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B, D mesons phenomenology, regularization of the heavy quark

Heavy-light sector

Non exhaustive spectrum of observed charged leptons and mesons:
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Rich B and D mesons phenomenology thanks to their high number of decay channels

Angular momentum: J = 1
2
⊕ jl Heavy-light mesons put together in doublets
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Interplay between experiment, lattice QCD and analytical methods

Extract form factors in particular regions of the phase space: better constrain
models describing them at every q2. Illustration on D → K semileptonic decay:
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conformal mapping of the
variable t:
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f+(0)
extrapolated up to D∗

s pole for various parametrisations

[S. Descotes-Genon et al, ’08]:

light blue: z expansion [I. Caprini et al, ’98; C. Bourrely et al, ’09]
dark blue: linear
purple: BK

z expansion not convergent at all outside the physical region.
Spurious pole introduced in φ at the DK threshold.

z expansion; residue at the D∗
s pole definitely too high (ĝ = 1.02!).



D∗ → Dπ: an ideal process to test analytical computations based on the soft pion theorem:

〈D(p′)π(q)|D∗(p, ǫλ) = gD∗Dπq · ǫλ, gH∗Hπ ≡ 2
√
mHmH∗ ĝQ

fπ
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Claim: a negative radial excitation contribution to the hadronic side of LCSR might explain
the discrepancy between gexpD∗Dπ and gLCSR

D∗Dπ [D. Becirevic et al, ’03].



Without any radial excitation:
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−0.25 GeV2 < RD∗′ < −0.1 GeV2

=⇒ 17 < gD∗Dπ < 25

Much better stability in Borel window

Our proposal: check on the lattice that statement in the heavy quark limit.



Heavy quark on the lattice

Systematics coming from potentially large discretisation effects (ΛCompt ∼ 1/mQ).

Cut-off Effects cut-off effects cut-off effects

Several strategies are proposed in the literature to deal with those cut-off effects:

• Use NRQCD to describe the heavy quark [P. Lepage and B. Thacker, ’91]; though, no
continuum limit when the theory is regularised on the lattice

• Define an action with counterterms that are tuned to get O(a), O(amQ) and
O(αsamQ) improvements [A El Khadra et al, ’96; N. Christ et al, ’06]

• Computation within Heavy Quark Effective Theory: approach chosen by the ALPHA
Collaboration [J. Heitger and R. Sommer, ’03]

• Computation within QCD: use of the HQET scaling laws to interpolate easily a
quantity between mc and the (exactly known) mQ → ∞ limit [B. B. et al, ’09]



Heavy Quark Effective Theory

Effective theory "derived" by expanding in
ΛQCD

mQ
the Lagrangian and currents of QCD.

LHQET = h̄v(iv ·D)hv +O(1/mQ) ≡ Lstat
HQET +O(ΛQCD/mQ) pQ = mQ v + k

Symmetry SU(2Nh) for Lstat
HQET: flavor× spin

≡Q P

q, g e, γ

Heavy-light meson Atom of hydrogen

Lstat, lat
HQET : Sh = a3 ∑
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0 (x− 0̂)h(x− 0̂)
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Static-light meson density distributions to extract pionic couplings
Transition amplitude under interest, with q = p′ − p, Aµ = d̄γµγ5u,

Tmnµ = 〈Bm(p)|Aµ|B∗
n(p

′, λ)〉 and ǫµ⊥(p
′, λ) = ǫ(p′, λ)µ − ǫ(p′,λ)·q

q2
qµ:

Tmnµ = 2mB∗

n
Amn

0 (q2)
ǫ(p′, λ) · q

q2
qµ + (mBm +mB∗

n
)Amn

1 (q2)ǫµ⊥(p
′, λ)

+ Amn
2 (q2)

ǫ(p′, λ) · q
mBm +mB∗

n

[
(p+ p′)µ +

m2
Bm

−m2
B∗

n

q2
qµ

]

With 〈Bm(p)|qµAµ|B∗
n(p

′, λ)〉 = 2mB∗

n
Amn

0 (q2) q · ǫ(p′, λ), PCAC relation, LSZ reduction

formula and
∑

λ ǫµ(k, λ) ǫ
∗
ν(k, λ) = −gµν +

kµkν

m2 :

gH∗

nHmπ =
2mH∗

n
Amn

0 (0)

fπ
, Amn

0 (q2) = −
∑

λ

〈Hm(p)|qµAµ|H∗
n(p

′, λ)〉
2mH∗

n
qi

ǫ∗i (p
′, λ)

Back to the x space: Amn
0 (q2 = 0) = − q0

qi

∫
d3r f

(mn)
γ0γ5 (~r) ei~q·~r +

∫
d3r f

(mn)
γiγ5 (~r) ei~q·~r

Axial density distributions fmn
γµγ5

(r) defined
in terms of 2-pt and 3-pt HQET correlation functions Q

q

~r



Variational method: define an operator On
JP weakly coupled to other states than |n〉

[C. Michael, ’85] [M. Lüscher and U. Wolff, ’90] [B. B. et al, ’09]
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Two ratio methods, GEVP and sGEVP [J. Bulava et al, ’11],
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Variational method: define an operator On
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Results

Lattice set-up: O(a) improved Wilson-Clover (light quark), HYP2 (static quark)

lattice β L3 × T a[fm] mπ[MeV] Lmπ

A5 5.2 323 × 64 0.075 330 4
B6 483 × 96 280 5.2
D5 5.3 243 × 48 0.065 450 3.6
E5 323 × 64 440 4.7
F6 483 × 96 310 5
N6 5.5 483 × 96 0.048 340 4

Q1 6.2885 243 × 48 0.06 - -
Q2 6.2885 323 × 64 0.06 - -

Basis of interpolating fields (4× 4 matrix of correlators) large enough to well isolate the
ground state and the first excited state.



Spatial component of the axial density distributions: data can be exploited

f11
γiγ5

(r): positive everywhere; f12
γiγ5

(r): there is a node; f22
γiγ5

(r): almost positive, negative
part interpreted by relativistic effects

Issues: densities do not vanish at large r, curves are not smooth in r

Need to investigate several sources of systematics

• Contamination from excited states, test different interpolating fields



• Cut-off effects

Smoothen the fishbone structure [C. Roiesnel and F. de Soto, ’07; B. B. et al, ’11].
Different lattice points (r1, r2, r3) can have the same r2 but different r[4] ≡ ∑3

i=1 r
4
i .

Preferred fit form: a3fα(r
2, r[4], r[6]) = a3fα(r

2, 0, 0) +A× a2r[4]

r6
+B × a2r[6]

r8
, fα(r2, 0, 0),

A and B are fit parameters. Small impact of cut-off effects at large r.

• Finite volume effects

With periodic boundary conditions in space, a3f lat
γiγ5

(~r) =
∑

~n a3f̃γiγ5(~r + ~nL), ni ∈ Z.

f̃γiγ5(~r) can still differ from fγiγ5(~r) due to interactions among periodic images.
Assumptions: no interaction among images, ni = 0,−1 taken into account.

Fit form: f (mn)
γiγ5 (~r) = Pmn(r) exp (−r/r0), Pmn is a polynomial.
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β) added



• Cut-off effects

Smoothen the fishbone structure [C. Roiesnel and F. de Soto, ’07; B. B. et al, ’11].
Different lattice points (r1, r2, r3) can have the same r2 but different r[4] ≡ ∑3

i=1 r
4
i .

Preferred fit form: a3fα(r
2, r[4], r[6]) = a3fα(r

2, 0, 0) +A× a2r[4]

r6
+B × a2r[6]

r8
, fα(r2, 0, 0),

A and B are fit parameters. Small impact of cut-off effects at large r.

• Finite volume effects

With periodic boundary conditions in space, a3f lat
γiγ5

(~r) =
∑

~n a3f̃γiγ5(~r + ~nL), ni ∈ Z.

f̃γiγ5(~r) can still differ from fγiγ5(~r) due to interactions among periodic images.
Assumptions: no interaction among images, ni = 0,−1 taken into account.

Fit form: f (mn)
γiγ5 (~r) = Pmn(r) exp (−r/r0), Pmn is a polynomial.

[L=32] [L=24]

Fit parameters of data (L = 32) describe also data (L = 24).



Summation over r of fmn
γiγ5

(r) to get gmn. After renormalisation, a continuum and chiral

extrapolation is possible: gnm(a,mπ) = gnm + C1 a
2 + C2 m

2
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Including ZV ,
∫
dr r2 f11
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(r) compatible with 1.

∫
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(r) compatible with 0.



Time component of the axial density distribution: systematics more tricky to estimate
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Lattice results and comparison with quark models (à la Bakamjian-Thomas/Godfrey-Isgur,
Dirac) [A. Le Yaouanc, orivate communication]

Extrapolation of A12
0 (q2 = 0) to the physical point:

A12
0 (0,m2

π) = D0 +D1a
2 +D2m

2
π/(8πf

2
π)

Normally, O(a) effects at q2 6= q2max,
not visible in our data.

A12
0 (0) = −0.173(31)stat(16)syst, gB∗′Bπ = −15.9(2.8)stat(1.4)syst

Quenched result (mq = ms): A12
0 (0) = −0.143(14)

Latt BT D
q2 q2max 0 q2max 0 q2max 0

q0M0(q
2)/qi 0.402(54)(27) 0.237(27)(28) 0.252 0.173 0.219 0.164

Mi(q
2) −0.172(16)(6) 0.064(9)(13) -0.103 0.05 -0.223 -0.056

Lattice: q0 = 0.701(65) GeV
Bakamjian-Thomas with Godfrey-Isgur potential: q0 = 0.538 GeV
Dirac: q0 = 0.576 GeV
global sign of hadronic matrix elements fixed with conventions fB > 0 and fB∗′ > 0

Qualitative agreement between lattice and quark models: q0M0/qi dominates in A12
0 (q2)

and explains why A12
0 (q2 = 0) < 0.



Multihadron states

A possible unpleasant systematics of our results is an uncontrolled mixing between radial

excitations (B∗′ ) and multihadron states (B∗
1π in S wave) close to threshold.

δ = mB∗

1
−mB

lattice aΣ12 aδ + amπ

A5 0.253(7) 0.281(4)

B6 0.235(8) 0.248(4)

E5 0.225(10) 0.278(6)

F6 0.213(11) 0.233(3)

N6 0.166(9) 0.176(3)

Comparison with quenched data: behaviour of f11
γiγ5

and f12
γiγ5

similar



At Nf = 2, position of the node of f12
γiγ5

weakly dependent of mπ in the range we have
considered

lattice mπ [MeV] r12n [fm]

A5 330 0.369(13)

B6 280 0.374(12)

E5 440 0.369(11)

F6 310 0.379(20)

N6 340 0.365(12)

Change observed when q̄∇kh is included in addition to q̄γkh to couple to B∗′

q̄γkh only with q̄∇kh

A new state, not seen before, is present in the spectrum close to the first excited state.



A toy model with 5 states in the spectrum to understand this fact:

spectrum
0.3
0.6

0.63
0.8

0.95

Matrix of couplings


0.6 0.25 x× 0.4 0.1 0.5

0.61 0.27 x× 0.39 0.11 0.51

0.58 0.24 x× 0.42 0.12 0.52

0.57 0.25 x× 0.41 0.1 0.49

0.56 0.26 x× 0.36 0.08 0.48




x ≪ 1: GEVP isolates states 1, 2, 4 and 5; x → 1, GEVP isolates states 1, 2, 3 and 4

A GEVP can "miss" an intermediate state of the spectrum if, by accident, the coupling of
the interpolating fields to that state is suppressed.

Our claim: using interpolating fields q̄γkh, no chance to couple to multi-hadron states while
inserting an operator q̄∇kh may isolate the B∗

1π two-particle state.

Clues come from density distributions obtained with that interpolating field.



Conservation of vector charge: not verified in the case of second excited state if the basis
of interpolating fields incorporates q̄∇kh.

Including or not q̄∇kh does not change the profile of f11
γ0

nor f22
γ0

: it does in the case of f33
γ0

.



Outlook

• Excited meson states are massively produced in experiments. To exploit fruitfully the
numerous data at Super Belle and LHCb, theorists do have to put an important effort
in confronting their models predictions with measurements, by proposing to
experimentalists unambiguous observables to look at.

• Extract density distributions of the B meson is beneficial to get the form factors at
q2 = 0 associated to pionic couplings. Lattice computations allow a detailed
comparison with quark models.

• Density distributions may be a check of the absence of any unwanted coupling
between a given interpolating field of the B meson and a multihadron state Bπ.

• Other possible applications: determine whether exotic X, Y , Z are molecules or
tetraquarks, estimate of the QED correction to fB and fD.
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