
15 MARCH 1945 &UMgER 11yOLUMEpH&SIC L REygEW ~

ropert&e~

Xue~ and G
Rhode Island 02

Deng p ng;t
proUide«e.n UnjUers~ 3' "

1)

t o physics, &
8 October 199

Department o

(R.ece1ved 1

l elect s (2DEG1men
.

S are
s

1lar «
ert1eS O

etores1stan
tion

transpo«ProP
rk the magn

c clotron mo

t on1c»d tra
1on frameWO

1cture o y
have

r

in the Hal co
tically

riodic magne
tential modu o

additional ter
study o ma

~nder a p '
der a spatial p

onditlon and an '
l venues for the

thos
the E)&8 dn t.

W have suggeste

iffers from
t systemd 1n the curren

modulated 2DEG's.

„)ac&e&dr;Ddge mngnnses nnde«. „1e]eetron gnsemens~0Mngne

ensional electron gases
ld and an in-

roperties o
d 1a perpen ic

'
h1' d i hi

otentia w
EG is rea izd lated 2D

P

heterojunc i
a

lications.
As-GaAsy

e-gate arra on
b rved tha

n 0.5 T, Shubnikov-
h

s, a differower Qe s, n
h' h has been

ntum-me

EG's with mag-
bove were conquoted a

ort proper
'

sion. Transp
'

n that is in ay
hlh ve received muc

H ll and magoo 'P ~ o
2DEG 0

nductor. They o-II supercotyp-

EG

t extreme y

1

a

tern
h lli g

Such a syste
p p er wes a

ic field. uc te
iting perio11 by deposwou

magne

Hoodulation.
etic lines ec

Themagne
'

ed

ic e
a gratingroduce

andt e
nets and p dcromag

ic rating
wn in ig.

propose
scillating field in

ductivity, which is

m to a 1D oscillatingDEG syste
ases.

m subject to a
back-

We consider a
d around a unifield center e amagnetic e

ground:

E=2~/a,B=(Bo+B cosKx)z,

o
' . The Hamil-
A) h h

odulation.
e

the period
ls H=

otentia
' 1A=A0+A& is c

sinEx,
Bl

A =(O, Box,O), A, =
0

one obtainsi her-or ed r terms of B,, one
+eA0 is's the Ham'-H =1/2m(W 0
uniform

H =H0+H),
EG in a

erturbatione 0
' isthenewp

of
+eBox) smKx

1 io . The o field modu a iterm due to e

~ 2D Electronn Gas

8 (Gauaa)

6

000--

ating s ra g t ucture toa net1c gra g
Th t' fb d

raph is th

FIG.
ulation. e

. The lower gr
enera e

local micro
1s Z 1S a

'
all serve as ographica y

d magnetic
ic line (

calculate
f the magnetic
N t. fo

ottom o
A, material: . o: iron). o
A; 4, 1000 A.

45 5986 h sical Societymerican P ysi1992 The Am



45 MAGNETOTRANSPORT PROPERTIES OF T%'0-DIMENSIONAL. . . 5987

H p is well known, i.e, E„=Aco,(n + —,
' ),

g„k=L '/2e'"YP„(x—xp), where co, =eBp/m is the cy-
clotron frequency, L is the length of the system in the y
direction, and P„(x—xp) is the harmonic-oscillator func-
tion centered at xp=kl, with 1=(A/eBp)'/ being the
magnetic length. It is justified to treat the term e80x in

H, as a perturbation even in the limit where x goes to
infinity. This is because the zeroth-order wave function is
that of a harmonic oscillator that decays exponentially
with x —xo. Treating H, as a perturbation gives rise to
the first-order wave functions

& mk IH1 Ink &

Ink 1 nk g p p Pmk
m&n n m

and eigenenergy

En =En+ V„cosKxo,
0

V„=,'fico, e —" [L„'(u)+L„',(u )],
(4)

(5)

L„'(u)+L„'1(u)=0, (6)

which will manifest itself in transport properties. Using
the asymptotic expression'

where co, =eB, /m, u =IC l /2, and L„'(u)is the associat-
ed Laguerre polynomial. Therefore, under field modula-
tion, Landau levels (LL's) broaden into minibands whose
widths oscillate with 80, a, and band index n. Although
a similar feature is also seen in the 2DEG under electric
modulation, there are substantial differences between
magnetic and electric modulation. In particular, the
different expression for V„in (5) leads to a different flat-
band condition,

eo„„=g f((1 f—()r(E()((~U„~()

2

+ g f~(1 f—c')W~r(a~ —a~ )
2

p=x,y, (9)

yy

2n re l ~V2 df
hka2 „"BE E, =E„

(10)

e PN, Upo„„= g(2n+1) f dxpf„, (1 f„„),—
hmI al

where we have kept only the leading term of Vn, ¹ is the
impurity concentration, Uo is the Fourier-transformed
impurity potential, and I is the impurity broadening pa-
rameter. EF is determined self-consistently from

where P= 1/ks T, fl is the volume of the system, ~g) the
single electron state, r(E&) =r is the relaxation time, f is

the Fermi-Dirac function, F&&. is the transition probabil-
ity due to impurity scattering, and a~ = (g~r„~g). This
formula has been successfully applied to electrically
modulated 2DEG's (Ref. 5) and to other systems. ' The
first term in Eq. (9) describes the extended-state contribu-
tion that leads to Drude conductivity for free-electron
gases. The second term results from the localized-state
contribution that leads to SdH oscillations in a 2DEG
under a magnetic field. In magnetically modulated
2DEG, wave functions are extended in the y direction,
but are localized in the x direction. So the first term in

Eq. (9) contributes to cr and the second to cr„„.Substi-
tuting g'„'k' for ~g) and E„„for E& in Eq. (9), one obtains

0

L 1(u ) ~—
1/2e u/2u —3/4n 1/4 cos 2(nu)1/2 3K

n 4 N, =2+f„k,
n, k

(12)

and L„'(u)=L„',(u) for large n, one obtains from Eqs.
(6) and (7) that

2R,' =i+-,', X=1,2, 3, . . . ,a
(8)

where R, =(2n)'/ I is the classical cyclotron radius at
Fermi energy EF. In the case of electric modulation, the
flat-band condition for large n is 2R, /a =A, ——,', different
from Eq. (8) by a negative sign before —'. From Eqs. (5)
and (7), one observes that in the limit EF &)A'co, (i.e.,
large n), the electron bandwidth oscillates sinusoidally
and is periodic in 1/8o when n and a are fixed. For small
n, the bandwidth still oscillates with 1/Bo, but the hat-
band condition of Eq. (8) no longer holds because neither
Eq. (7) nor L„'=L„',is valid. The oscillation in the
bandwidth and, hence, in the density of states (DOS) near
EF will have profound effects on transport properties.

To calculate transport coeKcients, we follow the for-
mulation of Refs. 5 and 11, which is derived from general
Liouville equation and includes dissipation explicitly.
Under the one-particle approximation, one has

o. —g fdE [V„(E—E„)]D„(E),—
BE

(13)

where N, is the total number of electrons. Taking a
high-mobility Al Ga, As-GaAs heterojunction as an
example ( m, s ——0.07m, ), numerical results for

p „=cr~~Bple n, and p~~=cr„„Bplen, (n, is area car-
rier density) are given in Fig. 2. The beating behavior
rejects the resonance of three characteristic lengths, i.e.,
the Fermi wavelength k~ =2m. /k„,the magnetic length l,
and the modulation period a. In the following, we use
the term SdH-type oscillation to refer to those resistivity
oscillations stemming from oscillatory DOS's. The SdH-
type oscillations overlap on a slowly oscillating envelope,
and the former is a resonance between l and k„,whereas
the latter is between l and a. At 8 ~0.3 T, SdH-type os-
cillations are too fine to resolve, and p, pyy are out of
phase, since V„and the DOS are out of phase. But at
8 ~0.3 T, SdH oscillations manifest themselves dramati-
cally and p and pyy are in phase; this is better under-
stood when we express Eqs. (10) and (11) in terms of DOS
D„(E),
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FIG. 2. Calculated p„,pyy as a functions of magnetic field

Bo at T= 1 K, a=3000 A, and B& =0.07 T for a 2DEG sample

with mobility p = 1.3 X 10 cm /V s, area carrier density

n, =3.16X 10" cm, impurity concentration N,- = 1 X 10'

cm 2, and I =0.01meV.

o,„—g (2n+1)f dE D„(E).a
(14)

At low T, (
—af ZaE) =5(E—Ef ). If EF lies in the gap

of adjacent LL's, both 0., and cTyy are zero. This
guarantees that o.„„andoyy have the same minimum po-
sitions and thus are in phase as far as SdH-type oscilla-
tions are concerned.

In Fig. 2, the oscillations in p „and pyy result from
changing the electron population in different LL's by
varying the LL spacing (i.e., varying Bo). The population
in different levels may also be varied by changing n,
through a gate voltage while fixing the magnetic field.
This approach may have certain advantages over chang-
ing B0. In particular, if the field modulation is provided

by a flux-lattice of a type-II superconductor overlayer,

FIG. 4. Classical trajectories of an electron in a periodic
magnetic field with a=3000 A, B&/B0=0. 1 (x,y units: 100 A).
(a) Off resonance: 2R, /a=10+

4 (Bo= 0.60 T); the average

drift velocity is zero, and the electron forms a closed orbit. (b)
On resonance: 2R, /a =10+—(Bo= 0.57 T); there is a drift of
orbit center in the y direction.

the variation in B0 also changes the periodicity of the
field modulation. This complicates data analysis, even
though the problem is interesting in its own right. Figure
3 displays a typical result of p, as a function of n, . The
beating behavior occurs again: the oscillations with a
short period are caused by sweeping EF through subse-

quent LL's, in other words, by resonance between kF and

I; the slowly varying envelope reflects the variation of
bandwidth, i.e., the resonance between A,F and a.

The magnetoresistance oscillation is at low B0 in Fig. 2
has a semiclassical explanation. In the case of an electri-
cally modulated 2DEG, Beenakker' pointed out that a
similar oscillation in p„„resultsfrom a resonance be-

tween the periodic cyclotron motion and the oscillating
EXB drift of the orbit center. There, the electric field E
is due to the potential modulation. In a magnetically
modulated 2DEG, the drift of the orbit center is not
caused by EXB, since E=O. Instead, it is due to the spa-
tial variation of the cyclotron frequency in a nonuniform
field. Following Beenakker's guiding-center-drift ap-
proach, we show here the semiclassical picture of p os-

cillation. Under a modulating magnetic field of Eq. (1),
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FIG. 3. CalcuIated p„asa function of carrier concentration
n, controlled by a gate voltage (Bo=0.5 T). Parameters are the
same as those in Fig. 2.

FIG. 5. Deviation of Hall resistivity of a field-modulated

2DEG from that of an unmodulated 2DEG,

~pH =p~(~I )
—pH(BI =0), as a function of magnetic field with

the same parameters in Fig. 2.
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the angular velocity is /=co, +co, cosEx. The guiding
center (X, Y) of an electron with velocity (v„,u ) and posi-
tion (x,y) is X=x —y /P, Y=y+u„/P. The velocity of
the guiding center is X=gv /(P), Y= —Pu„/(P) . The
time-averaged drift velocity of the center (u&

' and vs') is
obtained by integrating X and Y along the orbit, v& '=0
and ug'=co&R, sin(Kx) J&(ER, ) (J& is the Bessel function
of first order). In the calculation, we have kept only the
lowest order in co, and have made use of the relations
uk = —

uF sing, u =v~ cosP. The drift motion is along the

y direction perpendicular to the direction of the field
modulation. The square average of ug' over X is

2

&(vg'} )= cos KR, —iRe 3K
(15)

mE c 4

with po=h /kF vFe r. Equation (16) accounts for the
low-field p „oscillation in Fig. 2 and predicts the same
position of the p„„minima (i.e., the fiat-band condition)
as obtained from the quantum-mechanical calculation
[see Eq. (8)]. The calculated classical trajectories are
shown in Fig. 4 for a resonating case (2R, /a =10.75)
where the drift is large and for an off-resonating case
(2R, /a=10. 25) where the average drift vanishes. As
mentioned earlier, the Rat-band condition differs between
electric and magnetic modulation. Such a difference can
be confirmed by measuring the positions of p„minima.

Hall conductivity can be expressed as

g fg(1 —fr')&(lv. l('&

where the asymptotic expansion of J, is used. Equation
(15) contributes 5D =r/2& (ug') ) to the element D of
the two-dimensional diffusion matrix. Using Einstein s
relation p=h /4irme D ', we obtain

—P(,E~' —E~ )

(17)

cuir 21TR~
pxx po ~R

c os
3m

4
(16)

In a magnetically modulated 2DEG system, we obtain
0 to the leading order in B& ..

(f„„f„+,„)[—n+ I+(B,/Bo)e " L„'(u)cosKxo]
y I'dx,

ha „o [1+(firv, ) '( V„+,—V„)cosExo]
(18)

The above 0. differs substantially from that of an elec-
trically modulated 2DEG system due to the addition of
an extra term (B, /Bo )e " L '„(u ) coax o. Using
pH=I/o. ~„,we have calculated bpH=pH(B&) pH(B—

&

=0), i.e., the diff'erence in pH between field-modulated
and non-modulated 2DEG. The result of AH is present-
ed in Fig. 5 as a function of Bo. The general features of
hp& are similar to p with in-phase oscillations. The
slowly varying envelope is due to the bandwidth oscilla-
tion, while the short-period oscillation is SdH-type. ApB
can be best determined by taking the derivative dpH /dBp
during measurement.

Our results are valid for small B„which enabled us to
proceed analytically. There do exist linear effects with B i
in o„„ando~„,as can be seen from Eqs. (11) and (18).
The linear effect in oyy is smaller, implying that a better
treatment on the full Hamiltonian is needed. It needs to
be pointed out that a similar perturbation approach has
been applied to 2DEG with electric modulation (Refs.
1 —6), and results obtained are consistent with experi-
ment. This lends validity to our calculation of the mag-
netic modulation effect, which in the perturbation limit is

a generalization of electric modulation.
In conclusion, we have studied the electron energy

spectra in magnetically modulated 2DEG's and have cal-
culated the resistivity tensor. In the low-field limit
(Bo (1 T), p„„andp behave similarly to their counter-
parts in the electrically modulated 2DEG, exhibiting
beating both as a function of Bo and n, . This behavior is
the result of the resonance of the cyclotron diameter with
the modulation period and with the Fermi wavelength.
The classical picture of electron motion is different from
the electrically modulated case; the guiding-center drift is
caused by the spatial variation in cyclotron frequency.
Consequently, the Aat-band condition or the positions of
the p„„minimadiffer from those in the electrically modu-
lated system. In addition, the Hall conductivity acquires
a new term that is absent in the electric modulation case.
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