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Abstract. This paper is concerned with optimal error estimates and superconvergence properties
of the discontinuous Galerkin (DG) method for two-dimensional hyperbolic conservation laws on
uniform Cartesian meshes when piecewise polynomials of degree not more than k (i.e., Pk elements)
are used. Superconvergence result of the DG approximation errors for the cell average and for the
downwind edge average with an order of O(h*1+2) is derived, under the condition that the wind
direction does not change sign on the whole domain. As a byproduct, an optimal convergence rate
of order O(h**t1) in the standard L? norm is obtained for both linear and nonlinear hyperbolic
equations. Numerical experiments are presented to verify our theoretical findings.
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1. Introduction. The DG method is a finite element method using completely
discontinuous piecewise polynomial space. It was first introduced by Reed and Hill in
1973 for the neutron linear transport [24], and later developed into the Runge-Kutta
DG (RKDG) method by Cockburn and Shu for hyperbolic equations [9, 11, 12, 13].
Due to its remarkable advantage such as flexibility for arbitrarily unstructured meshes,
the efficiency in parallel implementation, and the ability to easily handle complex
geometries or interfaces and accommodate arbitrary h — p adaptivity, the DG method
has found wide applications in solving various differential equations. We refer to
[10, 26] and their references for the development and survey of DG methods.

The mathematical study for DG methods can be traced back as early as 1974
by LeSaint and Raviart in [19], where a convergence rate of O(h*) for P* elements
on general triangulations and of O(h**1) for Q* elements (i.e., tensor product bi-k
polynomial spaces) on Cartesian grids were proved in the standard L? norm. Later,
Johnson and Pitkaranta [18] proved a rate of O(hk“‘%) in a mesh-dependent norm for
P* elements on general triangulations, which was confirmed to be optimal by Peterson
in [23]. Richter [25] obtained the optimal rate of convergence of O(h**1) for some
specially structured two-dimensional non-Cartesian grids under the assumption that
all element edges are bounded away from the characteristic direction. Falk and Richter
[15] investigated the DG method for Friedrich systems and proved a convergence
rate of O(h’”%) on general triangulations for the DG approximation. A hp-version
DG method has been studied in [17] and the exponential convergence was derived
for piecewise analytic solution. We also refer to [20, 30] for the discussion on the
interrelation between the mesh and the order of convergence for k = 1 and k = 0.
As for the one-dimensional and some multidimensional problems using Q¥ elements,
optimal a priori error estimates of order O(h**1) was proved for DG methods by
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using the upwind fluxes [8, 29] and upwind-biased numerical fluxes [22].

Although it is well-known that the convergence rate of (’)(h’“‘%) for the DG
method using P* elements can not be improved on general triangular meshes, a large
amount of numerical experiments show that the convergence rate can be improved
from O(h**+2) to O(hFt1) by 1 on Cartesian grids. It has been an open question
whether the optimal convergence order O(h**!) for P¥ element DG method holds
true on Cartesian meshes. Only recently, Liu et al [21] proved that, for upwind
DG method using P* elements on uniform Cartesian meshes, the error in the L? norm
achieved optimal (k+1)-th order convergence for linear constant hyperbolic equations.
For linear variable coefficient and nonlinear cases, only lower order DG schemes (i.e.,
0 < k < 3 for variable coefficient case and k = 2,3 for nonlinear case) were proved
to be optimal in L? error estimates. However, the theoretical analysis for high-order
DG method is still in vacancy when P* elements are used to solve the linear variable
coefficient and nonlinear hyperbolic problems.

The main purpose of current paper is to establish a unified analysis for P* element
DG method for 2-D linear and nonlinear hyperbolic equations on uniform Cartesian
meshes, where both optimal error estimates and superconvergence properties for the
DG solution are investigated. One contribution of this study is to provide a firm an-
swer, with a rigorous mathematical proof, that the optimal convergence order O(h*+1)
for DG method solving both linear and nonlinear equations holds true when P*, k > 0
elements and uniform Cartesian meshes are used. Another contribution is the discov-
ery of some new superconvergence phenomena, for the P* element DG method. Albeit
with considerable interest in analyzing superconvergence properties of DG methods
(see, e.g., [1, 2,3, 5,6, 4,7, 16, 27, 28]), all the studies are based on one-dimensional
problems and multi-dimensional QF elements. To the best of our knowledges, no su-
perconvergence result for the P* element DG method has been reported yet in the
literature. In this paper, superconvergence of errors for the cell average and for the
downwind edge average is established for the first time, with an order of O(h**2).

To end with this introduction, we would like to pointed out that the theoretical
analysis for the P* elements is much more difficult and sophisticated than the coun-
terpart Q¥ elements, whose degree of freedom (i.e., (k + 1)?) almost doubles that of
the P* elements (k+1)(k+2)/2. The deficiency of degree of freedom makes the error
analysis (i.e., construction of the projection) for P¥ elements elusive. To cope with
this problem, we first construct a specially designed projection of the exact solution
and then use the idea of correction function to correct the error between the DG solu-
tion and the special projection. The construction of correction functions finally yields
our desired optimal error estimates and superconvergence results for the P* element
DG method.

The remainder of the paper is organized as follows. In Section 2, we study the op-
timal error estimates and superconvergence property for the semi-discrete DG scheme
solving linear variable coefficient hyperbolic equations. In Section 3, we provide the
proof of the optimal error estimates and superconvergence of DG method for nonlinear
hyperbolic equations. Some numerical examples are provided in Section 4. Finally,
we conclude and give a few perspectives for future work in Section 5.

2. DG method for linear hyperbolic equations. In this section, we present
and analyze the DG method for the two-dimensional linear hyperbolic conservation
laws

u + (aw)e + (Bu)y =0, (z,y) €t € (0,T],

u(z,y,0) = ug(z,y), (2.1)



where a = a(z,y), 8 = B(z,y) are smooth function. For simplicity, we assume Q =
[0,27]? and the periodic boundary condition is satisfied. The assumption of the
boundary condition is not essential since the analysis can be applied to other boundary
conditions such as the Dirichlet boundary condition.

2.1. DG schemes. Let0:x1<xs< <xm+1:27rand0:y%<y%<

< Ypyl = 27. For any positive mteger r, we define Z, = {1,2,...,r}, and denote
by Th the rectangular partition of . That is,

Th = {Ti,j =T XT; 0T = [mi7%7mi+%]a7}y = [yjféaijr%L (27]) € L, X Zn}
We denote hf =z, 1 —x;_1,hi =y; 1 —y;_1, and h = max(h{, hY) is the maximal

3 ~Tim} Yird~

length of all edges, and x; = VY =
respectively.
Define the finite element space

Y;
5 =} the cell center of T,

Vi ={v: vl € PX(z,9),7 € Ta},

where P* denotes the space of polynomials of degree at most k with coefficients as
functions of t. The DG solution for (2.1) is to find a up € Vj, such that

ar(up,v) =0, Y7 € Th,v € Vp, (2.2)

where for any 7 =7, ; € Ty, (,§) € Ly, X Zy,

ar(up,v) = Oyupvdxdy — /

Tij

auhvmdzdy—/ Bupvydzdy

¥

Yipl B R
+ / ’ (auh(xi+%,y)v(mi+%7y) - auh<xi7%7y)v(mj_%ay)) dy
Y

i—

+ =

i—3

+/ : (ﬂﬂh(wyyﬁ%)v(x,y;%)*Mh(xyyj_%)v(w?yi )) da.

Here for any function v, v(z, 1,-),1}(93::;,-) denote the left and right limits of v
2

across x;_1, respectively, and 4y, @y, are numerical fluxes. In this paper, we consider
the upwind numerical fluxes iy, @y, which are defined by

. up(z, 1Y), if a(xiJr%vy) >0,
Uh(zi_i,_%,y) = up, (J?

)
y), ifa(z,y) <0,
i un(@,y;
Uh(xvyj—&-%) = ((E y
b J+

) 1f ﬂ(xayj-i-%) Z Oa
if Bz, y;41) <0.

Nl

|
~

2

Denoting vi|i+%,y = v(mi_%,y),vi|w’j+% = U(:U,y;i%), {v} and [v] the average

and jump of v, respectively. That is,

1 1 _
{v}H R (U +v )|i+%7y’ {’U}IJ-F% :i(UJr‘H) )z,j+%a

[ ]iJr%,y = (U+ - v_)|i+%,y7 [U]z,jJr% = (’U+ - v_)|w,j+%'
3



Let
a(u,v) = Z CI,T(U,U), (U,,U)T = /uvdxdy, (U,U) = Z (u’U)T'
T7€Th T T€Th

By a direct calculation, we have

a(v,v) = (vg,0) +

+ 5/ ’ Za({v} —ﬁ)[v]|i+%7ydy+z/6’({v} —17)[7)]‘%],4_%(136
0 i=1 j=1

Due to the special choice of numerical fluxes, there holds
1d
2dt

Especially, the L? stability of the upwind DG method follows, by taking v = uy, in

the above inequality and using the Gronwall inequality.

Hv||g = (vg,v) S a(v,v) + Hv||g, Yo € V. (2.3)

~

2.2. Error analysis. To investigate the optimal error estimates and supercon-
vergence of DG method, our analysis is along this line: we first define a projection
Pru € V, of the exact solution, and then construct a specially designed correction
function wy, such that |a(u — Pru + wp, v)]| is of higher order, i.e.,

|a(u — Pyu+wp,v)] S A ol

for some positive I. Here the notation A < B indicates A < ¢B with ¢ a constant
independent of the mesh size h. Finally we adopt the above weak estimate to obtain
the desired optimal convergence rate and superconvergence rate for the DG approxi-
mation. If no otherwise stated, we always suppose that the mesh is uniform and that
both «, 8 do not change sign over the whole domain €2, i.e.,

a(z,y)B(x,y) #0, V(z,y) € Q.

Without loss of generality, we discuss the case « > 0,8 > 0. The other three cases
(e, a>0,0<0,a<0,8>0,a<0,8<0) follow the same arguments.
In the rest of this paper, standard notations for Sobolev spaces are adopted, such

as W™P(D) on subdomain D C Q equipped with the norm || - ||, p,p and semi-norm
| “ lmp,p- When D = Q, the index D is omitted. We set W™?(D) = H™(D),
[ llmz20 =" llm.p, and | [m2,0 =+ |m.p-

2.2.1. A special projection of the exact solution. Let I =[-1,1],L_; =0,
and Ly, p > 0 the standard Legendre polynomial of degree p in I. Define L; ,,(z), L; »(y)
to be the Legendre polynomial of degree p on the interval ;¥ and ij, respectively.

For any function v and integer p > 0, we denote by mjv the L? projection of v
along the z direction onto PP(z). To be more precise, myv|,+ € PP(x) satisfies

/w(v — myv)wdr =0, Yw € PP(x).

The L? projection myv of v along the y direction can be defined similarly. By using
the standard approximation theory, we have
P 1 P
v — W;U”Ofrf +h2|lv— W;U”O’oo"rf S thU”lJfa I<p+1 (2.4)
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Furthemore, if

oo
20+ 1
Ve =Y _uiLii(w), with v = Tt vLi (z)dz,

7 T
then
p
2l 1
W;v\riz :ZvlLi_,l(x), v—7r V)| = Z L;(x + / vl (x)dx.  (2.5)
1=0 I=p+1 T

In each element 7 ;, (¢,7) € Zy, X Zy, suppose u(z,y,t) has the following Radau
expansion

u(z,y, )|, Z Zu = Lip—1)(@)(Lj,q — Ljq—1) ("), (2.6)

p=0 q=0
where (see [4])
p—1lg—1
i L 2+1)(2r+1)
Uplg = (@ 1,y )+ e | ul@y ) Lii(@) Ly (y)dzdy
1=0 r=0 il i,
p—1
2041 _ 27’ + 1
_ Z e /z u(x,yj+%,t)Li7l(x)dm - / +1’y’ )L; (y)dy.
= g Ti
In light of (2.5), we have
U = (4= T (o gy ) = M (0= T ) oy 1)
= (T a0

Here Z denotes the identity operator. Then we conclude from (2.4) that

|up7q| S P g g, - (2.7)

In addition, we have from (2.5) that
2+ 1)(2r+1
Z Z = hy ) / u(x,y,t)Li (z)Lj . (y)dedy. (2.8)
l=p r=q Ti,j

Denote by Q% = P¥(z) x P¥(y) the standard space of bi-k polynomials, and define
P u € Q%(z,y) the truncated Radau expansionof the exact u. That is,

k k
Ul =D uy Lip—1)(@)(Ljq = Ljq-1)(y)- (2.9)

p=0 g=0

We split P, u into three parts

Ph_u|‘rri,j = Z + Z + Z u;’,jég(Li,p = Lip-1)(®)(Ljq — Ljq-1)(y)

pra<k  pra=h+l  k2<pe<(btl)?
= Q1u + Q2u + Qsu.



Define

<0|Ti,j = Z ;LL),]qL ( )LLq(y) (210)

p+q=k+1

Now we define a projection Pru € V}, of u as follows:

Phu|7—i7j = Qlu + Q2u - CO
Given a sequence of coefficients {v%7}, define

Dyvid = i — i=ld | Doy = i — i1
D' = Dy(D YT, Dhvtd = Dy(DS 1), 1> 2.
We next estimate the coefficients u, ’J given in (2.6) and the function (.

LEMMA 2.1. Suppose up’fq are the coeﬁczents given in (2.6). Then for any positive
integer v’ 1

m n
SO 1Dy DY ki 2 < pAeratr b gpl gay | 2, (2.11)
i=1 5=1

Proof. First, given any fixed positive integer r, [, we denote

w4
o = [ [ e D L) Ly )y,
’ hihg ) T

Let h = h/2. Since the mesh is uniform, we have, by a scaling from 7, 7/ to [-1,1],

pid

. . 1 1 — — — —
Dyvii — / / (s + T,y + hs) — s + e,y + hs)) Li(€) L (s)dEds
11

dlfp(EQ _ l)l drfq(SQ _ 1)7‘
det-» ds™—1

1 1
= 0[1 [1 82’83(1;(@ + hé,y; + hs) —u(z; + hE,yj—1 + hs)) dsd€.

_1ypt . . .
Here ¢ = %, qg < r,p <, and we have used the integration by parts in the last

step. Noticing that 9f 0du = O(hP*9)920du, we get

hp+q 1 G+l
|Dyv™| < 21+rl|7~l/ / C R0t uldady S

2l+r 1y ”apa(yﬁlullo’ﬂduﬂ,j—l )

,Q
2

which yields, together with (2.8),

oo oo
|D2u;y,q| 5 Z Z ‘DQ'UZ’” S hp+q||agaly1+1u”07ﬂ,jUTi,j71'

l=p r=q
Following the same argument, we have
i,J p+aq || gp+1 94
|D1up,q| 5 h ”az ayu||077'z‘,jUTi—1,j7

|DeDruyfy| S HPHHL N T ar

i'=ii=1j'=j.j—1
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Summing up all ¢, j, we conclude that (2.11) holds true for (+/,1') = (0,1), (1,0), (1, 1).
By the induction method, we can prove (2.11) is also valid for 7/,1" > 2 and we omit
it here for simplicity. O

Given any function w, define the difference operator of w along the z direction
and y direction by

meii = w(mﬁr%,y) - w(xi%,y), Dwa u(z, yj+2) —w(z, yi ),

J
Dif'wi = Dy(Dhwi), Dit'w = Dy(Diwf), 1> 1.

N\»—A

We have the following results for (.
LEMMA 2.2. Given any fized positive integer r > 1, there hold

S / BG Lo g4 Lir (@) — / G g B @)l SR 212

Ti,j

> / Dy(BGo); L (2)do - / D, (8607 Li1r(@)dal? S B2 Jul2, 5, (213)

Ti,j

3 / D, (aGo)7 Ly (v)dyl® + | / 0G5 iy By S WD ]2, (2.14)
Ti,j Tj

3 / Da(ao); dyl> < h26H9) [u2, . (2.15)
Ti,j

Proof. For any fixed p,r, we denote

Bhi = / Bla s Lip(@) Li / B+ 5 0 ) L) Lo (5)ds.
For smooth function 3, we have
1B Sy [D1BY

Recalling the definition of (o in (2.10), we have, from a direct calculation

86 g Lint@lds = [ 5G|y Limsa(e)da
U T
= > (Y —up BTN =y B Dyl D1 (2.07)

p+q=k+1 ptg=k+1
and thus

[ 8 lesesLir@ddo= [5G loyia Lioar(@)del S (Db 1),
T T

pHq=k+1

+ DB | < A%, | Dy Do | < 3. (2.16)

Then (2.12) follows by summing up all 7; ; and using the estimates in (2.11). Following
the same argument, there holds

/ DB Lr @ = [ D807 L)t
Z D2 Bl,]ua]) Dz(ﬁz l,juz 1,])

p+q=k+1
= E ﬁmD1D2U ,J + Dlﬁl’]DQUZ 1,5 + Dlu 7] 1D25i7j + u;_ql’j_lDngﬂi’j.
p+q=k+1
7



Summing up all 7; ; and using (2.11) and (2.16) again, we get (2.13) directly.
Similarly, for any fixed ¢ > 1, we denote

0t = [ alriy ) Lia) Liv )iy
Then

/ @Gl —aGly JLirdy = >0 o™ Dl +upy Y Diatd.
ij p+q=k+1

Noticing that for » > 1, we have
la™| < h, Dia™ <2

While for r = 0, we use the orthogonality of Legendre polynomials to get
atd = / (s 1,9) — al@1,95401)) Lig(Y)de S h?, Dia™? S 1.
T

Summing up all 7; ; and using (2.11) again yields the desired results (2.14)-(2.15). O

2.2.2. Construction of the correction function. Define

V;?Z{UE‘/}LI/UZO, VreThy, Vi={v:v|, € Px,y), V7 T}

T

Denote by a, 3 € Vj, the cell average of «, 3, respectively. That is,

1 - 1
al, = —/admdy, Bl = —/dedy.
7l J+ Il J+

For all 7 = 7; ;, define

br(u,v;a, B) = —/ auvgdrdy —|—/ ou(z, 1,Yy) (v_|i+%7y - 1}+|i_%7y> dy

Ti,j 'r;?’
- / Puvydzdy + /1 5“(%%;%) (U_|x,j+% - ”ﬂx,j—%) dz,
Ti,j Ti
and

Hr(u, v, B) :/y

H.}-(U,’U;Q,B) = (utvv)T + bT(U,U;O[ - daﬁ - B)
+ /y Dz(au);vﬂi_%’ydy—l—/ Dy(ﬂu)j_vﬂx,j_%daﬁ
T T

(auivih—&-%,y - au7v+‘i—%,y)dy + /m (6uivi|m7j+% - ﬁu7v+|x,j—%)dl’7
7]

Given any function v, let Rptp € V) and R} ¢ € V)2 be two special projections of
t such that for all v € V}

br(Rh¢,U§@7B) = _HT(wvv;aaﬂ)? (218)
by (Rp,v; @, B) = —HLE (¥, v; , B). (2.19)
8



LEMMA 2.3. The operators Ry, and R}, are well-defined.

Proof. Noticing that the only difference between R;, and R}L lies in the right hand
side, we only prove the uniqueness of Ry since the similar argument can be applied
to R}L. Towards this end, we need to show that the zero right hand side v = 0 will
yields a zero solution Rj1=0.

Denoting w = Rp. By choosing v = w in (2.18), we easily get

C_V/y (w7|z‘+%,y - w+|i—%,y)2dy + B/l (w7|z,j+% - w+|z,j—%)2dx =0,
T; T

which yields

Wyl = w’t 1, Y(x,y) €T

- i
w |i+%ay_w z,j—3

1
=3,y

Consequently,

/wxda:dy = /wydxdy =0.

Consequently, wg, wy € VhO . On the other hand, we use the integration by parts to
derive that

by (w,v) = (awy + Bwy, v),.
By choosing v = aw, + Bw, € V¥ in the above inequality yields
awy + Bwy =0,

and thus w is a constant in each element 7. Since w € V)2, we have w = 0. Then
w = Rp1 is uniquely defined. This finishes our proof. O
Now we define two correction functions by

¢ = RuCo, ¢ = RiGr. (2.20)

We have the following properties for ; and (s.
LEMMA 2.4. There hold forl =1,2 and r = 0,1 that

Icillo S W+ ulls, (2.21)
(3 [ 100 Py + [ 1Dy(80); Pa) S 4 s, (222
Ti; U Td T
1

(X1 [, Drtacdy+1 [ DyBa); daf)? S W2 fulsasr. (229
Ti,j Tj T

Here for any function v, D%v; = ’U_|i+%)y,D2’U; = ’U_|$7j+%.

The proof of Lemma 2.4 is given in the appendix.

2.3. Weak estimates of the projection. With the correction function defined
in (2.20), we design a special projection of u by

l
uh = Ppu—w), withwj =Y ¢, 1<1<2. (2.24)
r=1

9



THEOREM 2.5. Let u € H*1H(Q),1 < 1 < 2 be the solution of (2.1), and
up, € Vi, be solution of (2.2). Suppose ul € V), is defined by (2.24). Then

la(u —uf, )| S B ullerisallollo, Yo € Vi (2.25)

Proof. Recalling the definition of a(-,-) and using the orthogonality of Qzu, we
have

ar (P, u— Pyu,v) = a-(Qzu + Co,v) = —(Co + Qau, avy + Buy)r + H,(Co,v; o, B).

Noticing that

ar((ryv) = b (G 03 @, B) + HE(Gryv50, B), 1 <7 <2,
we have

ar (P u— uy,v) = be(wj,,v; &, B) + He(wh, v o, B) + Hr(Co, vs o, B) —
where
Jr = (Co + Qzu, avg + Buy)r.
In light of (2.18)-(2.19), we have for all v € V}0 that
ar(Pyu—uy,v) = Hi(G o0, 8) —

By using the Cauchy-Schwartz inequality and the inverse inequality,

[HE(Gvia, B)] S 106G lo.r + RllGllo vl + G

+h el - ( [, 1patac; Pay+ [ 1D,(30; I2dw>

On the other hand, using the orthogonality of (y and Q3u again yields

|7 = [((Go + Qzu), (o = mim{ @)vs + (B — 7 m{ B)vy)r| S 12||Co + Qzullo,rl|v]l1

llo,

1
2

Consequently, for all v € V)2,

lar (P u—uj,v)| S (IGllo.r + 19:Cllo.r + Allco + Qsullo,) 1vllo

+h™ 2 ollo.s (/y \Dx(aCz)ZIQdy+/m IDy(ﬁﬁl)jZ‘m)

Summing up all element 7, and using (2.21)-(2.22) and the estimates of (o, Q3u, we
have for all v € VhO

1
2

la(Pyu = up, )] S B (el + lulleseen) [ollo S A5 lullksrilollo-
For all vy € V3, a direct calculation yields

a(P, u —ub,vp) ZZ’UO / D, (ag,); dy+/ D,( Bg} dac)

Ti,5 r=0

10



If I = 1, we use (2.15), (2.22) and the Cauchy-Schwarz inequality to derive that

1
2
1

By o) £ (Sd) (5 / IDa(ad); [Py + / 1Dy (86,5 2da)

Ti,j r=0 T,

< W fullg2]lvollo-
By using (2.15), (2.23) and the Cauchy-Schwarz inequality again, we have for | = 2,

2

B < (D) (L3 / DlaGIT sl +1 [ D5 ol

Ti,j r=0 74,

< B2 full3]lvollo-
Consequently,
|a(Py u = uf,v0)| S B |ullks14llvollo, Voo € Vi

Since any function v € Vj, can be decomposed into v = v1 +vg with v1 € V,? and
vy € Vp, then we conclude from the last two inequalities that

|a( Py u—up, )| = la(Py u—uf,vo) + a(Py u—up,v1)] S B ullkgreal|v]o-
Note that (see [4])
la(u — Py u,v)| < A ollo||ullkgriz, Yo € Vi, 1<7r <k
Consequently,
la(u—ub,v)| = |a(u— Py u,v) +a(Py u—ub,v)| S ulkrisr, VeV, 1<1<2,

This finishes the proof of (2.25). O

2.4. Optimal error estimates and superconvergence. Define the cell aver-
age error and downwind edge average error as follows:

( (F 7 - wmas) )

(1 1 . 2,1 . )
0= o X G [ w0y )"+ G [y

Ti,j €Th J

Now we are ready to present the optimal error estimates in L? norm and super-
convergence for the cell error and downwind edge average error.

THEOREM 2.6. Let u € H*2(Q) be the solution of (2.1) and u} € Vi, be the
special projection of u defined by (2.24). Assume that uy, € V}, is the solution of (2.2)
using uniform meshes with the initial value chosen as uy(x,y,0) = u(x,y,0). Then

(= un) (- )0 S A5 Jul g (2.26)
11



Furthermore, if u € H*3(Q), then for k > 1,
eue SP P ullirs, ea S BETE|ullpys. (2.27)

Proof. Choosing v = uy, —u} in (2.3) and using the orthogonality a(u —uy,v) = 0
for all v € V},, we have

luy — Uh||o%||u1 —unllo < |a(up —uf, uf —un)| + luj — unl
= la(u — uur — )| + [ty — 3
Due to the special choice of initial values and the estimates in (2.25), we have
luf = unllo S P lullisipr, 1<T< 2, (2.28)
Consequently, if uw € H**2, then
lw —unllo < llup —ullo + lug = unllo S P*{|ullpra.

This finishes the proof of (2.26).
Noticing that

/(u —ub)dxdy = /(u — Pyu+ wh)dxzdy = 0,

T

we have

1
| 1 2\’
eo = (nm ; (m/7<ul,—uh)dmdy) ) S llur = wallo,
T h

which yields (together with (2.28)) the first inequality of (2.27). Similarly, using the
orthogonality of Legendre polynomials,

Y
T

[ =gy = [ (Pru=ubiar,ydy = [ whiary oy,

| =g, de = [ ke,

2

Consequently,
e |2 = LZ’E (wl +ub —u )z y)dy‘2+ ’l (wl +ub —u )z, Y )d:c’2
W gm Ly J T T i g b h T A g
Ti,j J i
_ 2 _ 2
St —wli+ X1 [ wher, ol +| [ whtog, sl
Ti,j 5 i

Then the second inequality of (2.27) follows by choosing » = 0 in (2.23) and [ =2 in
(2.28). O
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3. DG method for nonlinear hyperbolic equations. In this section, we
consider the DG method for the two-dimensional nonlinear hyperbolic conservation
laws with periodic boundary condition

ut+f(u)x +g(u)y:07 (xvy) GQa te (OaT]a

u(z,y,0) = ug(z,y), (3.1)

where f(u), g(u) are smooth functions. In this paper, we suppose that f'(u) and ¢'(u)
do not change sign.
The DG solution for (3.1) is to find wuy, € V3, such that

(Bpun, v}y, = (F(un),va)r, , — / (Fnv iy y = Fnlicy ) dy
" (3.2)
+ (g(un), vy)r ; — / (g(uh)vjx,j-i-% —g(uh)vﬂx,ﬁ%) dz,

where f(up), G(un) denote the numerical fluxes, which are single-valued functions
defined at each cell interface and in general depends on the values of the numerical
solution uy, from both sides of the interface. Here we still choose the upwind monotone
numerical fluxes, i.e.,

¢ _ f<u7)7 if f/(u) =0, Gl — g(uf), if g’(u) >0,
flun) = { f(u%), i g(un) = { g(u%), if ¢’(u) <0,

Without loss of generality, we assume that f'(u) > 0,¢'(u) > 0. To deal with the
nonlinearity, we first adopt the Taylor expansion for f(u) and g(u),

f;/(u - uh)Q’

DN | =

fu) = fun) + f'(u)(u — up) —

gu/ (u - uh)27

| =

g(u) = g(un) + g'(u)(u —up) —
where
fil = O+ (1= 00)uy), gl =g (Bru+ (1 —0)up), 0< 0,05 <1
Second, we need a priori assumption for the error u — up, i.e.,

[u—unllo,c S h- (3.3)

~

This assumption is frequently used in the DG error analysis for nonlinear problems
(see, e.g., [5, 22]). We will justify this assumption for k& > 1.
Third, we slightly modified the correction function (1, (a.

b‘l’((lvv;f,(u)vg/(u)) = _HT(CO,’U;f/(U),g/(U)),
br (G2, v f'(w), g (w)) = —H7(Coyvs f (), g (w)).

Let v} = Pyu — wﬁl with wfl = 25:1 ¢, and denote
e=u—up, n=u—uy, &=uj—up
Following the same argument as what we did for the linear problems, we have

[A(u = uf, 0)| S B ullkgsallollo, 112, (34)
13



where

A(w,v) = (Qpw,v) — (f' (u)w,vy) +Z/ ( u)wv Tlivay — f(u)wv™ |17, y> dy

Ti,j

u)w, vy) +Z/ ( WU |, 41 —d'(u )wv+|mﬁj+%)dw.

Tij

THEOREM 3.1. Let u € H**2(Q) be the solution of (3.1) and u} € Vi be the
special projection of u. Assume that up, € Vj, is the solution of (3.2) using uniform
meshes with the initial value chosen as up(z,y,0) = ub(z,y,0). Then

1w = un) (5 B)llo S Al s (3.5)
Furthermore, if u € H**3(Q), there hold for k > 1
ce S REED ullys, g S R ]l (36)

Proof. Noticing that the exact solution u also satisfy the equation (3.2), we have
the following error equation

24(e,v) = (f, €2,v2)+(g. €2 , Uy +Z/ Vlligs ydilﬁ‘/ (gue®) v 0|y jy2)de.

TZ]

By denoting

= (Fle?6) + (gLe &) + D / €llasydy + / (9263 €l 4 3)d,
we have
J
A =AM + 3. (37)
We next estimate the term J. By using the Cauchy-Schwarz inequality,
T < llelloso(llelloll€lls + I€NIR, + €l Inlle,), (3.8)
where
I, =3 [ @y )+ Sl i+ | @)+ i
Ti,j T

Using the inverse inequality and the approximation property of ulI, we have

€I, < ATHIENR, nlIR, < A*HH Ry

Substituting the above inequality into (3.8) and using the inverse inequality yields
- k
T S h 7 Hello,co(llelloliéllo + 1€ + A lullera I o)-

Recalling the definition of A(,-), we obtain from a direct calculation,
1
A(E,8) = (&,6) + *(@f’(u) + 0,9/ (u),€?)

+Z/ f'(u z+ ydll+/ f'(u a:j—i—%dx-

Ti,j
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Combining (3.4), (3.7), (3.9) and the estimates of J together, we get

(€6:€) S (1 +h7lello,co)IENIE + > el

In light of (3.3), we have

b colllliyr + R ullesarali€lo.  (3.10)

1d

5 €18 < (€,©) S N3 + 12l

and thus

1€llo S APl pa-

Then (3.5) follows from the triangle inequality.
To derive the superconvergence result, we first adopt the inverse inequality from
the last inequality to derive

[€ll0,00 < B¥[|uf|o-

Then

leflo,co < N€llo,0 + 17ll0,00 S B*[lullvo-
Substituting the above inequality into (3.10), we have
(&,6) S (L4 RN + 2 fullfgy + P52l erall€llo-
Consequently, for sufficiently small i, we have from the Gronwall inequality that
I€lo < A™RERFER) [y, 5.

Following the same argument as that in Theorem 2.6, we obtain (3.6). O
REMARK 3.2. Now we show that the a priori assumption (3.3) is reasonable and
Justify it. Actually, we have from the optimal error estimate (3.5) that

lur = upllo S B

~

Using the inverse inequality and triangle inequality, there holds

lu = unllo,co < [lu—urlloeo + [Jur — unllo,co
S lw = Paullooe + b7 Hlur — unllos + 271G+ C2llo
< BF,

Consequently, the assumption (3.3) holds true for k > 1.

4. Numerical results. In this section, we present some numerical experiments
to verify our theoretical findings. In our numerical experiments, we adopt the upwind
DG scheme using P* elements with 0 < k < 3 for solving the linear constant coefficient
equation, the linear variable coefficient equation, and the nonlinear equation, and we
test the standard L? error ||el|o, the error for the cell average e., and the error for
the downwind edge average ey on both uniform and nonuniform meshes. The uniform
mesh is obtained by equally dividing the computational domain [0, 27] x [0, 27| into
N x N rectangles. Nonuniform meshes of IV x N rectangles are obtained by randomly
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and independently perturbing each node in the x and y axes of a uniform mesh by up
to some percentage. That is,
27m'+7r dn() 27Tj+7'l' dn(), 1<i,j<N—1
T = —— + —=randn i = —= 4+ ——randn i —1.
[ N 2N 9 y_] N 2N ) =] >
Here randn denotes the random number in the interval [—1,1]. To diminish the time
discretization error, forth-order Runge-Kutta method is used with the time step size
At = 0.05h2 ;,, with A, = min(h?, hY).

Example 1. We first consider the following linear constant hyperbolic equation

Up + Uy — 2uy = f, (z,y,t) € [0,27] x [0,27] x (0,1),
u(z,y,0) =sin(z + y)

with the periodic boundary condition
w(0,y,t) = u(2m,y,t) and wu(z,0,t) = u(z,27,t).
The right-hand side function f is chosen such that the exact solution is
u(z,y,t) = sin(x + y — 2t).

Listed in Tables 4.1-4.2 are errors and the corresponding convergence rates cal-
culated from the DG method for £ = 0,1,2,3 in uniform meshes and nonuniform
meshes, respectively. We observe an optimal convergence rate of k + 1 for the L2
error |le||p, a superconvergence rate of k + 2 for the downwind edge average error ey
for £ > 1 in uniform meshes, which confirm our theoretical results in Theorem 2.6. As
for the cell average error e., Table 4.1 demonstrate a superconvergence rate of 2k + 1
for £ = 1,2 and 2k for k = 3 in uniform meshes, which is better than the theoretical
result k£ + 2 given in (2.27). While in nonuniform meshes, Table 4.2 shows the op-
timal convergence rate k + 1 for all the errors | el|o, e, €4, and the superconvergence
phenomena for the cell average error and edge average error disappear.

Example 2. We solve the following linear variable equation with periodic bound-
ary condition

Uy + (a($7y)u)x + (ﬂ(x’y)u)y = f’ ((ﬂ,y,t) € [07 27‘—] X [Oa 27T] X (07 1)3
U(:Z?, Y, O) = sin(:z: + y)a

where a(x,y) = sin(z +y) + 2, 8(x, y) = cos(x +y) — 2, and f is chosen such that the
exact solution is u(z,y,t) = sin(x + y — 2t).

The computational results in uniform and nonuniform meshes are given in Table
4.3 and Table 4.4, respectively, from which, we can observe similar results as given in
Example 1 for the linear constant coefficient problem, which indicates that optimal
error estimates in the L? norm and superconvergence results for the cell/edge average
errors hold true for the linear variable coefficient equation in uniform meshes.

Example 3. We consider the following nonlinear equation with periodic bound-
ary condition

wp + (u?’)w —(e")y=f, (x,y,t) €[0,27] x [0,27] x (0, 1),
u(z,y,0) =sin(z + y).
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TABLE 4.1
Errors and convergence rates for the constant coefficient equation in uniform meshes

N x N llello | rate €c rate €d rate
16 x 16 1.49e-0 - 2.08e-1 - 3.51e-1 -
32 x 32 8.32e-1 | 0.84 | 1.20e-1 | 0.80 | 1.95e-1 | 0.84
k=0 64 x 64 | 442e-1 | 091 | 6.44e-2 | 0.90 | 1.03e-1 | 0.92
128 x 128 | 2.28e-1 | 0.96 | 3.34e-2 | 0.95 | 5.32e-2 | 0.96
256 x 256 | 1.16e-1 | 0.98 | 1.70e-2 | 0.97 | 2.70e-2 | 0.98

16 x 16 8.42e-2 - 4.19e-3 - 1.01e-2 -

32 x 32 2.07e-2 | 2.03 | 5.73e-4 | 2.87 | 1.38e-3 | 2.87
k=1 64 x 64 5.14e-3 | 2.01 | 7.34e-5 | 2.96 | 1.77e-4 | 2.96
128 x 128 | 1.28e-3 | 2.00 | 9.24e-6 | 2.99 | 2.23e-5 | 2.99
256 x 256 | 3.21e-4 | 2.00 | 1.16e-6 | 3.00 | 2.80e-6 | 3.00

16 x 16 4.72e-3 - 2.05e-5 - 1.67e-4 -

32 x 32 5.85e-4 | 3.01 | 6.54e-7 | 497 | 1.08e-5 | 3.95
k=2| 64x64 | 7.29-5 | 3.00 | 2.06e-8 | 4.99 | 6.79¢-7 | 3.99
128 x 128 | 9.11e-6 | 3.00 | 6.44e-10 | 5.00 | 4.25e-8 | 4.00
256 x 256 | 1.14e-6 | 3.00 | 2.00e-11 | 5.01 | 2.66e-9 | 4.00

16 x 16 2.84e-4 - 1.54e-7 - 7.17e-6 -

32x32 | 1.75e-5 | 4.02 | 3.53e-9 | 5.45 | 1.93e-7 | 5.22
k=3 | 64x64 | 1.09e-6 | 4.00 | 5.53e-11 | 6.00 | 6.46e-9 | 4.90
128 x 128 | 6.82e-8 | 4.00 | 8.62e-13 | 6.00 | 1.99e-10 | 5.02
256 x 256 | 4.26e-9 | 4.00 | 1.64e-14 | 5.71 | 6.09e-12 | 5.03

TABLE 4.2
Errors and convergence rates for the constant coefficient equation in nonuniform meshes

N x N llello | rate €c rate €d rate
16 x 16 1.54e-0 - 2.13e-1 - 3.55e-1 -
32x32 | 872-1 | 0.88 | 1.25e-1 | 0.83 | 2.00e-1 | 0.89
k=0] 64x64 | 4.65e-1| 096 | 6.75e-2 | 0.94 | 1.07e-1 | 0.96
128 x 128 | 2.40e-1 | 0.98 | 3.50e-2 | 0.97 | 5.49e-2 | 0.98
256 x 256 | 1.22e-1 | 0.98 | 1.78e-2 | 0.97 | 2.79e-2 | 0.97
16 x 16 1.04e-1 - 6.80e-3 - 1.35e-2 -
32 x 32 2.35e-2 | 212 | 1.25e-3 | 242 | 2.79e-3 | 2.25
k=1 64 x 64 0.83e-3 | 2.03 | 2.54e-4 | 2.32 | 5.59e-4 | 2.34
128 x 128 | 1.50e-3 | 2.15 | 5.81le-5 | 2.34 | 1.21e-4 | 2.43
256 x 256 | 3.75e-4 | 2.00 | 1.40e-5 | 2.05 | 2.94e-5 | 2.04
16 x 16 7.53e-3 - 2.99e-4 - 8.27e-4 -
32 x 32 7.70e-4 | 3.39 | 2.17e-5 | 3.90 | 6.28e-5 | 3.83
k=2 64 x 64 | 9.84e-5 | 3.00 | 2.47e-6 | 3.16 | 8.12¢-6 | 2.98
128 x 128 | 1.25e-5 | 3.04 | 3.43e-7 | 2.91 | 1.03e-6 | 3.05
256 x 256 | 1.55e-6 | 3.01 | 3.97e-8 | 3.05 | 1.26e-7 | 3.03
16 x 16 | 4.22e-4 - 7.15e-6 - 2.76e-5 -
32x32 | 2.76e-5 | 4.52 | 7.33e-7 | 3.77 | 2.29¢-6 | 4.12
k=3] 64x64 | 1.89¢-6 | 3.91 | 5.32e-8 | 3.83 | 1.68e-7 | 3.82
128 x 128 | 1.22e-7 | 4.04 | 3.74e-9 | 3.91 | 1.17e-8 | 3.92
256 x 256 | 7.72e-9 | 3.98 | 2.24e-10 | 4.06 | 6.78e-10 | 4.11
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TABLE 4.3
Errors and convergence rates for the linear variable coefficient equation in uniform meshes

N x N llello | rate €c rate €d rate
16 x 16 | 2.00e-0 - 2.98e-1 - 4.57e-1 -
32 x 32 1.23e-0 | 0.70 | 1.88e-1 | 0.66 | 2.82e-1 | 0.70
k=0 64 x 64 7.21e-1 | 0.78 | 1.11e-1 | 0.76 | 1.64e-1 | 0.78
128 x 128 | 4.03e-1 | 0.84 | 6.26e-2 | 0.83 | 9.18e-2 | 0.84
256 x 256 | 2.17e-1 | 0.89 | 3.39e-2 | 0.89 | 4.94e-2 | 0.89
16 x 16 1.00e-1 - 9.06e-3 - 1.47e-2 -
32 x 32 2.22e-2 | 2.18 | 1.42e-3 | 2.67 | 2.20e-3 | 2.74
k=1 64 x 64 5.24e-3 | 2.08 | 1.90e-4 | 2.90 | 2.89e-4 | 2.92
128 x 128 | 1.29¢-3 | 2.02 | 2.41e-5 | 2.98 | 3.65e-5 | 2.99
256 x 256 | 3.21e-4 | 2.01 | 3.0le-6 | 3.00 | 4.57e-6 | 3.00
16 x 16 4.64e-3 - 4.32e-5 - 1.83e-4 -
32 x 32 5.74e-4 | 3.02 | 1.39e-6 | 4.96 | 1.12e-5 | 4.03
k=2| 64x64 | 7.15e-5 | 3.00 | 4.32¢-8 | 5.00 | 6.95e-7 | 4.01
128 x 128 | 8.92e-6 | 3.00 | 1.34e-9 | 5.01 | 4.34e-8 | 4.00
256 x 256 | 1.11e-6 | 3.00 | 4.18e-11 | 5.01 | 2.71e-9 | 4.00
16 x 16 2.84e-4 - 3.84e-6 - 9.16e-6 -
32x32 | 1.73e-5 | 4.04 | 1.20e-8 | 8.32 | 2.55e-7 | 5.17
k=3 64 x 64 1.08e-6 | 4.01 | 8.67e-11 | 7.11 | 7.32¢-9 | 5.12
128 x 128 | 6.72e-8 | 4.00 | 1.26e-12 | 6.10 | 2.24e-10 | 5.03
256 x 256 | 4.20e-9 | 4.00 | 3.25e-14 | 5.28 | 6.90e-12 | 5.02

TABLE 4.4
Errors and convergence rates for the linear variable coefficient equation in nonuniform meshes

N x N llello | rate €c rate €d rate
16 x 16 | 2.05e-0 | - 3.06e-1 - 4.66¢-1 -
32 x 32 1.28e-0 | 0.68 | 1.95e-1 | 0.65 | 2.91e-1 | 0.69
k=0| 64x64 | 7.56e-1 | 0.85 | 1.16e-1 | 0.84 | 1.70e-1 | 0.86
128 x 128 | 4.19e-1 | 0.88 | 6.50e-2 | 0.86 | 9.50e-2 | 0.87
256 x 256 | 2.26e-1 | 0.88 | 3.51e-2 | 0.88 | 5.10e-2 | 0.88
16 x 16 1.16e-1 - 7.06e-3 - 1.69e-2 -
32 x 32 2.50e-2 | 2.22 | 1.88e-3 | 1.94 | 3.62e-3 | 2.26
k=1 64 x64 | 6.21e-3 | 2.27 | 5.17e-4 | 2.07 | 8.95e-4 | 2.24
128 x 128 | 1.48e-3 | 1.93 | 1.18e-4 | 1.99 | 2.10e-4 | 1.96
256 x 256 | 3.52e-4 | 2.07 | 2.77e-5 | 2.09 | 5.02¢-5 | 2.06
16 x 16 | 6.89e-3 - 2.37e-4 - 7.03e-4 -
32 x 32 7.44e-4 | 3.18 | 1.54e-5 | 3.91 | 6.16e-5 | 3.48
k=2 64 x 64 | 9.72e-5 | 3.15 | 2.61le-6 | 2.75 | 8.60e-6 | 3.05
128 x 128 | 1.24e-5 | 2.97 | 3.47e-7 | 2.91 | 1.14e-6 | 2.92
256 x 256 | 1.66e-6 | 2.91 | 4.20e-8 | 3.05 | 1.56e-7 | 2.87
16 x 16 | 4.70e-4 - 1.85e-5 - 4.65e-5 -
32 x 32 2.99e-5 | 4.20 | 1.31e-6 | 4.04 | 2.99e-6 | 4.19
k=3] 64x64 | 1.94e-6 | 3.87 | 8.48e-8 | 3.87 | 1.94e-7 | 3.87
128 x 128 | 1.17e-7 | 4.09 | 5.06e-9 | 4.11 | 1.17e-8 | 4.09
256 x 256 | 7.19e-9 | 4.03 | 3.01e-10 | 4.07 | 6.69e-10 | 4.13
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TABLE 4.5
Errors and convergence rates for the nonlinear equation in uniform meshes

N x N llello | rate €c rate €d rate
16 x 16 | 1.77e-0 - 2.57e-1 - 4.02e-1 -
32x32 | 1.09e-0 | 0.70 | 1.63e-1 | 0.66 | 2.48e-1 | 0.70
k=0| 64x64 | 6.32-1 ] 0.78 | 9.66e-2 | 0.76 | 1.45e-1 | 0.78
128 x 128 | 3.52e-1 | 0.85 | 5.42e-2 | 0.83 | 8.03e-2 | 0.85
256 x 256 | 1.90e-1 | 0.89 | 2.93e-2 | 0.89 | 4.32e-2 | 0.89
16 x 16 | 1.15e-1 - 1.10e-2 - 2.05e-2 -
32 x 32 241e-2 | 2.25 | 1.84e-3 | 2.58 | 3.31e-3 | 2.63
k=1] 64x64 | 542e-3 | 2.15 | 2.6le-4 | 2.81 | 4.64e-4 | 2.83
128 x 128 | 1.30e-3 | 2.06 | 3.53e-5 | 2.89 | 6.17e-5 | 2.91
256 x 256 | 3.22e-4 | 2.02 | 4.72¢-6 | 2.90 | 8.08e-6 | 2.93
16 x 16 | 4.88e-3 - 8.43e-5 - 3.15e-4 -
32x32 | 591e4 | 3.05 | 4.11e-6 | 4.36 | 1.80e-5 | 4.13
k=2] 64x64 | 7.3le-5 | 3.02 | 1.81e-7 | 4.51 | 9.29e-7 | 4.27
128 x 128 | 9.11e-6 | 3.00 | 7.05e-9 | 4.68 | 5.23e-8 | 4.15
256 x 256 | 1.14e-6 | 3.00 | 2.52e-10 | 4.80 | 3.13e-9 | 4.06
16 x 16 | 2.87e-4 - 1.41e-6 - 1.09e-5 -
32x32 | 1.77e-5 | 4.02 | 2.83e-8 | 5.64 | 3.20e-7 | 5.09
k=3] 64x64 | 1.10e-6 | 4.01 | 2.46e-10 | 6.85 | 8.77e-9 | 5.19
128 x 128 | 6.88e-8 | 4.00 | 2.70e-12 | 6.51 | 2.81e-10 | 4.96
256 x 256 | 4.30e-9 | 4.00 | 4.76e-14 | 5.82 | 8.79e-12 | 5.00

Again we choose a special f such that the exact solution to this equation is u(x, y,t) =
sin(x + y — 2t).

Tables 4.1-4.2 present errors and the corresponding convergence rates for k =
0,1,2,3 in uniform meshes and nonuniform meshes, respectively. Similar to the linear
equations, the L? error is convergent with (k + 1)-th order, and the error for the
downwind edge average ey is superconvergent, with an order of k£ + 2 in uniform
meshes. All these results are consistent with our theoretical findings given in Theorem
3.1. While the convergence rate for the cell average error e. is slightly better than
our theoretical result in Theorem 3.1, which is 2k + 1 for kK = 1,2 and 2k for k = 3.
As for the nonuniform meshes, the expected (k+ 1)-th order of accuracy are observed
and superconvergence results no longer exist.

5. Concluding remarks. We have studied the error estimates and supercon-
vergence behavior of the DG solution on uniform Cartesian meshes for linear and
nonlinear 2D hyperbolic equations using upwind fluxes and P* elements. Optimal er-
ror estimates in the L2 norm and superconvergence for the cell average and downwind
edge average with an order of O(h**+2) are derived, under the condition that the wind
direction does not change sign on the whole domain.

Comparing with the counterpart QF element, the degree of freedom for the P*
element is almost cut in half. However, a interesting and surprising result is that
the superconvergence property for P* element still remains on the uniform meshes.
Especially, evidences from our numerical experiments show that the highest super-
convergence rate for the cell average error can reach as high as the counterpart QF
element, which turns out to be O(h?*1) in some special cases (e.g., k = 1,2). It is
surprising that the loss of degree of freedom is not at the expense of the accuracy for
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TABLE 4.6
Errors and convergence rates for the nonlinear equation in uniform meshes

N x N llello | rate €c rate €d rate
16 x 16 1.82e-0 - 2.64e-1 - 4.10e-1 -
32x32 | 1.13e-0 | 0.78 | 1.69e-1 | 0.73 | 2.55e-1 | 0.78
k=0]| 64x64 | 6.53e-1 | 0.76 | 9.95e-2 | 0.74 | 1.48e-1 | 0.76
128 x 128 | 3.65e-1 | 0.86 | 5.62e-2 | 0.84 | 8.29e-2 | 0.86
256 x 256 | 1.98e-1 | 0.91 | 3.06e-2 | 0.90 | 4.48e-2 | 0.91
16 x 16 1.41e-1 - 1.38e-2 - 2.48e-2 -
32 x 32 2.80e-2 | 2.43 | 2.86e-3 | 2.36 | 4.94e-3 | 2.43
E=1] 64x64 | 6.52e-3 | 2.09 | 5.97e-4 | 2.25 | 9.37e-4 | 2.39
128 x 128 | 1.55e-3 | 2.15 | 1.39e-4 | 2.18 | 2.27e-4 | 2.11
256 x 256 | 3.98e-4 | 1.96 | 3.94e-5 | 1.82 | 5.93e-5 | 1.94
16 x 16 | 6.75e-3 - 2.30e-4 - 7.0le-4 -
32x32 | 7.83e4 | 323 | 1.87e-5 | 3.76 | 6.87e-5 | 3.48
k=2| 64x64 | 9.76e-5 | 2.86 | 2.18¢-6 | 2.95 | 7.51le-6 | 3.04
128 x 128 | 1.26e-5 | 3.16 | 3.33e-7 | 2.90 | 1.08e-6 | 2.99
256 x 256 | 1.62e-6 | 2.96 | 3.83e-8 | 3.12 | 1.43e-7 | 2.92
16 x 16 | 4.52e-4 - 1.23e-5 - 3.44e-5 -
32 x 32 2.70e-5 | 3.92 | 7.72e-7 | 3.86 | 1.91e-6 | 4.02
k=3 64x64 1.88e-6 | 4.30 | 7.27e-8 | 3.81 | 1.50e-7 | 4.11
128 x 128 | 1.20e-7 | 4.16 | 4.17e-9 | 4.33 | 1.02e-8 | 4.08
256 x 256 | 7.74e-9 | 3.96 | 2.62e-10 | 3.99 | 6.72e-10 | 3.92

superconvergence on the uniform meshes. However, different to the QF element, where
superconvergence result are the same in both the uniform and nonuniform meshes, it
seems that the superconvergence for P* element is dependent upon the mesh and the
superconvergence phenomenon disappears when the mesh is nonuniform.

Extension of this work to nonuniform meshes and to triangulations is interesting
and challenging, and constitutes our future work.

6. Appendix. This section is dedicated to the proof of Lemma 2.4.
Proof. We first prove (2.21)-(2.22) for [ = 1. In each 7; ;, we suppose

Gl = D G4Lip(@)Liq(y)- (6.1)

1<p+q<k

By choosing v = L;p(x)L; qy),1 < p+q < k in (2.18), we easily obtain a linear

system for the coefficients ¢;;%, and thus,

g+ i | 160 o1 ]d,

el S [ 165 bl 4 165 iyl + [ 165
7 i
which yields, together with the trace inequality,

IGlls - <17l > el < NGolle- + k210l .-

1<p+q<k

Recalling the definition of (y and using the estimates for (y, we have

ICillo S AFH Jullpgr-
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The (2.21) holds ture for [ = 1.
To prove (2.22), we denoting

TI=Tij, T2 =Ti—1j, W1 =Cilr, W2 ="Cllr-

Then

w1 = Z Cp,qu%,p(x)Lj,q(y)a w2 = Z ;,qLJLl 1p(2) Ljq()-

1<p+q<k 1<p+q<k

Recalling the definition of ¢; in (2.18), we have

br, (w1,v1) = by (w2,v2) = Hyy(Cosv1) — Hry (Co,v2), Yv; € Pr(7y).

By choosing v1 = L; . (z)L;(y),v2 = Li—1,(x)L;, (y) and using the fact that the

mesh is uniform, we obtain a linear system for the coefficients ¢ ;Jq - c; ql J and thus

hlegh = cpa /1S max, D | / D (o) Ly
i/ =i—1,1

+ max |/ B¢y |H+1L” dx—/ B¢y \I]+1LZ 1,r(x)dz|.
=jj-1 77

0rsh 4
In light of (2.12)-(2.15), we have

YD1 P S B ulf . (6.2)

Ti,j
Following the same argument, we can prove that

D D2t P S W ullRin, Y ID1D2c? + DR P S B ull 5. (6.3)

Ti,j Ti,j

Noticing that

Z/ D, (G1); |dm+/ D) Pdy S0 S ADicii |2 + h|Dacli 2
Ti,j Ti,j 1<p+q<k
S B ullF

Noticing that

Dy(aGi)i = Do G liv sy + 07 i1y Da(C)i s [Dei | S h

we have
D / (e Py £ Y / D)7 12+ B2IG gy Py S B2l

Similarly, we can prove

S [ 1Da(80); P £ 1l
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Then (2.22) holds true for I = 1.
By taking v = L; 1 (z) in (2.18), we get

204/ Cl H—z,ydy_/ (aCO ‘H—z y+aCO |z—%,y)dy+/z(6€0_|w,j+2 BCO a:,j—z) 11($)dﬂ?7

and thus
2 [ Da@t)idy = [ (0G5l — aGilig )
7 73
+ /L Dy(BCo); Lindr — /L Dy(BCo); Li—1,1dx,
72 e,
which yields, together with (2.12)-(2.15)

ZI/ Dy(aG); dy* S R ulf s, Y / G liv @) S PP Ry
Ti,j

Ti,j

(6.4)
Noticing that

/ Dal(a — @)6a); czy—/ Daf0r = @) G Loy + (0= )|, Dal )7 dy
(@ —a) (@4 9)| Shy |Dela—a)7| Sh? Wyer)
we have
[, Detacidsl 51 [ Dalta=a))rdsl +1 [ Dt ayP
Ty T/ T/
S [ 16 eso Py 1 [ Do) Py +| [ Dataca); ol
Summing up all 7; ; and using (2.22) for I = 1 and (6.4), we have

S / Da(aG)rdy? S Y / 165 Loy 3 o 2y + B2 0lul2,
Tij

Ti,j

k k
S PG + R lulli s < RO lullR s

Here in the second step, we have used the inverse inequality. Following the same
argument, there hold

S / D, (B¢); dal” S W25 jul? ., / Gl yde)® S HREFD )2 .
Ti,j

Ti,j

Combining the last two inequalities and the second inequality of (6.4) together yields
the desired result (2.23) for [ = 1.
Following the same argument as what we did for [ = 1, we obtain

1Gallo < h(lBCallo + 1cillo) + (3 / Da(aCy); [Py + b / 1D, (B); [2de)?.

Ti,j
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Using the estimates (2.21) and (2.22) for [ = 1, we get

IG2llo S ™2 (llullnsz + lluelers) S A2 ullise.

Here in the last step, we have used the fact that u, = —(ou), — (fu),. Consequently,
(2.21) holds true for I = 2. Similarly, we take v = L; ; in (2.19) and then obtain

(Ol - O_é, Cl)Tl +

2
Q/y Dy (aC2); dy = (0¢C1, Li) s — (0661, Lic1,1) 7 — 7

+ /y DZ(ac1); dy + /T Dy(B¢1); Lija(z)dx — /T Dy(B¢1); Li—1a(z)dz

2 [ (a=a)iligy — (0= QG |y )y = rhs.

J

In light of (6.1), we have, from a direct calculation,

rhs| S Y B2(10:Dicy | + D16 |) + h(|1D2Dacli | + [Dici ).
1<p+q<k

Then we conclude from (6.2)-(6.3) that

S1 [, Dalaca)s dyl? £ 3 Irhsf? S Bl + el )

Ti,j Ti,j

The rest proof of (2.23) and (2.22) for [ = 2 is similar to that of [ = 1 and thus we
omit it here. 00
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