix description of matrix transferring process. In this subsection
we present a matrix description of how to get the ultimate spatial matrix. To do that,
we define some ms order matrices

(7.1a) C(m) ={c;;(m)}, D(m)={di;(m)}, W(m;9)={di;(m)(0;;(m) — )},
and

(7.1b) S(m) ={oi;(m)},  @(m) = {di;(m)},  Q(m; ) = {qi;(m; I)}.

Here ¢ and j are all taken from 0 to ms—1, and ¥ is the given parameter as mentioned
in subsection 3.1.1.

7.1.1. The ultimate spatial matrix. This matrix is obtained by running Algo-
rithm 1 for £ = 1,2,...,(, where the crucial calculation is the increment accumulation
in Step 2.

Define a lower triangle matrix A*(m) = {a};(m)}o<i j<ms—1, whose entries are
defined as zero except

a;;(m) = (1— 5ij/2)a5217j(m), forj<i<ms—1, and0<j<({—1.
Noticing that {g;;(m)}o<i j,<ms—1 is a lower triangle matrix, we can extend all three
summation ranges in Step 2 to the entire index set {0, 1,...,ms — 1}. Gathering up
the related operation of Algorithm 1 till the matrix transferring process stops, we can
easily obtain a unified description for the increment procedure at any fixed position.
More specifically, the integrated calculation reads (dropping (m) for convenience)

* . * ~ * ~
Girgr = Girgr — Qyrrs Girgr <= Girgr + QurirQerirs Gyt S Girgr T+ Qg Qi

where the index ¢/, j' and £’ go through {0, 1,...,ms—1}. Finally, the total increment
at Step 2 of Algorithm 1 can be expressed in the matrix form

G(m) = (20 = 1)A"(m) + Q(m; 9) " A" (m) + A*(m)Q(m; V),
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where G;;(m) = ¢;;(m;J) + 99;; is used.
From Step 3 of Algorithm 1, we have the ultimate spatial matrix (the last row
and column is dropped, since they are always zero)

B(m) = G(m) + G(m)"

7.2
" = (9= 3)B*(m) + 5 [B*(m)QUm; 9) + QUm: 0) T B*(m)].

Here we have introduced a symmetric matrix
(7.3) B*(m) = 2A*(m) +24%(m) " = {b};(m)}o<i j<ms—1,

which is the same as that in [24]. The entry at the lower triangular zone is defined as

. 20, (m), 0<j<C—1,j<i<ms—1,
(7.4) by (m) = +h :
0, otherwise.

In what follows, we only need to pay more attention on the perturbation matrix

(7.5) Z(m;9) = B*(m)Q(m; V) = {zi(m; ) }o<ij<ms—1-

7.1.2. Elemental formula on the perturbation matrix. Taking into ac-
count the purpose of the matrix transferring process, we want to deduce a convenient
and unified formula for those left-top entries z;;(m;¥) for 0 < ¢,j < {—1. To do that,
we have to rebuild an equivalent formula for some bJ;(m).

LEMMA 7.1. Denote c;(m) =0 if i > ms for simplicity. For 0 <1i < (-1, there
holds

(7.6) by (m) =2 > (=1)fai_p(m)ajrpa(m), 0<j<ms—1.

0<K<i

Proof. Recalling the existing results [24, Lemma 3.1]:

(7.7a)
Gy . _ y L
;i (m) = Z (=) o pw(m)aj—(m), for 0 <y < (andj <i <ms,
0<K<y’
(7.7b)
didm)= 3 (“D)faspa(m)as_(m), for1<i <,
—i <k<i!

we can prove this lemma by some simple discussions for different case of j.
If j > i, since B*(m) is symmetric, it follows from (7.4) that
bt (m) = b5 (m) = 247, (m).
This proves (7.6) by using the first equation in (7.7) with i = j + 1 and 7' = 1.

Otherwise, if j < 4, we similarly have

b(m) =20 (m) =2 3 (—~D)Fairin(m)as_w(m).
0<k<j
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To prove this lemma, we just need to show T = 0, with

T & Z (=1)"aiy14x(m)o_c(m) — Z (=1 i (m)ajt146(m)

0<r<j 0<r<i
= > (1) Fae(m)ajis-x(m).
0<h<jtit

Here we have respectively used the replacements of index k' = j—k and k' = j+1+k
in the two summations of the first equality. This purpose is easily checked as follows.
e If j+i+1is odd, the replacement k' =i+ j 41—k implies T = (—1)*H 17
and hence T = 0.
e If j+i+ 1 is even, denoted by 2¢, a simple replacement of summation index
again reduces

(FIP = 3 (D arc(m)ar(m) = agy(m),
—<kr<{
where the last step uses the second equation in (7.7). Since £ < (2¢(—1)/2 < ¢,

it follows a% (m) = 0 from the definition of the termination index of spatial
discretization. This implies T = 0 also.
Till now we sum up the above conclusions and complete the proof of this lemma. 0O

Due to (3.11) and (3.8), respectively, we can immediately obtain
(7.8) Q(m;9)X(m) = &(m)W (m;), &(m)D(m) = X(m).

This implies Q(m;¥) = X(m)D(m) W (m;9)E(m)~". Lemma 7.1 and (7.5) deduce
for any 0 <4,5 < (¢ —1 that

(7.9) zii(m; ) = Z 2(=D)"a;—p(m)my j(m; 9),
0<k<s
where
(7.10)
T, (m; ) = Z 14k (m)qe,; (m; )
0<t<ms—1

= | > acretme] mEm)| - [DTHm)W (m;9)] - [£(m)~e;(m)].

0<l<ms—1

7.1.3. Simplification. In this subsection we want to set up an equivalent sim-
plified expression of (7.10) by using the original data of the time marching as much
as possible. We start from the calculation of ¥(m)~!. By denoting (here and below
we omit (m) in the matrix entry)

1
—C11 1
S(m)=I(m)-C(m)E(m)=| —ca —Ca2 1 :
—Cms—1,1 —Cms—1,2 T —Cms—1,ms—1 1

33



782

783

784

785

786

787

788

789

790

the definition procedure of the temporal differences of stage solutions can be written
into the matrix form

Recalling the definition of the evolution equation, the matrix inversion on both sides
of the above identity yields

where we have used (7.8) to get ®(m)~! = D(m)X(m)~!. Comparing with the
matrices entries on both sides, we can achieve the following equalities for every column
in the matrix X(m)~1,

(7.11a) S(m) " Leo(m) = [L(m) + E(m)S(m)~*C(m)]eo(m) = q(m),
(7.11Db) S(m)'ej(m) = E(m)S(m) 'D(m)X(m)"e;_1(m), j>1,
K (m)

(7.12a) ag(m) = ems—1(m) " S(m)~'C(m)eg(m),
(7.12b) a;j(m) = ems—1(m)" S(m)"'D(m)E(m) 'e;_1(m), j>1.
p'(m)

For those important parts in the above formulas, we need to investigate the relation-
ship between one-step and multistep time marching.

To do that, we would like to use the (right) Kronecker product of matrices [23].
For example, it is easy to see

T T

mo1®el_y, I(m)=

I~

eo(m) = éo X €y, ems_l(m) =é ®l,

which implies E(m) =1 ® E + E ® ege]_;. Due to the definition (3.3), we derive
. 1. 1.
(7.13) Cm)=1I®C, D(m)=—I®D, W(@md)=—IcW(J),
m m

where W (¢) = W (1;9). Further, by some lengthy and tedious matrices manipula-
tions, we can get the following important identities

(7.14a) Sm) ' =L®S 'Ceel ST +I087,
1r. .
(7.14D) Km) =—[Leq'+19ES'D),
1.
14 T=—1ap’
(7.140) plm)” =~ iwp’,
(7.14d) gm)=1®q.
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In this process, we have used some simple conclusions

o
I~

E+BL-L &+l L-1T, &+Lé-1,

and an important identity, as a corollary of (7.12a) and ap(m) = 1,

(7.15) el . 1(m)S(m)~'C(m)eg(m) = 1.

ms—1 =

Limited by the length of this paper, we omit the detailed verifications for (7.14).
Based on the above conclusions, we are ready to simplify formula (7.10). An
induction process for (7.11) yields the following identity

(7.16) E(m)~"ej(m) = K(m)’q(m) = K(m)(1®q), j=0,

where (7.14d) is used at the last step. The corresponding matrix expression is
(7.17) S(m)" E(m) = K(m)Z(m) ™.

Since D g<pcims_1 erin(m)Te m)T = E(m)*, we use (7.12b) to get for any x > 0
that
(7.18)

Y acrire(mle(m)TE(m) = p(m) T E(m) " E(m)"L(m)

0<t<ms—1

= p(m) " [Z(m) " E(m)S(m)]* = p(m)" K(m)" =

where (7.17) and (7.14c) are respectively used at the last two steps. With the help of
(7.13), substituting (7.16) and (7.18) into (7.10) yields a simplification expression

1
m

(119)  moymid) = — (1T 0 p" ) Kny (1o D' W(0))Km)y (1@4).

This ends this subsection.

7.2. Proof of Lemma 3.3. Noticing (3.14) and a; = 1, it follows from (3.28)
and (7.10) that ©(m) = 9 4+ moo(m; J) for any ¥. Then (7.19) implies that

(7.20) ©(m) =0+ %(iT ® pT) (Z ® Q-lmw)) (i ® q) =J9+p' D 'W(d)q,

due to the simple fact 1711 = m. This completes the proof of Lemma 3.3.
Taking m = 1 and ¢ = © in (7.20), we use Lemma 3.3 to get

(7.21) p D 'W(©)q=0.

This property reflects the essence of the averaged numerical flux parameter, and plays
an important role in the proof of Lemma 3.4.

REMARK 7.1. Assume that the numerical flurz parameters are the same at each
time marching, and alternatively taken from two numbers 61 and 05 for different n.
By (7.20) and (7.21), a simple manipulation shows © = (01 + 02)/2. This clearly
reflects the meaning of the averaged numerical flux parameter.
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7.3. Proof of Lemma 3.4. For convenience of notations, we use a generic
notation C to denote a positive constant independent of m.
Recalling the proof of [24, Proposition 3.3], we have for 0 < i,5 < ¢ — 1 that
2 C
7.22 by:(m) — ————— | < —
(7:22) i(m) g+ +1)| = m
and we emphasize that {W}OSZ j<c—1 forms a symmetric positive definite ma-
trix. Since the averaged numerical flux parameter is assumed to be © > 1/2, noticing
(7.2) and (7.9), it is sufficient to prove this lemma by showing for 0 < x,j < ( —1

that
C

(7.23) |7, (m; ©)] < —

Here we have used the fact that a;_,(m) is bounded independent of m, since [24,
inequality (3.16)] has shown |a; (m) — 1/i'l] < C/m" for 0 < ¢/ <2¢ — 1.

Denote 7, ; = 7, ;(m; ©) and W = W (O) for simplicity. Below we prove (7.23)
for different cases, where (7.21) plays an important role to well control the accumu-
lation and growth as m goes to infinity.

o If k=7 =0, we have mg o = (iTli) ® (pTQ_lﬂq) =0, due to (7.21).
e If Kk >0 and j > 0, we have

1. - .
(7:24)  mey = — (1T @p" ) Km) ML m) K(m) ! (19 q),
where .

IL,.;(m) = K(m)(L© D™'W) K (m).
Substituting (7.14b) into this formula and then using (7.21) to eliminate the

term involving LQ. After some manipulations we yield
1 4
IL j(m) = —L®[qp' D"'WES™'D + ES™ ' Wqp']
m
1 »
+-—1®ES'WES™'D.
m

The row norms for all matrices (including the row vectors and column vectors)
do not depend on m, except that || L||oo = m — 1. Hence we have

c
ML 5 (M) [loo < —.

Noticing L (1T ®@p")|e < C and | K (m)|s < C, we get from (7.24) what
we want to prove. R
o If k=0 and j > 0, we have m; = =TIy ;(m)[K(m)}""}(1 ® q) with

Mo;(m) = (1T @p" ) (Ie D'W)K(m)= 1" @p ' D' WES™'D,

1

m
by some manipulations with the help of (7.14b) and (7.21). The remaining
proof follows the same line as above, hence is omitted.

e If k> 0and j =0, we have 7,0 = (17 @ p")[K(m)]* I, o(m), where

I, o(m) = K(m)Io D 'W)(ieq) =10 ES 'Wq,

with the help of (7.14b) and (7.21). Then we can prove (7.24) as above.
Summing up the above conclusions, we verify (7.23) and then prove this lemma.
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7.4. Proof of Propositions 3.1 and 3.2. Taking ¢ = 0 in (7.20) and substi-
tuting the definition of p' and g, we have

(7.25) O =e/ S 'W(0)(I+ES 'Ce,.

This identity will be used below.
Since we have assumed ¢y, > 0 for any ¢ and « in this paper, we can conclude
that all entries of S are non-negative by using the simple fact

S'=(I-EC)"'=I+ )Y (EC)".

1<i<s—1

Hence we can conclude from (7.25) that © is a non-negative linear combination of the
entries of W (0) = {d¢xex fo<s,x<s—1. This proves Proposition 3.1.

For the LWDG method with the time marching coefficients (2.10), we have S = I
and we get from (7.25) that

(7.26) O=el W(0)ey=ds—1,00s5-1,0=0s-1,0s

since I + ES™'C = I + EC = I. This completes the proof of Proposition 3.2.
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