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What are tensor field theories?

Vector O(N) model

Field theory with:

- a vector field φa(x), x ∈ R
d , a = 1, . . .N

- an action S invariant under a global change of basis

S =
1

2

∫

x

∑

a

φa(x)(−∆+m2)φa(x) +
λ

4

∫

x

(

∑

a

φa(x)φa(x)

)2
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Tensor field theories

Field theories with:

- a tensor field φa1...ar (x) of rank at least 3

- an action S invariant under a global change of basis.

New large N limit (melonic): simpler than the planar limit, richer than the vector large
N limit.

Strongly coupled infrared fixed point. Can be studied at all orders in the
relevant and marginal couplings.
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Large N limit
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Large N limit

The O(N)3 tensor model

φ
a′
1
a′
2
a′
3
(x) =

∑

O
(1)

a′
1
a1

O
(2)

a′
2
a2

O
(3)

a′
3
a3
φa1a2a3

(x)
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Quadratic invariant: M[φ] =
∫

x

∑

φa1a2a3
(x)φa1a2a3

(x)

Quartic invariants:

- the “tetrahedron”

T [φ] =

∫

x

∑

φa1a2a3
(x)φa1b2b3

(x)φb1a2b3
(x)φb1b2a3

(x) a1
a2

b2

b2a3 b1

a3

b3a1

b1
a2
b3
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(x)φb1b2a3

(x) a1
a2

b2

b2a3 b1

a3

b3a1

b1
a2
b3

- the “pillow”

P[φ] =

∫

x

∑

(

φp1a2a3
(x)φq1a2a3

(x)
)(

φp1c2c3
(x)φq1c2c3

(x)
)

+ . . .

3
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(x)
)(

φp1c2c3
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3

- the “double trace”:

D[φ] =

∫

x

∑

(

φa1a2a3
(x)φa1a2a3

(x)
)(

φb1b2b3
(x)φb1b2b3

(x)
)
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Large N limit

The melonic large N limit

Z =

∫

[dφ] e
− 1

2

∫

φp2φ
e
−V [φ]

, V [φ] =
m2

2
M[φ] +

λt

4N3/2
T [φ] +

λp

4N2
P[φ] +

λd

4N3
D[φ]

−Γ[ϕ] generating functional of amputated 1PI graphs:

Γ[ϕ] = −
1

2

∫

ϕΣϕ +
Γt

4N3/2
T [ϕ] +

Γp

4N2
P[ϕ] +

Γd

4N3
D[ϕ] + . . .
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Strongly coupled fixed point at large N

Renormalization as a discrete iteration

Z =

∫

dµC [φ] e
−V (n)[φ]

, C =
e−p2

p2
, Choose an M > 1
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Strongly coupled fixed point at large N

Renormalization as a discrete iteration

Z =

∫

dµC [φ] e
−V (n)[φ]

, C =
e−p2

p2
, Choose an M > 1

- split the covariance C = p−2e−M2p2 + p−2χ(p) in background C̃ and fluctuation Π:

Z =

∫

dµC [φ] e
−V (n)[φ]

=

∫

dµ
C̃
[ψ]

∫

dµΠ[ζ] e
−V (n)[ψ+ζ]

=

∫

dµ
C̃
[ψ] e

−Γ[ψ]

- Zn wave function Γ[ψ] = Zn−1
2

∫

ψp2ψ + Γ0[ψ] modify covariance Z =
∫

dµ
C̃
Zn

[ψ]e−Γ0[ψ]

- rescale the field R[ψ](x) = M1−d/2Z
−1/2
n ψ

(

M−1x
)

get V (n+1) [ψ] :

Z =

∫

dµ
C̃
Zn

[ψ]e
−Γ0[ψ]

=

∫

dµC [ψ] e
−Γ0

[

R[ψ]
]ւV (n+1)[ψ]
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∫
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n ψ

(

M−1x
)

get V (n+1) [ψ] :

Z =

∫

dµ
C̃
Zn

[ψ]e
−Γ0[ψ]

=

∫

dµC [ψ] e
−Γ0

[

R[ψ]
]ւV (n+1)[ψ]

Field dimension ∆φ,n = 1
2

(

d − 2 +
ln Zn
lnM

)

RG transformation (m2
n, λn) → (m2

n+1, λn+1)

Răzvan Gurău Tensor Field Theory in the large N limit IAP, 2018 9 / 15



Strongly coupled fixed point at large N

Lyapunov exponents at a fixed point

A one dimensional iteration xn+1 = f (xn) behaves near a fixed point x⋆ = f (x⋆) like:

xn = x⋆ + M
n∆

(x0 − x⋆) , ∆ =
ln f ′(x⋆)

lnM
=











relevant ∆ > 0

marginal ∆ = 0

irrelevant ∆ < 0
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(x0 − x⋆) , ∆ =
ln f ′(x⋆)

lnM
=











relevant ∆ > 0

marginal ∆ = 0

irrelevant ∆ < 0

The Wilson Fisher fixed point

λ
4!
φ4 perturbation, 4− ǫ dimensions, first order in λ

Zn = 1 +
1

6(4π)4
λ
2
n lnM , λn+1 = λn + ǫλn lnM −

3

(4π)2
λ
2
n lnM ,

m
2
n+1 = M

2
[

m
2
n +

1

2
λn

∫

d4q

(2π)4

χ(q)

q2 + m2
nχ(q)

]
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λ
4!
φ4 perturbation, 4− ǫ dimensions, first order in λ

Zn = 1 +
1

6(4π)4
λ
2
n lnM , λn+1 = λn + ǫλn lnM −

3

(4π)2
λ
2
n lnM ,

m
2
n+1 = M

2
[

m
2
n +

1

2
λn

∫

d4q

(2π)4

χ(q)

q2 + m2
nχ(q)

]

Fixed point (λ⋆ = ǫ
(4π)2

3
,m2
⋆ ∼ −ǫ), with Lyapunov exponents:

∆φ = 1 −
ǫ

2
+
ǫ2

108
, ∆λ = −ǫ , ∆

m2 = 2 −
ǫ

3
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Strongly coupled fixed point at large N

The RG equations in tensor field theory

Zn =1 +
λ̃2
t;n

Z3
n

I
1
m2
n+1

, m
2
m+1 =

M2

Zn

[

m
2
n +

λ̃p;n + λ̃d ;n

Zn
T
m2
n+1

−
λ̃2
t;n

Z3
n

I
0
m2
n+1

]

,

λ̃t;n+1=
M4−d

Z2
n

λ̃t;n , exact equation even including all the radiative corrections

λ̃p;n+1 =
M4−d

Z2
n

Ãp;n =
M4−d

Z2
n

λ̃p;n − 3
λ̃2t;n

Z2
n

D
m2
n+1

1 −
(

λ̃2t;n

Z4
n

S
m2
n+1

− 1
3

λ̃p;n

Z2
n

D
m2
n+1

) ,

λ̃d ;n+1 =
M4−d

Z2
n

B̃d ;n

=
M4−d

Z2
n

λ̃d ;n +

[

2

(

λ̃2t;n

Z4
n

S
m2
n+1

− 1
3

λ̃p;n

Z2
n

D
m2
n+1

)

− λ̃d ;n

Z2
n

D
m2
n+1

]

Ãp;n

1 −
(

3
λ̃2t;n

Z4
n

S
m2
n+1

− λ̃p;n+λ̃d ;n
Z2
n

D
m2
n+1

) .

I 0, I 1,T ,D, S depend on M, d and mn+1 and are strictly positive

∆φ;n =
1

2

(

d − 2 +
ln Zn

lnM

)

, ∆
classical
∂rφm = d − r − m∆φ;n
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Strongly coupled fixed point at large N

The flow of the tetrahedral coupling

The (exact) flow equation of the tetrahedral coupling λ̃t;n+1 = M4−d

Z2
n

λ̃t;n is a fixed point

equation (for any λ̃t,⋆) if

Z⋆ = M
2− d

2
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The (exact) flow equation of the tetrahedral coupling λ̃t;n+1 = M4−d

Z2
n

λ̃t;n is a fixed point

equation (for any λ̃t,⋆) if

Z⋆ = M
2− d

2

Field dimension and classical Lyapunov exponents at ⋆:

∆φ;⋆ =
d

4
, ∆

classical
∂rφm = d − r − m

d

4

The couplings not included m ≥ 6 or m = 4, r ≥ 1 or m = 2, r ≥ 4 are (classically) irrelevant
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Strongly coupled fixed point at large N

The fixed point
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T
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Ãp;n =
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Z2
n

λ̃p;n − 3
λ̃2t;n

Z2
n

D

1 −
(

λ̃2t;n

Z4
n

S − 1
3

λ̃p;n

Z2
n

D

) ,

λ̃d ;n+1 =
M4−d

Z2
n

B̃d ;n

=
M4−d

Z2
n

λ̃d ;n +

[

2

(

λ̃2t;n

Z4
n

S − 1
3

λ̃p;n

Z2
n

D

)

− λ̃d ;n

Z2
n

D

]

Ãp;n

1 −
(

3
λ̃2t;n

Z4
n

S − λ̃p;n+λ̃d ;n

Z2
n

D

) .
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Strongly coupled fixed point at large N

The fixed point

Z⋆ = M
2− d

2 , ∆φ;⋆ =
d

4

λ̃t;⋆ = ±

√

Z4
⋆ − Z3

⋆

I 1
,

λ̃p;⋆ =
3

2
λ̃
2
t;⋆

S

Z2
⋆D

± 3

√

√

√

√

λ̃4
t;⋆

4

(

S

Z2
⋆D

)2

− λ̃2
t;⋆ ,

λ̃d ;⋆ = ∓3

√

√

√

√

λ̃4
t;⋆

4

(

S

Z2
⋆D

)2

− λ̃2
t;⋆ ±

√

√

√

√

9λ̃4
t;⋆

4

(

S

Z2
⋆D

)2

− 3λ̃2
t;⋆

m
2
⋆ =

M2

Z⋆

[

λ̃p;⋆+λ̃d ;⋆
Z⋆

T⋆ −
λ̃2t;⋆

Z3
n

I 0

]

1 − M2

Z⋆

∆λt = −
ln(4Z⋆ − 3)

lnM
< 0 , ∆

m2 =
d

2
−

ln

[

1 +
λp;⋆+λd ;⋆

Z2
⋆

D

]

lnM
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Strongly coupled fixed point at large N

Take ǫ = 4− d small

Fixed point

λ̃t;⋆ = ±
√

ǫ

2
, λ̃p,⋆ = ±3 i

√

ǫ

2
, λ̃d,⋆ = (∓3 ±

√
3) i

√

ǫ

2
, m⋆ ∼ i

√
ǫ

Exponents:
∆φ = 1 −

ǫ

4
, ∆λt = −2ǫ , ∆

m2 = 2 ± i

√
6ǫ

Wilson Fisher: ∆φ = 1 −
ǫ

2
+
ǫ2

108
, ∆λ = −ǫ , ∆

m2 = 2 −
ǫ

3
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Strongly coupled fixed point at large N

Conclusion

Tensor field theories (bosonic) have a strongly coupled fixed point with :

• ∆φ = d
4

• ∆λt
< 0 for d < 4

• can be studied at all orders in the (classically) marginal and relevant couplings.
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Conclusion

Tensor field theories (bosonic) have a strongly coupled fixed point with :

• ∆φ = d
4

• ∆λt
< 0 for d < 4

• can be studied at all orders in the (classically) marginal and relevant couplings.

• for bosonic models in d < 4 some Lyapunov exponents are complex

To do:

• include irrelevant couplings

• fermionic models

• . . .
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