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The property of Effective Locality

A functional approach to Lagrangian QCD using exact
Fradkin’s representations for GF (x ,y |A) and L(A),
functional differential identities, and linearization of
non-abelian F2:

• Manifestly gauge invariant (MGI) and Lorentz
covariant (MLC)

• Non-Perturbative: Summing over all relevant
Feynman graphs

• Displaying a remarkable property, dubbed “Effective
Locality”, peculiar to the non-abelian structure of QCD
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Reminder

• Covariant gauge-dependent gluon propagator,

Dab (ζ)
F ,µν

(k) =
iδab

k2 + iε

[
gµν−ζkµ kν/k2] , ζ = λ/(1−λ)

• Fermionic (quark) propagator in an external gluon
field Aa

µ,

GF (x ,y |A) = 〈x |[iγµ (∂µ− i g Aa
µ λa)−m]−1|y〉
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Reminder
• Closed-fermion loop functional,

L[A] = Tr ln[1− i g (γAλ)SF ] , SF = GF [gA = 0]

• Example of a functional differential identity

F [
1
i

δ

δj
] e

i
2

R
j·D(ζ)

F ·j = e
i
2

R
j·D(ζ)

F ·jeD(ζ)
A F [A]|

A=
R

D
(ζ)
F ·j

where D(ζ)
A is the linkage operator

D(ζ)
A =− i

2

Z
d4x d4y

δ

δAa
µ(x)

D(ζ)
F

∣∣∣ab

µν

(x− y)
δ

δAb
ν(y)
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Reminder (Fradkin’s)

〈p|GF [A]|y〉=− 1
(2π)2 e−ip·y i

Z
∞

0
ds e−ism2

e−
1
2 Tr ln(2h)

×
Z

d [u]{m− iγ · [p−gA(y−u(s))]} e
i
4

R s
0 ds′ [u′(s′)]2eip·u(s)

×
(

eg
R s

0 ds′σ·F(y−u(s′)) e−ig
R s

0 ds′ u′(s′)·A(y−u(s′))
)

+

h(s1,s2) =
R s

0 ds′Θ(s1− s′)Θ(s2− s′). Auxiliary functional
variables, Ωa(s1), Ω̄b(s2), required to circumvent
Schwinger proper-time s′-ordering and take both GF [A]
and L[A] to gaussian forms.

EL not readable on ZQCD[ j,η, η̄], but on its (even)
fermionic momenta.
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Reminder (Halpern’77)

The χa
µν-field is a (real-valued) Halpern field introduced so

as to linearize the non-abelian F µνFµν dependence of the
original QCD Lagrangian density

e−
i
4

R
Fa

µνFµν
a = Nχ

Z
d[χ]e

i
4

R
χa

µνχ
µν
a + i

2

R
χa

µνFµν
a

Collaboration

H.M. Fried, Brown University (RI), USA

Y. Gabellini, Y-M Sheu, INLN.
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EL is a definite functional statement
With

FI[A] = exp

[
i
2

Z
AK̄ (2n)A + i

Z
Q̄ (n)A

]
, FII[A] = exp(L[A])

The functional statement of EL for 2n-points fermionic
Green’s functions can be read off

eDAFI[A]FII[A] = N exp

[
− i

2

Z
Q̄ (n)K̂ −1Q̄ (n) +

1
2

Tr lnK̂
]

× exp

[
i
2

Z
δ

δA
K̂ −1 δ

δA
−

Z
Q̄ (n)K̂ −1 δ

δA

]
× exp(L[A]) (1)

at

K̄ (2n) = (D(ζ)
F )−1 +K̂ (2n), K̂ (2n)

ab
µν

= ( KS (2n)+gfχ )ab
µν
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EL is a functional statement

1 Because K̂ = KS + g(f ·χ) is local

〈x |O|y〉= O(x)δ
(4)(x− y)

as well as the extra contributions of L[A] to K̂ and Q̄ ,
the contributions of (1) depend only on the Fradkin
variables ui(s′i ) and the space-time coordinates yi in a
specific but local way

2 Nothing in (1) ever refers to D(ζ)
F : Gauge-Invariance is

rigorously achieved as a matter of
Gauge-Independence! This is MGI in the most radical
sense .. hoped as such by R.P. Feynman in QED (cf.
‘Quantum Field Theory In A Nutshell’, A. Zee)
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Any Antecedents ?..
Yes!

- In the pure YM case, early 90’s, H. Reinhardt, K.
Langfeld, L.v. Smekal discover a surprising effective local
interactionZ

d4z ∂
λ
χ

a
λµ(z)

(
[(gfχ)]−1)µν

ab (z) ∂
ρ
χ

b
ρν(z)

- H.M. Fried himself in ‘Functional Methods and Eikonal
Models’ (Eds. Frontières, 1990)

- EL ‘made easy’ to discover within functional differentiation
identities; very difficult within functional integrations.
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QCD amplitudes by EL and Random
Matrices

.. allow one to calculate 2n-point fermionic amplitudes in a
generic form ( At least, at quenched and eikonal
approximations, without any further approximation).

These forms comply with a general conjecture (D.D.
Ferrante, G.S. and Z. Guralnik, C. Pehlevan. S. Gukov and
E. Witten, etc., 2008-2011) so far illustrated on scalar field
models, that QFT’s GF are expandable in terms of Gmn

pq -
Meijer’s special functions.
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QCD fermionic amplitudes ..
For 2n = 4, i.e. a 2-body scattering processus, one quark
specie of mass m, impact parameter b in ϕ(b),
T = (T ,T ,T ,T ), D = 4 copies of the full set of SUc(3)
generators in the fundamental representation,

∼ ∑
monomials

(±1)
∑qi =N(N−1)/2

∏
1≤i≤N

[1− i(−1)qi ]

× C
Z

dp1 .. dpN(N−1)/2 f (p)
2

∏
J=1

Z +∞

0
dα

i
J

sin[αi
J(OT )i ]

αi
J

×G23
34

(
iNc

(
αi

1αi
2

gϕ(b)

)2 ŝ(ŝ−4m2)

2m4

∣∣∣∣∣ 3−2qi
4 , 1

2 , 1,
1
2 , 1

2 , 1, 1

)
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QCD fermionic amplitudes ..

where partonic ŝ and non-perturbative physics gϕ(b)
show up in one and the same expression ...a requirement
of an old Dirac’s program (cf. S.J. Brodsky and G.F. de
Teramond, LF- Quantization in AdS5/QCD).

O(p) ∈ O(N), N = D× (N2
c −1). An average over

orthogonal matrices is in order, with f (p1, . . . ,pN(N−1)/2) a
Haar measure on O(N).
A trivial result would come out otherwise under the form,

N

∏
i=1

T 2
j =

(
N2

c−1

∏
a=1

1
4

λ
2
a

)4

=

(
7

∏
a=1

1
4

λ
2
a

)
1
4

λ
2
8 = 03×3 (

1
4

λ
2
8) = 0.
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QCD fermionic amplitudes ..
Restoring the relevant dependences on O(p), the
amplitude is a finite sum of monomials sharing the same
overall color algebraic structure,

∏
1≤i≤N

[1− i(−1)qi ]
Z

∞

0

dαi
1

αi
1

Z
∞

0

dαi
2

αi
2

G23
34

(
Cst(α

i
1α

i
2)2| . . .

)
< (

∞

∑
ki =0
{ki ,α

i
1}(O ij(p)Tj)

2ki +1)(
∞

∑
k ′i =0

{k ′i ,αi
2}(O ij(p)Tj)

2k ′i +1) >

where, with Rij = Rij(Θij) an {i− j}-plane rotator ,

O(p) = (R12R13 . . .R1N)(R23R24 . . .R2N) . . . . . .(RN−1,N)Dε

Dε = diag(ε1,ε2, . . . ,εN) ,εi =±1 ,P(εi =±1) =
1
2
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QCD fermionic amplitudes ..
With {ki ,α

i
1}= (−1)Ki (αi

J)2ki +1/(2ki + 1)!, J = 1,2 in the
2 sine-function expansions, one gets at ki = k ′i = 0,

N

∏
i=1

[1− i(−1)qi ]
2

∏
J=1

Z
∞

0

dαi
J

αi
J
{0,αi

J}G23
34

(
Cst(α

i
1α

i
2)2| . . .

)
K00 DC2f 13×3

where < O2
ij >ε,Θ= N−1K00, and in the fundamental

representation (f ),

C2f =
N2

c−1

∑
a=1

(
λa

2
)2 =

N2
c −1
2Nc

As usual in Perturbation Theory and a number of
non-perturbative models, such as the MIT Bag-Model, the
SVM Model, Lattice calculations, etc..
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QCD fermionic amplitudes ..

In the same way, but at ki = 1,k ′i = 0 and ki = 0,k ′i = 1,
one obtains now,

N

∏
i=1

[1− i(−1)qi ]
Z

∞

0

dαi
1

αi
1
{1,αi

1}
Z

∞

0

dαi
2

αi
2
{0,αi

2}G23
34

(
Cst(α

i
1α

i
2)2|..

)
×K10

(
(DC2f )

2 + (DC3f )
)

1Nc×Nc

where,
N1

c−1

∑
a,b,c=1

dabc tatbtc ≡ C3f 1Nc×Nc

is the second, cubic Casimir operator of the SUc(3)-Lie
algebra which is rank -2.
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QCD fermionic amplitudes ..

At next order, corresponding to terms of order
< (O ij(p)Tj)

6 >ε,Θ, generated by {1,αi
2}×{1,αi

2},
{2,αi

2}×{0,αi
2} and {0,αi

2}×{2,αi
2}, one gets for the

second line,

K11

{(
(DC2f )

3 +
4
9

(DC2f )
2 + 3(DC2f )(DC3f ) +

1
9

(DC2f ) + 2(DC3f )

)
13×3

+ ∑
k ,j,l,h,m

2dkjmdklh (TjTmTlTh) + dlkhdljm (TjTk ThTm)

}
where K11 = K20 = K02.
To proceed, one must choose a basis: Resorting to the
Gell-Mann basis of generators, the second contribution is
proven to cancel out.
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Casimir operator dependences of QCD
amplitudes as seen from EL
- At quenched and eikonal approximations at least, QCD
amplitudes as seen from EL, exhibit a dependence not on
the first (quadratic) Casimir solely, C2f , but on the first and
second(cubic) Casimirs, C2f and C3f .
- Given the rank-2 character of the SUc(3) color algebra, it
had to be so in a way or other.
- This may be looked upon as a(nother) good sign in favor
of the EL property.
- Resumming the 2 sine-series seems hopeless, though..
- The only efficient way appears to be the famous device ..

‘Matrix Reloaded’

The End
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