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Text-Book: perturbative gravity is complicated ! 

After symmetrization  
~ 100 terms ! 

= 

= 

de Donder gauge: 

~103 terms 

higher order 
vertices… 
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On-shell simplifications 
Graviton plane wave: 

= 

Gravity scattering amplitude: 

Yang-Mills polarization 

Yang-Mills vertex 

Yang-Mills amplitude 

On-shell 3-graviton vertex: 

Gravity processes = squares of gauge theory ones - entire S-matrix      
      Bern, Carrasco, HJ  [BCJ] 

MGR
tree(1, 2, 3, 4) =

st

u
AYM

tree(1, 2, 3, 4)⌦AYM
tree(1, 2, 3, 4)

d=3�! ACSm
tree (1, 2, 3, 4)⌦ACSm

tree (1, 2, 3, 4)
Chern-Simons-matter theory 
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!   Motivation D=3 amplitudes 

!   Duality between Color and Kinematics 
!   Kinematical Lie 2-Algebra  (Yang-Mills theory) 

!   Kinematical Lie 3-Algebra (Chern-Simons-matter theory) 

!   Gravity as a Double Copy of YM and CSm theories 

!   Amplitudes in BLG, ABJM and D=2 SUGRA 
!   Tree-Amplitude relations 

!   Dimensional reduction: D=2 ABJM 

! Integrability of D=2 SUGRA? 

!   Conclusions 
  

Outline 
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Why Amplitudes in D=3 (or D=2) 

!   N=8 Bagger-Lambert-Gustavsson (BLG) theory  
!   N=6 Aharony-Bergman-Jafferis-Maldacena (ABJM) theory 

! Chern-Simons-matter (CSM) theories – enticing gauge theories 
!   The celebrated AdS4 /CFT3 

!   In D=2: supergravity integrability       Nicolai, Warner 
 

Comparing CSM  ßà  SYM  “Same but different” 

!   Similar phenomena as in D=4 SYM 

! Yangian/Dual conformal sym. (ABJM)   
! Grassmannian formulation (ABJM)   Lee; Huang, Lee  

!   Color-kinematics duality (BLG, ABJM,…)  Bargheer, He, McLoughlin; 
Huang, HJ. 

Bargheer, Loebbert, Meneghelli;  
Huang, Lipstein�

àTravaglini’s talk 
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2-algebra Color-Kinematics Duality 
D-dim. Yang-Mills theories are controlled by a kinematic Lie algebra 
 

• Amplitude represented by cubic graphs:   

Color & kinematic  
numerators satisfy  
same relations: 

Duality: color ↔ kinematics  

Jacobi 
identity 

antisymmetry 

propagators 

color factors 

numerators 

Bern, Carrasco, HJ   

fbac = � fabc

i 2 cubic



Some details of color-kinematics duality 

can be checked for 4pt on-shell ampl. using Feynman rules 
Bern, Carrasco, HJ 

Example with  
two quarks: 

1.           contact interactions absorbed into cubic graphs 
•  by hand 1=s/s 
•  or by auxiliary field 

2.  Beyond 4-pts duality not automatic è Lagrangian reorganization 
3.  Known to work at tree level: all-n example 

4.  Enforces (BCJ) relations on partial amplitudes è (n-3)! Basis 

(Aµ)4

B ⇠ (Aµ)2

Kiermaier; Bjerrum-Bohr, 
Damgaard, Sondergaard, Vanhove 

also in string theory: Bjerrum-Bohr, Damgaard,  
Vanhove; Stieberger 
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Gravity is a double copy 

•  The two numerators can belong to different theories: 

•  Gravity amplitudes obtained by replacing color with kinematics 

(N =4) × (N =4)   →     N =8 sugra 
(N =4) × (N =2)   →     N =6 sugra 

(N =0) × (N =0)   →     Einstein gravity + axion+ dilaton 

(N =4) × (N =0)   →     N =4 sugra 

BCJ 

similar to Kawai- 
Lewellen-Tye but  
works at loop level 

i 2 cubic

i 2 cubic
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3-algebra Color-Kinematics Duality 

cs = ct + cu + cv , ns = nt + nu + nv

Bargheer, He, McLoughlin; 
Huang, HJ.  

4 and 6 point checks shows that the double copy of BLG 
Is N  = 16 E8(8)  SG of Marcus and Schwarz 

D=3 Chern-Simons matter theories  
obey color-kinematics duality 

3-algebra Fundamental identity  (Jacobi identity): 

BLG =‘square root’ of N=16 SG ABLG
4 =

q
MN=16

4 =

r
�16(Q)

stu

Bagger, Lambert; 
Gustavsson 

fabc[dfegh]a = 0
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D≤3 supergravity is a double copy of CSM 

•  No string understanding (cf. Kawai-Lewellen-Tye) 
•  Details more subtle than in SYM ⊗ SYM                     Huang, HJ, Lee 

•  BLG ⊗ BLG  works in D=3  (verified: tree level ≤ 10pts) 
•  ABJM ⊗ ABJM works in D=3 at 4,6pts, but not ≥8pts 

•  ABJM ⊗ ABJM works in D=2  (verified: tree level ≤ 10pts) 

•  Gravity amplitudes obtained by replacing color with kinematics BCJ 

Bargheer, He,  
McLoughlin; 
Huang, HJ.  

i 2 quartic

i 2 quartic
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BLG, ABJM and D=2 SUGRA 



ABJM and BLG theory 

ABJM:   N=6 CSm theory with U(N)×U(N) gauge group 
 
Matter are the only propagating d.o.f.:  bi-fundamental representation 

  
Chiral             multiplet: (N,N)

1 3 3 1 

In total 16 states (same spectrum as N=4 SYM, but chiral) 

BLG:   N=8 CSm theory with SU(2)×SU(2) = SO(4) gauge group 
 
Matter is non-chiral   N = N

� = �+ ⌘A A +
1

2
⌘A⌘B�AB +

1

3!
⌘A⌘B⌘C✏ABCD 

D
+

1

4!
⌘A⌘B⌘C⌘D✏ABCD�

� = �4 + ⌘A A +
1

2
✏ABC⌘

A⌘B�C +
1

3!
✏ABC⌘

A⌘B⌘C 4

1 4 6 4 1 
In total 16 states  
 

àTravaglini’s talk 



ABJM and BLG are three-algebras 
Bi-fundamental matter theories are three-algebra theories  Bagger, Lambert; 

Bagger, Bruhn 
Triple product of N×M matrices; 

Structure constants satisfy fundamental identity (Jacob identity) 

Obtained from Feynman diag. 

 
 
 
Interesting choices: 

fabc̄d̄ = g(TA)
ac̄(TA)bd̄ + g0(TB)

ad̄(TB)bc̄

g = �g0 or g = g0
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Symmetries of structure constants 
•  ABJM theory fabc̄d̄ = �fabd̄c̄

fabcd•  BLG theory real and totally antisymmetric 

•  N=5 CSM theory  fabc̄d̄ = �fabd̄c̄ or fabc̄d̄ = fabd̄c̄

Bagger, Bruhn 

Consider amplitudes: 

c
i

= fabc̄d̄fdef̄ ḡ . . . fwxȳz̄

What are their properties?    1) Kleiss-Kuijf relations 
         2) Color-kinematics duality à BCJ relations 
         3) double copy = supergravity  

complex, antisymmetric in pairs 

real, (anti)symmetric in pairs 
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ABJM amplitude relations 

Am =
X

i2quartic

niciQ
↵i

s↵i

2

Tree amplitudes of superconformal CSm theories are
naturally represented by quartic diagrams, at m points

Am = i
(2π

k

)
m−2

2
∑

i∈quartic

nici
∏

αi
sαi

, (3)

where i label the diagrams, αi label propagators, and
k is the level. The color factors ci are constructed by
dressing each quartic vertex by four-index structure con-
stants. The “kinematic numerators”, ni, are (nonlocal)
functions that encode the remaining state dependence.
Following the color-kinematics duality for sYM theory,

one can impose a similar duality between the kinematic
numerators and color factors of the quartic diagrams.
One requires that the numerators satisfy the same sym-
metries and identities as the color factors, schematically

ci → −ci ⇔ ni → −ni (4)

ci + cj + ck + cl = 0 ⇔ ni + nj + nk + nl = 0 .

The second line signifies the fundamental identity or gen-
eralized Jacobi identity. The double-copy principle state
that once duality-satisfying numerators are found, the
supergravity amplitude is given by

Mm = i
(κ

2

)m−2 ∑

i∈quartic

niñi
∏

αi
sαi

, (5)

where κ is the gravity coupling. The ni, ñi may be identi-
cal or distinct CSm numerators depending on the theory
under consideration. The formula is valid if at least one
of the two sets of numerators satisfy the duality [2, 3].
Eq. 5 implies that M4 is a product of (color-stripped)

CSm amplitudes: drooping all couplings, M4 = A4Ã4.
At six points, the appearance of propagators and the
fundamental identity results in an intriguing interplay.
Considering the N ≤ 6 CSm theories one can form nine
distinct color factors ci given that odd legs 1, 3, 5 have
bared color indices ā. These nine contributing diagrams
can be identified from their three-particle channels

si ≡ (s123, s126, s134, s125, s146, s136, s145, s124, s156) .

The duality implies that the number of independent color
factors and independent numerator factors is one to one;
p = 5 at six points. Expressing the five color-stripped
amplitudes in terms of the independent numerators gives

A(i) =
p
∑

j=1

Θijnj . (6)

where Θ is comprised of sums of diagram propagators
with ±1 coefficients. The six-point 5× 5 matrix Θij is












1
s1

1
s2

+ 1
s9

1
s9

− 1
s9

0
1
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− 1
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1
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+ 1
s8

0
1
s7

− 1
s7

− 1
s6

− 1
s7

1
s6

+ 1
s7

1
s5

+ 1
s6

+ 1
s7

0 − 1
s9

− 1
s3

− 1
s9

1
s9

− 1
s5

0 − 1
s2

1
s6

− 1
s4

− 1
s6

− 1
s6













,

(7)

where the five independent color-ordered amplitudes
A(i) are chosen to be A(1̄, 2, 3̄, 4, 5̄, 6), A(1̄, 4, 3̄, 6, 5̄, 2),
A(1̄, 6, 3̄, 2, 5̄, 4), A(1̄, 4, 3̄, 2, 5̄, 6) and A(1̄, 6, 3̄, 4, 5̄, 2).
The five independent numerators are n1, n2, n3, n4, n5.
Naively, inverting Θ would give duality-satisfying nu-

merators. However, the matrix Θ is not invertible; at
six points it has only rank 4. Although counterintuitive,
this is a desirable property. It implies that at least one ni

corresponds to “pure gauge” and can thus be set to any
convenient value while still obtaining the correct ampli-
tude. Using this property one can work out non-trivial
relations between color-ordered amplitudes. As a side
remark, we note that the matrix Θ has full rank if one
employs either D > 3 or off-shell momenta. The former
is in contrast to the sYM case, where the corresponding
Θ cannot be inverted in any space-time dimension.
For the six-point case, one obtains a single amplitude

relation via the kernel

Ker(ΘT ) ·A =
5
∑

i=1

CikA(i) = 0 , (8)

where Cik = (−1)i+k Mik is the (i, k) cofactor, and
Mik = Det(Θîk̂) is the (i, k) minor of the matrix Θ. Note
that this formula is equivalent to replacing the k-th col-
umn of Θ by A(i) and then demanding that the resulting
matrix has zero determinant. All choices for k give the
same relation. Up to an overall irrelevant factor, the co-
efficients Cik are degree-four polynomials in si.
Setting, say, n5 to be zero, and omitting, say, A(5),

we can now invert the reduced matrix Θij to express
n1, n2, n3, n4 in terms of color ordered N = 6, 4, 2 CSm
amplitudes. Inserting the resulting ni into eq. (5), with
appropriate pairing, we have explicitly checked that one
obtains correct N = 12, 10, 8 supergravity amplitudes.

Explicit amplitudes

In order to clarify the bookkeeping details for the vari-
ous supergravities we now list the four-point double-copy
amplitudes. The maximal N = 16 supergravity case is a
square of the fabcd-stripped BLG N = 8 amplitude [10].
Suppressing couplings and i’s henceforth, we have

MN=16
4 = (AN=8

4 )2 =

(

δ(8)(
∑

i λ
αηIi )

〈1 2〉 〈2 3〉 〈3 1〉

)2

, (9)

where the square is understood as a tensor product for
the Grassmann-valued ηIi , with R-charge indices I ∈
(1, . . . ,N/2) for each theory. With maximal supersym-
metry the on-shell states form a single multiplet, but for
fewer supersymmetries the states split into two multi-

plets ΦN and Φ
N

similar to that defined in refs. [13, 14].
These are chiral and antichiral multiplets of SU(N/2) ⊂
SO(N ). Here we take N to be even; theories with odd

Solve Jacobi 

2
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k is the level. The color factors ci are constructed by
dressing each quartic vertex by four-index structure con-
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Explicit amplitudes

In order to clarify the bookkeeping details for the vari-
ous supergravities we now list the four-point double-copy
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where the five independent color-ordered amplitudes
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relation via the kernel
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Mik = Det(Θîk̂) is the (i, k) minor of the matrix Θ. Note
that this formula is equivalent to replacing the k-th col-
umn of Θ by A(i) and then demanding that the resulting
matrix has zero determinant. All choices for k give the
same relation. Up to an overall irrelevant factor, the co-
efficients Cik are degree-four polynomials in si.
Setting, say, n5 to be zero, and omitting, say, A(5),

we can now invert the reduced matrix Θij to express
n1, n2, n3, n4 in terms of color ordered N = 6, 4, 2 CSm
amplitudes. Inserting the resulting ni into eq. (5), with
appropriate pairing, we have explicitly checked that one
obtains correct N = 12, 10, 8 supergravity amplitudes.

Explicit amplitudes

In order to clarify the bookkeeping details for the vari-
ous supergravities we now list the four-point double-copy
amplitudes. The maximal N = 16 supergravity case is a
square of the fabcd-stripped BLG N = 8 amplitude [10].
Suppressing couplings and i’s henceforth, we have

MN=16
4 = (AN=8

4 )2 =

(

δ(8)(
∑

i λ
αηIi )

〈1 2〉 〈2 3〉 〈3 1〉
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, (9)

where the square is understood as a tensor product for
the Grassmann-valued ηIi , with R-charge indices I ∈
(1, . . . ,N/2) for each theory. With maximal supersym-
metry the on-shell states form a single multiplet, but for
fewer supersymmetries the states split into two multi-

plets ΦN and Φ
N

similar to that defined in refs. [13, 14].
These are chiral and antichiral multiplets of SU(N/2) ⊂
SO(N ). Here we take N to be even; theories with odd

At 6pts (ABJM): 

5-term amplitude relation: 

5×5 matrix has rank 4, but only in D=3 and on-shell ! 

Det(⇥i1,⇥i2, . . . , A(i), . . . ,⇥ip) = 0

Consider ABJM at 6pts Bargheer, He, McLoughlin; 
Huang, HJ.  
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BLG amplitude relations 

Am =
X

i2quartic

niciQ
↵i

s↵i

2

Tree amplitudes of superconformal CSm theories are
naturally represented by quartic diagrams, at m points

Am = i
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, (3)

where i label the diagrams, αi label propagators, and
k is the level. The color factors ci are constructed by
dressing each quartic vertex by four-index structure con-
stants. The “kinematic numerators”, ni, are (nonlocal)
functions that encode the remaining state dependence.
Following the color-kinematics duality for sYM theory,

one can impose a similar duality between the kinematic
numerators and color factors of the quartic diagrams.
One requires that the numerators satisfy the same sym-
metries and identities as the color factors, schematically

ci → −ci ⇔ ni → −ni (4)

ci + cj + ck + cl = 0 ⇔ ni + nj + nk + nl = 0 .

The second line signifies the fundamental identity or gen-
eralized Jacobi identity. The double-copy principle state
that once duality-satisfying numerators are found, the
supergravity amplitude is given by

Mm = i
(κ

2

)m−2 ∑

i∈quartic

niñi
∏

αi
sαi

, (5)

where κ is the gravity coupling. The ni, ñi may be identi-
cal or distinct CSm numerators depending on the theory
under consideration. The formula is valid if at least one
of the two sets of numerators satisfy the duality [2, 3].
Eq. 5 implies that M4 is a product of (color-stripped)

CSm amplitudes: drooping all couplings, M4 = A4Ã4.
At six points, the appearance of propagators and the
fundamental identity results in an intriguing interplay.
Considering the N ≤ 6 CSm theories one can form nine
distinct color factors ci given that odd legs 1, 3, 5 have
bared color indices ā. These nine contributing diagrams
can be identified from their three-particle channels

si ≡ (s123, s126, s134, s125, s146, s136, s145, s124, s156) .

The duality implies that the number of independent color
factors and independent numerator factors is one to one;
p = 5 at six points. Expressing the five color-stripped
amplitudes in terms of the independent numerators gives

A(i) =
p
∑

j=1

Θijnj . (6)

where Θ is comprised of sums of diagram propagators
with ±1 coefficients. The six-point 5× 5 matrix Θij is
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where the five independent color-ordered amplitudes
A(i) are chosen to be A(1̄, 2, 3̄, 4, 5̄, 6), A(1̄, 4, 3̄, 6, 5̄, 2),
A(1̄, 6, 3̄, 2, 5̄, 4), A(1̄, 4, 3̄, 2, 5̄, 6) and A(1̄, 6, 3̄, 4, 5̄, 2).
The five independent numerators are n1, n2, n3, n4, n5.
Naively, inverting Θ would give duality-satisfying nu-

merators. However, the matrix Θ is not invertible; at
six points it has only rank 4. Although counterintuitive,
this is a desirable property. It implies that at least one ni

corresponds to “pure gauge” and can thus be set to any
convenient value while still obtaining the correct ampli-
tude. Using this property one can work out non-trivial
relations between color-ordered amplitudes. As a side
remark, we note that the matrix Θ has full rank if one
employs either D > 3 or off-shell momenta. The former
is in contrast to the sYM case, where the corresponding
Θ cannot be inverted in any space-time dimension.
For the six-point case, one obtains a single amplitude

relation via the kernel

Ker(ΘT ) ·A =
5
∑

i=1

CikA(i) = 0 , (8)

where Cik = (−1)i+k Mik is the (i, k) cofactor, and
Mik = Det(Θîk̂) is the (i, k) minor of the matrix Θ. Note
that this formula is equivalent to replacing the k-th col-
umn of Θ by A(i) and then demanding that the resulting
matrix has zero determinant. All choices for k give the
same relation. Up to an overall irrelevant factor, the co-
efficients Cik are degree-four polynomials in si.
Setting, say, n5 to be zero, and omitting, say, A(5),

we can now invert the reduced matrix Θij to express
n1, n2, n3, n4 in terms of color ordered N = 6, 4, 2 CSm
amplitudes. Inserting the resulting ni into eq. (5), with
appropriate pairing, we have explicitly checked that one
obtains correct N = 12, 10, 8 supergravity amplitudes.

Explicit amplitudes

In order to clarify the bookkeeping details for the vari-
ous supergravities we now list the four-point double-copy
amplitudes. The maximal N = 16 supergravity case is a
square of the fabcd-stripped BLG N = 8 amplitude [10].
Suppressing couplings and i’s henceforth, we have
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, (9)

where the square is understood as a tensor product for
the Grassmann-valued ηIi , with R-charge indices I ∈
(1, . . . ,N/2) for each theory. With maximal supersym-
metry the on-shell states form a single multiplet, but for
fewer supersymmetries the states split into two multi-

plets ΦN and Φ
N

similar to that defined in refs. [13, 14].
These are chiral and antichiral multiplets of SU(N/2) ⊂
SO(N ). Here we take N to be even; theories with odd

Solve Jacobi 

2
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At 6pts (BLG): 

4-term amplitude relation: 

5×5 matrix has rank 3, but only in D=3 and on-shell ! 

Det(⇥i1,⇥i2, . . . , A(i), . . . ,⇥ip) = 0

Consider BLG at 6pts 

⇥ij =

4 

Huang, HJ, Lee  
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BLG and ABJM amplitude relations 

BLG: 4-term amplitude relation: Huang, HJ, Lee  
  

0 =
5X

i=2

SiA(i)

(plus one additional relation) 

ABJM-type theory (in D=2): 4-term amplitude relations: 
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ABJM and BLG data collection 
ABJM theory counts: 

BLG theory counts: 

Note: no simple combinatorial patterns for KK and BCJ counts. 

Huang, HJ, Lee  
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Same D=3 Supergravity Either Way 

Huang, H.J. 

In D=3, supergravity from two different double copies:  

CSM ⊗ CSM     =      SYM ⊗ SYM      (kinematic parts)	

 	


•  The extra propagators in SYM ⊗ SYM compensates for dimension mismatch 

•  SYM has even and odd matrix elements, CSM only even! 

•  R-symmetry constrains ensure that double copy kills odd SYM contributions  

For N=16 SUGRA: all states are SO(16) spinors -> no odd S-matrix elements 
       Marcus and Schwarz 
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D=2 Supergravity and Integrability 

•  Easy access to D=2 supergravity S-matrix 

•  Problem: a D=2 massless S-matrix has severe IR divergences  

•  Possible to restrict to amplitudes without soft or collinear div’s 

Huang, HJ, Lee 

past 

future 

-	
-	


-	


+ 

+ + 
+ + + 

Note: vanishing 
soft channel 

Can check integrability of D=2 supergravity S-matrix (in restricted momenta) 

Nicolai, Warner 
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D=2 ABJM and supergravity ampls 
D=2 ABJM amplitudes: Huang, HJ, Lee  

4pts: 

6pts: 

D=2 supergravity: 

4pts: 

6pts: 

(finite and non-zero) 

6pt amplitude vanishes  à  consistent with integrability 
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Yang-Baxter Eqn 

We would like to check the Yang-Baxter Eqn: 

= 

Problem: one line is massive à take massless limit 

= 

Holds in D=3 ABJM 
   and D=3 sugra 

Holds in D=2 ABJM 
and D=2 sugra, 
but both sides diverge! 

à more checks are needed, as well as better understanding of IR div. 

Huang, HJ, Lee 
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Conclusions 
!   Yang-Mills theories are controlled by a kinematic Lie 2-algebra 
! Chern-Simons-matter theories controlled by a kinematic Lie 3-algebra 

!   The explicit kinematic algebra is still missing for all but the simplest 
case of self-dual Yang-Mills. 

!   With duality manifest: Gravity becomes double copy. 
       double copy of CSM theory = double copy of D≤3 SYM 
 

!   BCJ relations/double copy present in D=3 for BLG theories 
 

 

!   BCJ relations/double copy present in D=2 for ABJM theories 

!   Simple access to D=2 supergravity S-matrix à checks of integrability 
 

!   C-K duality is a key tool for nonplanar gauge and gravity calculations. 
!   Loop amplitudes in BLG (ABJM)…      
!   N=8 supergravity UV behavior at 5 (and 7) loops… 
!   N=4 supergravity UV behavior at 3,4 loops … 

 

 


