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Kinematics OF Double-Light-Cone Limit
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In Euclidean, a single scale, L, corresponding dilatation under O(5, 1)
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“Regge Limit”, or, “Double-Light-Cone”
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Lorentz Boost, Dilatation and Kinematics of Double Light-Cone Limit:
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Boost:

Dilatation:

Minkowski:

geodesics in AdSd�1

geodesics in AdSd�1
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Dilatation: Boost:Minkowski setting:

HE scattering
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t-channel OPE
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Minkowski OPE and Scattering
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C�,` = �+(�+ � 1) + (��(�� � 1) + 2✏��) �± = (�± `)/2

✏ = (d� 2)/2



HE scattering since AdS/CFT

F (w,�) =
X

`

Z 1

�1

d⌫

2⇡
a(`, ⌫)G(`, ⌫;w,�)

e� ⌘ i⌫ = �� d/2

a(`, ⌫) =
X

↵

r↵(`)

⌫2 + e�↵(`)2
=

X

↵

r↵(`)

2⌫

⇣ 1

⌫ + ie�↵(`)
+

1

⌫ � ie�↵(`)

⌘

Unitary Representation of O(5, 1)

G(`, ⌫;w,�) = G(+)(`, ⌫;w,�)+G(�)(`, ⌫;w,�), where G(+)(`, ⌫;w,�) = G(�)(`,�⌫;w,�),
with G(+) leading to convergence in the lower ⌫-plane and G(�) in the upper
⌫-plane

F (w,�) =
X

↵

X

`

a(12),(34)`,↵ G(w,�; `,�`,↵)



HE scattering after AdS/CFT
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Minkowski OPE and Scattering
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FRegge(w,�) has two types of contributions:

ImF (w,�) corresponds to “Double Commutator”: h0|[R(2), R(1)][L(4)L(3)])|0i
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Minkowski Conformal Blocks
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�± = (�± `)/2

✏ = (d� 2)/2

Quadratic Cassimir:



G(M)
(�,`)(u, v) ⇠

p
u
��`

(1� v)1�� =
p
u
1�`

⇣1� vp
u

⌘1��
.

Dilatation : � ! 1,

Boost : w ! 1. w ⇠ e2y ⇠
p
u
�1

.

�0 ' 1� v + u

2
p
u

' 1� v

2
p
u

SO(1, 1)⇥ SO(1, 1) ⇢ SO(4, 2)

M` =

Z 1

0
x`�2F2(x,Q

2)dx ⇠ Q��` F2(x,Q
2) ⇠ x1�`effDIS:

SYK:

u ! 0, v ! 1

G(E)
(�,`)(u, v) ⇠

p
u
��`

(1� v)` =
p
u

�
⇣1� vp

u

⌘`

h�†
R(t)�

†
L(0)�L(t)�R(0)i� ⇠ e� t Lyapunov exponent - 0 < �  1

1 < `eff  2

F (M)(u, v) =
X

↵

a(12;34)↵ G(M)
↵ (u, v)

SO(1, 1) ⇢ SO(5, 1)



HE scattering since AdS/CFT

Explicit Construction of MCB:

Crossing
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D G�,`(u, v) = C�,` G�,`(u, v)Symmetric Treatment
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Leading Order:
⇣
L0,� � (�� 1)(�� d+ 1)

⌘
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g0(�;�, d) corresponds precisely to a scalar, Euclidean bulk-to-bulk propagator
in AdSd�1, or more precisely Hd�1, with conformal dimension �� 1
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The Case of d = 1

There exists a kinematical relation
p
v = 1 +

p
u for d = 1.

In terms of q and q̄, it leads to q = q̄ and � = cosh ⇠ = 1.
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Kinematics of Scattering for CFT at d = 1:

t1 + t3 ! t2 + t4 ⌧ =
t21t43
t23t41

or ⌧c =
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pole of A(`), e.g., A(`) ⇠ 1
`�`⇤ , power growth i.e., Im�(w) ⇠ w`⇤�1



1-d Scattering: Hilbert Space Treatment
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2⇡
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�(w) ' w`⇤�1

� = �1 +K0 ⌦ �

Im� = Im�1 + eK0 ⌦0 Im�

� =
1X

n=1

�n,

(Im�)n = eK0 ⌦0 (Im�)n�1. Im� =
1X

n=1

(Im�)n,

�n = K0 ⌦ �n�1,

S. Shenker and D.Stanford, JHEP, 95:132, 2015 i
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Figure 2. (a) The four-point function is given by a sum of ladder diagrams, such as the one

shown. (b) These ladder diagrams are generated by iterating the Schwinger-Dyson equation

(note: the propagators are really the dressed propagators; we have suppressed the box on the

line that it is meant to indicate this).

kernel for this set. Surprisingly, there is an SL(2,R) symmetry in the ta, tb space. This

was recognized by Kitaev, and is a hint of the holographic nature of SYK: the bulk AdS2

is a hyperboloid in embedding coordinates, having the symmetry SO(2,1) ∼ SL(2,R).

In Sec. 3.2 we exploit this insight and use the SL(2,R) symmetry to generate all the

eigenvectors. Subtleties associated with boundary terms are discussed in Appendix B.

In Sec. 3.3 we directly verify that these are eigenvectors of the kernel. In Sec. 3.4 we

find the basis of eigenvectors that span the ta, tb space.

3.1 Eigenvalues

To find the spectrum of the theory, we must solve for the eigenvalues g(↵) and eigen-

vectors v↵(ta, tb) of the kernel,

� dtadtb v↵(ta, tb) K(ta, tb, t3, t4) = g(↵) v↵(t3, t4) . (3.4)

Schematically, we can write (3.4) as,

Kv↵ = g(↵)v↵ . (3.5)
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Minkowski CFT in d = 1 and Scattering for SYK-Like Models

S. Sachev AND Jinwu Ye, PRL, 70.3339, 1993

Q. Kitaev, –TALK AT KITP, 2015

J. Polchinski and V. Rosenhaus, JHEP, 04:001, 2016

J. Madecena and D. Stanford, P.R. D94(10):106002, 2016

A. Jevicki, K. Suzuki, J. Yoon, JHEP, 07:007, 2016

J. Murugan, D. Stanford, and E. Witten, JHEP, 08:146,2017.
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Scattering for SYK-Like Models
�(t2, t1; t4, t3)n =

Z
dt5dt6K0(t2, t1; t6, t5) �(t6, t5; t4, t3)(n�1)

K0 = (1/↵0)(
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/
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⇣ ⌧k
1� ⌧k
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dwkdw
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eK0(wk) Im�(w0)n�1
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w = 2�⌧
⌧ = t212+t234�(t̄12�t̄34)

2

2t12t34

wk = 2�⌧k
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= t212+t256�(t̄12�t̄56)
2

2t12t56

w0 = 2�⌧ 0

⌧ 0 = t256+t234�(t̄56�t̄34)
2

2t56t34
where t̄ij = (ti + tj).



HE scattering since AdS/CFT

Diagonalization:

k(`) =

Z 1

1
dwQ`�1(w) eK0(w)

Im�(w) = Im�1(w) +

Z w

1

Z w

1
dwkdw

0 ✓
+(D)p
D

eK0(wk) Im�(w0)

Z 1

1

dwp
D(w,wk, w0)

✓(+)(D)Q`(w) = Q`(wk)Q`(w
0)

A(`) = A1(`) + k(`, �)A(`). A(`) =
A1(`)

1� k(`)

A(`) =

Z 1

1
dwQ`�1(w) Im�(w) A1(`) =

Z 1

1
dwQ`�1(w) Im�1(w)



HE scattering since AdS/CFT

Identifying the Leading Intercept `⇤ for SYK-like Models:

k(`, �) =
22�+1(1� �)(1� 2�)

�(1 + 2�)�(1� 2�)

Z 1

1
dw (w � 1)�2� Q`�1(w)

k(`, �) =
�(3� 2�)

�(1 + 2�)

�(`+ 2� � 1)

�(`� 2� + 1)

k(`⇤) = 1 `⇤ = 2

Im�(w) ! �
0
w +O(w1�2�)

�(w) ' �⇡
�1

�
0
w[log(1� w) + log(w � 1)] + �

00
w +O(w1�2�),

� = 1/q = 1/4 A(`) =
3(`� 1/2)2

`� 2



HE scattering since AdS/CFT

Out-of-time-order Thermal 4-point

Lyapunov exponent – 

Chaos bound:  = `⇤ � 1  1

t1 ! �(t1) = e(2⇡/�)i✏, t3 ! �(t3) = e(2⇡/�)2i✏e2⇡t/� ,
t2 ! �(t2) = e(2⇡/�)3i✏, t4 ! �(t4) = e(2⇡/�)4i✏e2⇡t/� .

boosting t ! e2⇡it/� to finite temperture

h�†
R(t)�

†
L(0)�L(t)�R(0)i� ⇠ e t



HE scattering since AdS/CFT

Lorentz boost and dilatation consist of O(1, 1) ⇥ O(1, 1) subgroup of the full
conformal transformations, O(4, 2).

It has long been known that approximate O(2, 2) symmetry is an important
feature of QCD near-forward scattering at high energies

Treat the case of deep inelastic scattering (DIS) as a realization of O(2, 2) in-
variance for near forward scattering.

�(1) + proton(2) ! �(3) + proton(4) Tµ⌫(p, q; p0, q0) = hp0|T{Jµ(x)J⌫(0)}|pi

At t = 0; Tµ⌫ = W1(x,Q
2)
⇣
gµ⌫ � qµq⌫

q2

⌘
+W2(x,Q

2)
⇣
pµ +

qµ
2x

⌘⇣
p⌫ +

q⌫
2x

⌘
.

DIS : hp|[Jµ(x), J⌫(0)]|pi = F1(x,Q
2)
⇣
gµ⌫ � qµq⌫

q2

⌘
+ F2(x,Q

2)
⇣
pµ +

qµ
2x

⌘⇣
p⌫ +

q⌫
2x

⌘

F↵(x, q) = 2⇡ ImW↵(x, q)

F2(x, q) = (q2/4⇡2↵em)(�T + �L)

Application of Minkowski d > 1 CFT for Scattering:



W (w,�2) = W0(w,�2)�
X

↵

Z L0+i1

L0�i1

d`

2⇡i

1 + e�i⇡`

sin⇡`
a(12),(34)↵ (`)K↵(w,�0; `)

ImW (w,�2) =
X

↵

Z L0+i1

L0�i1

d`

2i
a(12),(34)↵ (`)K↵(w,�2; `)

Deep-Inelastic Scattering as Minkowski CFT

Reduction to d = 2:
Discontinuity:
Mellon Representation:

W2(w,�2) =
P

↵

P
` even a↵(`)K↵(w,�2; `)

Dilatation: ! dM(�2,2n)
d log �2

' �(�(2n)� 2)A(�2, 2n) ! DGLAP

Lorentz Boost ! F2(w,�) ' w`eff�1 ! E↵ective Spin, `eff



HE scattering since AdS/CFT

Spectral Curve:

ImF (w,�) = ±
X

↵

Z L0+i1

L0�i1

d`

2i
a(12),(34)(`,�↵(`))G(w,�; `,�↵(`))

�P (`) ' 2 +B(`)
p

`� `eff

ImF (w,�) ⇠ w`eff�1

| lnw|3/2
1 2 3 4

Δ

0.5

1.0

1.5

2.0

2.5

J

λ<<1

λ*

λ>>1

�(`)(�(`)� d) = m2
AdS(`) d = 4, m2

AdS(`) =
X

n=1

�n(`� 2)n

B.Basso, 1109.3154v2



e�(S)2 = ⌧2 + a1(⌧,�)S + a2(⌧,�)S2 + · · ·

POMERON AND ODDERON IN STRONG COUPLING:

B.Basso, 1109.3154v2

POMERON

ODDERON

Solution-a:

Solution-b:

Brower, Polchinski, Strassler, Tan
Costa, Goncalves, Penedones (1209.4355)

Kotikov, Lipatov (1301.0882)

Brower, Costa, Djuric, Raben, Tan (to appear shortly.)

Kotikov, Lipatov, et al.

↵p = 2� 2
�1/2

� 1
�

+
1

4�3/2
+

6⇣(3) + 2
�2

+
18⇣(3) + 361

64

�5/2
+

39⇣(3) + 447
32

�3
+ · · ·

↵O = 1� 8
�1/2

� 4
�

+
13

�3/2
+

96⇣(3) + 41
�2

+
288⇣(3) + 1823

16

�5/2
+

720⇣(5) + 1344⇣(3)� 3585
4

�3
+ · · ·

↵O = 1� 0
�1/2

� 0
�

+
0

�3/2
+

0
�2

+
0

�5/2
+

0
�3

+ · · ·

Gromov et al.

Brower, Djuric, Tan
Avsar, Hatta, Matsuo



N = 4 Strong vs Weak g2Nc
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Summary and Outlook  
for Scattering in AdS-CFT

Provide meaning for Pomeron non-perturbatively from first principles. 

Realization of conformal invariance beyond perturbative QCD 

New starting point for unitarization, saturation, etc. 

First principle description of elastic/total cross sections, DIS at small-x, 
Central Diffractive Glueball production at LHC, etc. 

HIgher point functions. 

Inclusive Production and Dimensional Scalings. 

“non-perturbative” (e.g., blackhole physics, locality in the bulk).


